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PHI':  FACE. 


ri'lHE  followiiij,'  piiyes  will  Im^  found  ti»  comprise  all  the 
A  parts  of  l*:i«'nu>ntary  Ti'i^'oiioinctry  w'  ic-li  can  con- 
veniently be  treated  without  the  use  of  infinite  series  and 
imaginary  (juantitics. 

The  chapters  have  been  subdivided  into  short  sections, 
and  the  examples  to  illustrate  each  section  have  been  very 
carefu  ly  selected  and  arranj:  1,  the  earlier  ones  bt'ing  easy 
enough  for  any  reader  t«»  whom  the  subject  is  new,  while 
the  later  ones,  and  the  Miscellaneous  Examples  scattered 
throughout  the  book,  will  furnish  sufHcient  practice  for 
those  who  intend  to  pursue  the  subject  further  as  part  of  a 
mathematical  education. 

No  substantial  progress  in  Trigonometry  can  be  niatle 
until  the  fundamental  properties  of  the  Trigonometrical 
Ratios  have  been  thoroughly  mastered.  To  attain  this 
object  very  considerable  practice  in  ea^y  Identities  and 
E(juatioiis  is  necessary.  We  have  therefore  given  special 
prominence  to  examples  of  this  kind  in  the  early  pages; 
with  the  same  end  in  view  we  have  postponed  the  sub- 
ject of  Radian  or  Circular  Measure  to  a  later  stage  than 
is  usual,   believing  that  it  is    in   every    vvay   more   satis- 
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factory  to  dwell  on  tho  properties  of  the  irii,'o„o.m.tru-al 
ratios,  and  f.  rxen.plify  ti.eir  use  in  easy  problems,  than 
to  bewilder  a  bej;inner  with  >m  an^'ular  syst.-m  the  use  of 
which  he  cannot  appreciate,  and  whieh  at  this  stage  fur- 
nishes nothing  but  practice  in  easy  Arithmetic. 

The  subject  of  Lojjarithms  and  their  application  has 
been  treateil  very  fully,  and  illustrated  by  a  selection  of 
carefully  graduated  Hxamples.  It  is  Impe.l  that  the  ex- 
amples worked  out  in  this  section  may  servo  as  useful 
models  for  the  student,  and  may  do  something  to  cure  that 
inaccuracy  in  logarithmic  ....rk  which  is  so  often  due  to 
clumsy  arrangement. 

In  the  experience  of  most  teachers  it  is  found  extremely 
(lilHcult  to  get  boys  to  handle  problems  in  Heights  and 
Distances  with  any  degree  of  confidence  and  skill.  Ac- 
cordingly we  have  devoted  much  thought  to  the  exr>.)sition 
of  this  part  of  the  subject,  and  by  careful  classification 
of  the  Examples  we  have  endeavoured  to  make  Chapters  vi. 
and  XVII.  as  easy  and  attractive  as  possible. 

Very  little  advance  can  be  expected  in  Trigonometry 
until  the  principal  formula"  can  be  quoted  readily,  but 
^vhether  it  is  advisable  for  learners  to  have  lists  of  formuU^ 
compiled  for  them,  so  ;is  to  be  easily  accessible  at  all  times, 
is  a  matter  upon  which  teachers  hold  different  views.  Tn 
„ur  own  opinion  it  is  distinctly  mischievous  to  furnish  such 
lists-  it  encourages  indolent  habits,  and  fosters  a  spurious 
confidence  which  leads  to  disaster  when  the  student  has  to 
rely  solely  upon  his  own  knowledge. 

In  the  general  arrangement  and  succession  of  the 
different  parts  of  the  subject  we  have  been  mainly  guided 
by  our  own  long  e:  lence  in  the  class  room ;  but  a^  the 
manuscript  and  proof-sheets  have  been  read  by  several 
.killed  teachers,  and  have  been  frequently  tested  by  pupils 
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in  iill  stages  <>t*  proSH-iiMu-y,  th  liop*  is  futfitaiin'tl  that 
our  treatiiH'iit  is  such  as  t<>  »'ii,il»I«'  .i«';,'iiinfrs  to  takt^  an 
iuti'Uigriit  intcifst  in  the  sultji'tt  from  thf  first,  and  to 
ar<|uirt!  a  sound  rh-nifntary  knowlcd^'o  of  prui'tiral  Trigt. 
nouietry  befort'  they  encounter  the  niore  theoretical  ditH- 
(ultics.  At  the  same  time,  as  each  rha|iter  is,  as  far  as 
possible,  complete  in  itself,  it  will  be  easy  for  teachers  to 
adoj>t  a  ditrei-ent  order  of  treatment  if  they  prefer  it;  the 
full  Table  of  Contents  will  facilitate  the  selection  of  a 
suitable  course  of  reading,  In'sides  furnishing  a  useful  aid 
students  who  are  rapidly  revising  the  subject. 

\Ve  are  indebted  t(»  soeral  friends  for  valuable  ••titiiism 
and  advice;  in  particular,  we  have  to  thunb  Mr'!'.  V  ]>avies 
of  Clifton  College  for  man)  useful  hints  id  for  some  in- 
genious examples  and  so.ations  in  Chapters  xxiv.  and  xxv. 

H.  S.  HALL. 
S.  R.  KNIGHT. 

Noremhrr,  1893. 


PREFACE  TO  THE  THIRD  EDITION. 


This  edition  contains  a  collection  of  three  hundred 
jSliscellaneous  Examples.  They  are  arianged  progressively 
in  sets  of  six,  each  set  Ijeing  intended  as  a  short  revision 
exercise.  In  selecting  these  examples  much  care  has  been 
taken  to  illustrate  every  part  of  the  subject,  and  to  fairly 
represent  University  and  Civil  Service  examinations. 

H.    S.    IlAi.'^.. 

Sept.  1898. 
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CHAPTER    I. 


MEASUREMENT   OF   ANGLES. 

1.  Thk  word  Trigonometry  iii  its  i)riinar7  sense  signifias 
tho  nieasurenicMt  of  triunglcs.  From  an  early  date  the  siienco 
al.so  included  the  establishment  of  tho  relations  which  sub-ist 
iMjtwetni  the  «ides,  angles,  and  aii>a  of  a  triangle  ;  but  now  it  h.-is 
a  much  wider  scoih;  and  embraces  all  ujanner  of  geometrical  and 
algel>raical  investigations  carrie<l  on  through  tho  mcilimn  of 
certain  ((uantities  called  trigonometrical  ratios,  which  will  Ikj 
defined  in  (,'hap.  11.  In  ev<'ry  branch  of  Higher  Mathematics, 
whether  I'ure  or  Applied,  a  knowledge  of  Trigonometry  is  of  the 
greatest  value. 

2.  Definition  of  Angle.  Suppose  that  the  straight  line  O/' 
in  tho  figure  is  capable  of  revolving  about  the  pdint  V,  and 
sui)iK)se  that   in  this  way  it  has 

passed  successively  from  the  iH)si- 
tion  OA  to  the  positions  occupied 
by  OB,  00,  OD,  ...,  then  the  angle 
between  OA  and  any  position  such 
as  00  is  measured  by  the  amount 
of  revolution  which  the  line  OP 
has  imdergone  in  pjvssing  from  its 
initial  position  OA  into  its  final 
iwsition  OC. 

Moreover  the  lino  OP  may 
wake  any  numl>er  of  complete  re- 
volutions througli  tlic  original  posi- 
tion OA  before  taking  up  its  final 
l)osition. 


H    K.  E.  T. 
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It  will  thus  l.e  seen  that  in  Tiij,'onoiuotiy  iii.-l.'H  are  not  i-e- 
strictcd  a.s  in  Eucliti,  but  may  l.e  of  any  nuignituae. 

The  ix)int  0  is  called  tiio  on<,liU  and  (hi  the  i,nti<d  line; 
the  rovolvinji  line  Ol'  in  known  as  the  gniir,tt,H,j  lute  or  the 
radiui  ivvtoi: 

3.  Measurement  of  Angles.  ^Ve  must  fust  select  son.e 
fived  unit.  The  natural  unit  would  be  a  n^'ht  angle,  but  lus  in 
•practice  this  is  inconveniently  large,  two  systems  ot  measure- 
ment have  been  established,  in  earh  of  which  the  unit  is  a 
certain  fraction  of  a  right  angle. 

4.  Sexagesimal  Measure.  A  right  angle  is  divided  int.. 
90  equal  narts  called  ■/  /r-'.^  a  degree  into  00  eoua  parts  called 
minutes,  ix  minute  into  Co  eciual  parts  called  .s  uh.  An  angle 
is  measured  by  stating  the  numlKn-  of  degrees,  minutes,  ami 
seconds  which  it  contains. 

For  shortness,  each  of  these  three  divisions,  degrees,  minutes, 
seconds,  is  denoted  by  a  symbol  ;  f.ms  the  angle  which  ontains 
53  degrees  37  minutes  ^o'.i  seconds  is  expressed  symbolically  m 
the  form  53'  37'  2'53 ". 

5.  Centesimal  Measure.  A  right  angle  is  divided  into 
100  equal  i.arts  called  .//v</<-.s,  a  grade  int..  10(J  equal  parts  caleil 
minutes,  a  minute  into  100  eipial  parts  called  .•<.ro//'/.-(.  In  tins 
Hystem  the  angle  which  contains  53  grades  37  1'""^;?,'^  -'^'^ 
seconds  is  expressed  symbol ical'y  in  the  form  53"  37   2o3  , 

It  will  be  noticed  that  different  accents  are  used  to  denote 
sexagesimal  and  centesimal  minutes  and  seconds  ;  for  though 
they  have  the  sjime  names,  a  centesimal  mmute  and  second  arc 
not  the  same  as  a  sexagesimal  minute  and  second.  1  hus  a  right 
angle  contains  t)Ox  GO  sexagesimal  minutes,  whereas  it  contains 
100  X  100  centesimal  minutes. 

SexaKt'simal  Measure  is  Bometinics  called  the  English  System, 
and  Centesiiniil  Measure  the  Fr.'iich  System. 

6.  In  numeriod  calculations  the  sexagesimal  raejisure  is 
always  used.  The  centesimal  method  was  proposed  at  the  time 
of  the  French  Ilevolution  as  part  of  a  'general  system  of  decup.ai 
measurement,  but  has  never  been  adopted  even  in  France,  a.s 
it  would  have  made  necessary  the  alteration  of  Geographical, 
Nauticid,  Astronomical,  and  other  tables  prepared  according  to 
the  sexagesimal  moth.ul.  Beyond  giving  a  few  examples  in 
transformation  Vom  one  system  to  the  other  which  aftord 
exercise  in  easy  Arithmetic,  we  shall  after  this  rarely  allude  to 
centesimal  mcasun;. 
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tliL  fiactiuii  of  ;i  riyht  jiiigle  i.s  (U'lioted  by 
lueusuiv,  tlu!  .saiiiu  Cr.iciion  i>,  tlenuteii  by 


In  theoretical  work  it  is  coiiveiiieiit  to  ii.so  .uiothfr  nu'tliod 
of  iiiciLsuriiuoiit,  wluTo  tliM  \iiiit  iis  tho  uir^'Ki  .siil.tfinltHl  at  i\w 
iciifre  of  ii  oiifK>  l>v  an  an-  wlio.-*o  Icii'^tli  is  o.iu.il  to  tlm  lailiii.s. 
'I'lii.s  .sy.stciii  i.s  known  a.s  Circular  or  Radian  Measure,  an.l  will 
lio  fully  explaiiii'tl  in  (  liaptcr  VII. 

An  angle  i.s  n.sually  rt'iiri'.srntctl  In  ,i  single  k-tter,  (lifl'.rtnt 
Iftters  A,  II,  (',...,  n,  ii,  y,...,  e,  cp,  V^,...,  U'ing  u.'icd  to  diwtin- 
guish  diHii.'nt  angles.  For  angle.s  estimatetl  in  se.Xigesiinal  or 
tt-ntesinial  nu'a.suru  these  lotter.s  are  used  indifterontiv,  but  we 
.>^liall  always  denote  angle.s  in  eireular  measure  by  letters  taken 
from  the  (irw^k  nlithabot. 

7.  //' ///''  number  of  ilegrve*  und  ijrmlvx  coutuiihil  in  an  nn<il,- 
If  IJ  iiini  iS  ri'gpeetivifif,  to  urore  tlmt       =    '  . 

In  se.vagesim.il  mea.sure,  the  given  angle  wIumi  e.vpre.ssed  as 

V   ^.    .      in  centesi.nal 
<! 

luo' 
■  ■  uo'  lOo'  ^"■'^''''  !)-iu- 

8.  To  pass  from  one  system  to  the  other  it  is  advis.iblo 
first  to  e.\i»re.ss  the  given  angle  in  terms  of  a  right  angle. 

In  centesimal  maisure  any  numl>er  of  grades,  minutes,  and 
seconds  may  be  innnediately  (>.\prcssed  as  the  decimal  of  a  right 
angle.     Thus 

23  grades  =,-Ji,  of  a  right  angle  =  -23  of  a  right  angle  ; 

15  minutes  =jio^5  of  a  grade  :«=•  15  of  a  grade  = -001 5  of  a  right 
angle ; 

.-.  23«  15' =  -2315  of  a  right  angle. 

Similarly,  15«  7'  53-4"  ==  -1507534  of  a  right  angle. 

Conversely,  any  decimal  of  a  right  angle  can  bt?  at  once  e.\- 
pressed  in  grades,  miimtes,  and  seconds.     Thus 

•2173025  of  a  right  angle  =  21  73025' 

=  21'  73025" 

=  21' 73'  2-6". 

In  i>racticc  tlie  intermediate  steps  are  omitted. 

1-2 
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Fximple  1.     Ileduce  2'  13'  4  5"  to  BexaKeninial  measure 
Thih  an^le-  0*213045  of  a  rinht  angle 


=  1 '  55'  2058' 


■0213045   of  a  ridht  kiikIo 

"1V17406  dt-urwi 
60 
C5'U44.'<    lulnutv* 
tiU 

ISlSSti  sccuDdi. 


Ob8.     In  the  An^w.rg  we  bhall  express  the  angles  to  the  luarest 
tenth  of  a  second,  8o  that  the  above  result  would  be  written  1  5o  2-7  • 

Kxamph  2      Ittduce  12'  13'  14-3"  to  centesimal  measure. 
Thi.Hn,le:.-1357H487.  .ofari,htangle      60 )j^|^<;^,„^^. 

-  1 3*  57'  H4-9" .  90  )  12-220a3NS. .  dettrees 

^13678487.. .oUrightangle. 


EXAMPLES.    I. 


Express  as  tlie  <lei-iiual  of  a  right  angle 


1.    GT'Scy.  2.     ir  15'.  3.     37' 50". 

4.     2"  10' 12".  5.     S^CSG".  6.    2' 4'  4-5' 

Ke(hice  to  ceutt-sinial  measure 

7.     i;ir  13'  30".  8.     19°  0'  4.V'. 

10.     43^  M' 381".  11.     iro'38-4". 

13.     12' 9".  14.     3' 26-3". 

Roilnce  to  sexagesimal  measure 
15.     .')G'  87'  50".  16.     39*  6'  25". 

18.     1'  2'  3".  19.     3'  z'  5". 

21.     6'  25".  22.     37'  5". 

23.  The  sum  of  two  angles  is  BC  and  their  difference  is  18° ; 
find  the  angles  in  degrees. 

24.  The  number  of  degrees  in  a  certain  angle  added  to  the 
number  of  grades  in  the  angle  is  152  :  what  is  the  angle  ? 

25.  If  the  same  angle  contains  in  English  measure^.r  minut'>.s, 
and  in  French  measure  y  minutes,  i)rove  that  50.r=27y. 

26.  If  *  and  t  resjiectively  denote  the  numbers  of  sexa- 
gesimal and  centesimal  seconds  in  any  angle,  prove  that 

250»=81<. 


9. 

12. 


17. 
20. 


50'  37'  5-7". 
142°  15' 45". 


40«  r  25-4". 
8'  10'  6-5". 


CHAPTER    IT. 
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9.  Dkkinition.  Ratio  \»  the  relation  wliieh  one  quantity 
bears  to  unotlier  of  the  Mine  kind,  tlie  ronii>:ui.son  heinj;  ni;ule 
l>v  con.sidering  what  nmlti[)le,  jMvrt  or  parts,  one  quantity  is  of 
the  other. 

To  find  what  nriltiphi  or  part  A  is  of  /}  we  divide  A 
by  Jl ;    hence  tlie  ratio  of   ,*    to  Jl  may  Ix;  measured   by  tlm 

fraction  ".  . 

In  order  to  compare  two  (juantities  they  nnist  l»e  e.\pre.•^.s^•d 
in   tenn.s  of  the  name  imit.     Thus  the   ratio  of  2   yards   to 

2  X  3  X  12       8 
27  inches  is  measured  V)y  the  fraction  — 'a-r-    or  «• 

At  •  J 

Ous,  Since  a  ratio  expresses  the  number  of  times  that  one 
quantity  contains  another,  every  ratio  is  «  numerical  qiimititij. 

10.  Definition.  If  the  ratio  of  any  two  quantities  can  lie 
expressed  exactly  by  the  ratio  of  two  integers  the  (juantities  are 
said  to  ba  commensurable ;  otherwise,  they  are  s<iid  to  be 
incommensurable.  For  instmce,  the  quantities  8i  and  5^ 
ai-e  commensurable,  while  the  quantities  >/2  and  .3  are  incom- 
mensurable. But  by  finding  the  numerical  value  of  ^1-1  we  may 
e.\i)ress  the  value  of  the  ratio  ^/2  :  ,3  by  the  ratio  of  two  com- 
mensurable q\iantitifts  to  any  required  degree  of  approximation. 
Thus  to  5  decimal  places  ^2  =  1 '•11421,  and  therefore  to  the 
same  degree  of  approximation 

V2  :  3  =  1-41421  :  3  =  141421  :  .300000. 

Similarly,  for  the  ratio  of  any  two  incommensuraVile  quantities. 
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Trigonometrical  Ratios. 

11.  Lot  l'A(^  be  any  acute 
angle;  in  A  I'  one?  of  the  Itound- 
ary  lints  take  a  point  li  and 
draw  Ji(!  jveipenilicular  to  A(^. 
Thns  a  right-angled  triangle  BAC 
is  fomied. 

With  reference  to  the  angle  A 
the  following  definitions  are  ein- 
ployeii. 

BC       opposite  side  .        ,1    ,  ,,       .         -  A 

The  ratio  -rr,  "i"     ,       \ '«  called  the  sine  01  A. 

.1  /i         /ii/j)ofenus<i 

AC       adjacent  side  .        „    ,  ,,  .  »  . 

The  ratio    ,  ,,  or     /   -  ,  is  called  the  cosine  01  A. 

Alt  hypotenuse 

BC        opposite  si'ie  .        „    ,  .,      ^  ^     x.  » 

The  ratio    , ,,  or      ,.        7— t-j-  is  called  the  tangent  of  A. 
A<        adjacent  side 

.     AC       adjacent  side  .        ,,    ,  ,,  .  1.    r  ». 

The  ratio  ,.     or      - — -. r^  is  called  tiie  cotangent  01  A. 

lU '       opposite  side 

,.     Alt         hiipoten>isc     .        ,,    ,  ^,  1.    r  a 

The  ratio  -.  ^  or      ;.        ,     ■  .    ih  called  the  secant  of  A. 
AC       adjacent  side 

.     All         hypotenuse  n    1  .,  .     »  » 

The  ratio   „  -,  or  -^   .        .  ,   is  called  the  cosecant  of  A. 
/>(         opposite  sule 

These  six  ratios  are  known  as  the  trigonometrical  ratios. 
It  will  1)0  sh^wn  later  that  as  long  as  the  angle  remains  the 
same  the  trigonometrical  ratios  remain  the  same.     [Art.  IS).] 

12.  Instead  of  writing  in  full  tiie  words  sine,  cosine,  tangent, 
cotaiajent,  se>-it/it,  cosecant,  ahhreviatinns  are  adoptetl  Thus  the 
ahnve  detinitions  iw.v  -e  more  conveniently  expressed  and 
arranged  as  follows  : 


I    J 


sin  ^-1  = 
cos  .1  ^ 


tan  J  =  ',,,, 


liC 
AB' 

AC 

Air 

BC 

AC 


cosec  A 


All 
BC 


.      Ali 
secJ  =  -j^, 


cot  ^1 


AC 
BC 


J I  \\\ 


■raarr 


H.J 
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Tn  addition  to  those  six  ratios,  two  others,  the  rerxed  sine 
and  fnvrsnl  ,<t/«f  are  soinetimes  useti ;  they  are  writton  vers  .1 
and  covers  .1  and  are  thus  defined : 

vers  A  —  \  -  cos  .1,     covers  yl  ^- 1  —  sin  ^1. 

13.  In  Chapter  VII F.  the  dctinitions  of  the  trigonometrical 
r.itios  will  he  extended  to  the  case  of  angles  of  any  ni.ijinitudc, 
hilt  for  the  ])resent  we  confine  our  attention  to  the  consideration 
of  acute  angles. 

14.  Although  the  verbal  form  of  the  definitions  of  the 
trigonoinetricnl  ratios  given  in  Art.  11  may  he  heli)rul  to  the 
vtudent  at  fii-st,  he  will  gain  no  freedom  in  their  use  imtil  he  is 
al»le  to  write  down  from  the  figure  any  ratio  at  sight. 

In  the   adjoining  figure,    I'(^/{  is  a  ^ 

risiht-angled  triangle  in  which  l'Q=\^, 

Since  PQ  is  the  greatest  side,  R  is 
the  right   angle.     The  trigonometrical        ^_^ 
'  ratios  of  the  angles  7*  and   Q  may  Im>        Q 
written  down  at  once;  for  example, 


13^ 


tan  P- 


iV 

i:i 

QR. 

12 

PR 

5 

(^R 


cosec/'=^^. 


12 
13' 

13 

"l2" 


15.  Ft  is  important  to  observe  that  the  trigonom>'tru'al  ration 
of  ((II  antjlo  arc  nnmcrical  qnantitiex.  Each  one  of  them  re- 
presents the  ratio  of  one  lovfth  to  another,  and  they  must  tliem- 
.selv(>s  never  1h;  regarded  as  lengths. 

16.  In  every  right-angled  triangle  the  hypotenuse  is  the 
greatest  side;  hence  from  the  definitions  of  Art.  11  it  will 
be  seen  that  those  ratios  which  have  the  hypotemise  in  the 
di'nominatar  can  never  be  greater  than  unity,  wliile  those  which 
have  the  hypotenuse  in  the  nuiuerator  can  never  be  less  than 
imity.  Those  ratios  wiiich  do  not  involve  the  hypotenuse  an? 
ni>t  thus  restricted  in  value,  for  either  of  the  two  sides  which 
subtend  the  acute  angles  may  be  the  greater.     Hence 

the  sine  and  cosine  of  an  angle  ran  never  he  greater  than  1  ; 

the  coseeant  and  secant  of  an  angle  can  nerer  he  less  than  1  ; 

the  tangent  and  cotangent  may  hai^e  any  numerical  vahte. 


r'^^^^^S^ 


TUv'tiaTi^HiFt 


n^-UL  ..-.u 
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17.     Lot  ABC  be  a  ritrht-angled  triangle  linving  tlic  right 
angle  at  A  ;  tlion  by  Eiic.  i.  47, 
the  sq.  on  liC 

=  wiuu  of  s<i(|.  on  .If  and  A/!, 
or,  more  briefly, 

nC^  =  AC'  +  AIP. 

When  we  use  this  latter  mode  of  ox- 

j)rpsfsi<)n    it    is    nndersto<Hl    that    Ihe 

sides  J/i,  AC,   liC  are   expressed   in 

terms  of  some  common  umt.  and  tlie  above  statement  may  be 

regarded  as  a  t)nm<rlrnl  rrJatioti  ronnecting  the  luunbers  of  units 

oflength  in  the  three  sides  of  a  right-angled  triangle. 

It  is  usiuU  to  denote  the  numbens  of  units  of  length  in  the 
sides  opposite  the  angles  A,  II,  C  by  the  letters  a,  h,  e  resi)ectively. 
Th\is  in  the  above  figure  we  have  !^i-  =  h'-\-cr,  so  that  if  the  lengths 
of  two  sides  of  a  right-angled  triangle  are  known,  this  equation 
will  givf  the  length  of  the  third  side. 

Example  1.  AUC  is  a  right-angled  trianplc 
of  wliich  C  is  the  ri>;lit  an^lt';  if  «  =  3,  ^  =  4, 
lind  c,  anil  also  sin  A  and  cot  />'. 

Here  c"-  =  ,r--v  V- =.(3)=+  (!)-  =  !»  +  10  =  '2r,; 


Also 


(•  =  i). 

sin  A  ■■ 

nc 
"Air 

3 

coiB-- 

liC 

~a"c 

3 
4- 

Also 


sin('  = 


tau(;  = 


JJC      15 


/ 
A 


A 


Example  2.  A  ladder  17  ft.  long  is  placed  with  its  foot  at  a 
distance  of  8  ft.  from  the  wall  of  a  house  an  1  just  reaches  a  window- 
sill.  Find  the  liei^'ht  of  the  window-sill,  and  the  sine  and  tangent 
of  the  angle  which  the  ladder  makes  with  the  wall.  ^ 

Let  ^C  be  the  ladder,  and  BC  the  wall. 
Let  .r  be  the  number  of  feet  in  BG; 
then  .T'^  =  (17)"  -  (H):=  (17  +  8)  (17  -  8)  =  2.-,  x  <l ; 
.'.  .r~'t  X  3  =  li». 
Ali  _  8  , 
^^C'"17"' 
.1/.'       8 


B 


T 
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18.  The  following  imj)ortant  proposition  dopentls  vipon  the 
j)roporty  of  similar  tri'  iigles  j)ri)VtMi  in  Km-,  vi.  4.  The  student 
who  'las  not  read  the  sixth  Jlook  of  Euclid  should  not  fail  to 
notice  the  result  arrived  at,  even  if  he  is  luiable  at  this  stage  to 
understand  the  i)roof. 

-       19.     To  prore  that  the  trigonometrical  ratiox  remain  unaltered 
so  lonij  as  the  angle  remains  the  same. 

Let  AOP  1>e  any  acute  angle.     In  OP  take  any  jHiints  /;  and 


/),  and  draw /ir  Jiiid  />/:' ])erpendiiMdar  to  OA.     Also  t.ike  any 
i)()int  /'  in  OP  and  draw  FG  at  right  angles  to  OP. 


From  the  triangle  BOC,      sin  PDA  =  ■ 
from  the  triangle  DOE,       sin  POA 
from  the  triangle  FOd,        sin  POA 


no 


opr 

BE 
OD' 

FG 
OG  • 


But  the  triangles  liOC,  DOE,  FOG  are  efpiiangular  ; 

P>C  _DE     FG 
'■     OB"  UD'^  OG' 


[Eu(>.  VI.  4.] 


Thus  the  sine  of  the  angle  POA  is  the  .same  \vliether  it  is 
ohtainetl  from  the  triangle  liOC,  or  from  the  triangle  DOE,  or 
from  the  triangle  FOG. 

A  similar  pro(,f  hol.ls  for  each  of  the  other  trigonometrical 
ratios.  These  ratios  are  therefore  indeiKjndent  of  the  length  of 
the  revolving  line  and  deiwiiid  oidy  on  the  magnitude  of  the  angle. 


Tri^ 


\  -kt-.i- 


J    '. 'rfW;'"*^'^.^'      - 
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20.  If  ^1  denote  any  acute  angle,  we  have  proved  that  all 
the  trigonometrical  ratios  of  .1  depend  only  on  the  magnitude  of 
the  angle  A  and  not  upon  the  lengths  of  the  linos  which  bound 
the  angle.  It  may  easily  l>o  suon  that  a  change  made  in  the 
value  of  .1  will  produce  a'ccnscquent  change  in  tlio  values  of  all 
the  trigonometrical  ratios  of  .1.  This  point  will  be  discussed 
more  fully  in  Chap.  IX. 

Definition.  Any  expression  which  involves  a  yariublo 
quantity^,  and  whose  value  is  dei)endent  on  that  of  .r  is  called 
a  function  of  x. 

Hence  the  trigonometrical  ratiox  may  also  be  defined  as 
trigonometrical  functions;  for  the  ])rosont  we  shall  chiefly  em- 
ploy the  term  ratio,  but  in  a  later  part  of  the  subject  the  idea  of 
ratio  is  gradually  lost  and  the  term  function  becomes  more 
appro]  )riate. 

21.  The  use  of  the  i)rinciple  proved  in  Art.  19  is  well 
shewn  in  tlie  following  example,  where  the  trigonometrical  ratios 
are  employed  as  a  connecting  link  between  the  lines  and  angles. 


EjcampJv.  A  liC  is  a  right-angled  triangle  of  wliich  A 
angle,  lil)  is  dniwn  perpendicular  to  BC  and  meets  CA 
D:  ii  AB  =  Vi,  .-10'=  10,  liC  =  20,  find  IW  and  CD. 

From  the  right-angled  tri- 
angle CBT>, 

-=:tan6; 

from  tlie  right-angled  triangle 
ABC, 


is  the 
prodno 


right 
ed  in 


AB 

AC 


tan  C 


Again, 


C 

16 

hit 

AB 

BC 

AC 

BD 
20 

,  .  ;  whence 
H) 

Bl): 

=  !."> 

CD_ 

CB  ~ 

secC 

BC 

"  CA  ' 

CD      20       ,  .,,,     „, 

— -  =  —  ;  whence  C/>  =  2o. 
'20      It; 


The  same  results  can  bo  obtainetl  by  the  help  of  Euc.  vi.  8. 


iV^     -   ..iMSV'.'J^MJ.'iV: 


■«w- 


'i'lk 


II.] 


TRIGONOMETRICAI,   RATIOS. 


11 


EXAMPLES,    n. 

1.  T'o  sides  Ali,  BC,  CA  of  a  right-angled  triangle  are  17, 
IT),  8  resj-t  L'tively  ;  write  down  the  values  of  sin  A,  sec  .1,  tan  B, 
sec  B. 

2.  The  sides  PQ,  QR,  RP  of  a  right-angle<l  triangle  are  13, 
f),  12  respectively:  write  down  the  values  of  cot/',  cosec  ^, 
cos  (/,  cos  /*, 

3.  ABC  is  a  triangle  in  which  .1  is  a  right  angle;  if  ft  =  15, 
c  -  20,  find  a,  sin  C,  cos  B,  cot  C,  sec  C. 

4.  ABC  is  a  triangle  in  which  B  is  a  right  angle;  if  a  -24, 
h  =  'lit,  find  c,  sin  6',  tan  A,  cosec  A. 

5.  The  sides  ED,  EF,  I>F  of  a  right-angled  triangle  are  35, 
37,  12  respectively  :  write  down  the  values  of  sec  E,  sec  F,  cc^t  E, 
sin  F. 

6.  The  hypotenuse  of  a  right-angled  triangle  is  15  inches, 
and  one  of  the  sides  is  !>  inches :  find  the  third  siv!e  and  the  sine, 
cosine  and  tangent  of  the  angle  opposite  to  it. 

7.  Find  the  hypotenuse  AB  of  a  right-angled  triangle  in 
which  J('=7,  BC=±A.  Write  down  the  sine  and  cosine  of  A, 
and  shew  that  the  sum  of  their  squares  is  equal  to  1. 

8.  A  ladder  41  ft.  long  is  placed  with  its  ftwt  at  a  distance  of 
0  ft.  from  the  wall  of  a  house  and  just  reaches  a  window-sill. 
Find  the  height  of  the  win<U)w-sill,  and  the  sine  and  cotangent 
of  the  angle  which  the  ladder  makes  with  the  ground. 

9.  A  ladder  is  2!)  ft.  lo-  how  far  nnist  its  foot  he  placed 
from  a  wall  so  that  tlie  lac'  -y  just  reach  the  top  of  the  wall 
which  is  21  ft.  from  the  g  i  ?  Write  do  <  all  the  trigono- 
metrical ratios  of  the  angle  i.otwcen  the  ladder  and  the  wall. 

10.  A  BCD  is  a  square ;  C  is  joined  to  E,  the  miildlo  point  of 
M) :  find  all  the  trigonometrical  ratios  of  the  angle  ECD. 

11.  A  BCD  is  a  quadrilateral  in  which  the  diagonal  .-If  is  at 
right  angles  to  each  of  the  sides  AB,  CD:  if  .t/>'=15,  .ir'=36, 
AD  =  m,  find  sin  ABC,  sec  ACB,  cos  CD  A,  cosec  DAC. 

12.  PQRS  is  a  Quadrilateral  in  which  the  angle  PSR  is  a 
light  angle.  If  the  diagonal  PR  is  at  right  angh-s  to  R<^,  and 
A7'-20,  i;«^-=21,  RS^ie,  find  niu  PRK  UmRP^,  cos  RPQ, 
cosec  J'(^R. 


SvlSff 


u 


CHAPTER    III. 

RELATIONS   HKTWEEN   THE  TIlIfif»NOMETUTCAL    RATIOS. 

22.    Eeciprocal  relations  between  certain  ratios. 

(1)     Let  ABC  1)0  ft  triangle,  right-.-uigled  at  r ' ; 
.      .     BC     a 
then  ■'*'"''"";iZ/^,7' 

,     AB      c 
and  coscc  '^=jj(j"^  a' 

,     a     c      ^ 
.-.    sinvlxcosecJ=-x     =1. 
c      a 

Tims  sin  A  and  co-cc  .1  are  reciprocals  ; 

1 
cDsec  .1 ' 

and  cosec A=   .      ,  . 

(2)     Aeain, 

^  ^  ,     AC     h  ,  .     AB     c 

cos.l=j^=-,   and   sec.l=^^^.=  ^, 

.  • .    cos  A  X  ace . '  =  -  X  j  =  I  ; 
c     b 


sin  A 


.-.    co8^=         .  ,   and   sec  J  = 
sec  .1 


cos  ^l ' 


(3)    Also 


tanJ=-,^=^,    and    cot.l=-g^--, 
.'.    tan  J  xc<it^=T  X -  =  1 ; 
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23.      To  express  tiin  A  and  ci)t  A  in  terms  of  .sin  A  it  ad  com  A, 


From  the  adjoining  figiirt>  \v«  hav«^ 

liV  ^n      a  ^b 
AC~  b~"c  •  c 

=  sin  A  -r  cos  ^4  ; 

sin  A 
cos  A  ' 

,^}C ^h  ^h ^a 
JJ(J~a~c  ■  c 

=  C().s  J  -rsin  A  ; 


till!  -1  = 

— -  * 

.•.    t;in^l  = 
Again,       cotvl 


1_ 
tjin  .1 


cos.l 
.  .    cut  >1  =  .    -.- ; 
Hin  A 

which  is  also  evident  from  the  rcipHX-al  relation  cot  ,1 

Example.     Prove  that  cosec  A  tan  A  =  sec  A . 

1         sin  .J         1 

cosec.-l  tan ^  — -; — rx         .=         . 
sm  A      cos  A      cos  A 

=  aeoA. 


24.  We  frequently  meet  with  expressions  which  involve  the 
square  and  other  powers  of  the  trigonometrical  ratios,  such  as 
(sin  J)-,  (tan.l)^...  It  is  usual  to  write  these  in  the  shorter 
forms  sin-vl,  tan^vl, ... 

/sin  .A'* 
Thus  tan2 .4  =  (tan  A  )2  ==  (         *  ) 

^  \cos.4/ 

_(sin.4)2_.sin2.1 
(cosJ)*     cos'-'vl ' 

Example.     Shew  that  sin^^l  sec  A  cot'*  A  =  cos  A . 

'cos  A\^ 


sm 


■A  sec  A  cot*.-!  =  8in-.J  x        ■    x  (    .    *    | 
COSil       \bibA/ 


.  ,  ,        1         cos2.4 

=  sm^ii  X  — -  X  -.   .,  , 

coaA      Bin^A 

—  COS  A, 

by  cancelling  factors  common  to  numerator  and  denominator. 


,>.-«=«.«™^3PC1 


r 
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25.     To  proee  that    .sin'-'  .1  +  cos-  .4  =  1. 

Let  BAC  hii  any  a«ute  aiif;!*!  ;   draw  liC  i)eri)enditiiliir  to 


Ai\  and  dfuiote  the  sides  of  thn  right-angled  triangle  ABC  by 
\  c. 

By  definition. 


It,  b,  c 


.     ,     BC     a 
AB     c 


and 


LOS  A 


AC  ^h 
AB~c 


COH. 


....  ,  .     «2      b^     aHi- 

.  ■ .      >S1  U-  ^'i  +  C(.)S-  ^i  —    ,;  +  —,= :; — 

f-        c-  C 

c 

=  1. 

sin-  .1  =  1-  cos-  A,         sin  -I  =  Vl  -  cos-  A  ; 
cos^  J  =  1  -  sin    I,        cos  A  =  Vl  -  sin^X 


Example  1.     Prove  that  cos^  A  -  sin*  A  =  cos^  A  -  sin*  ^ . 
cos* A-  sinM  =  (cos2J  +  sin2^)(cos»/l-  sin''^) 
=  cos*4  -  siu*^, 
since  the  first  factor  is  equal  to  1. 

Example  2.     Prove  that    cot  a  ^1  -  cos^a  =  cos  o. 
cot  a  ^1  -  cos'-a  =  cot  a  x  sin  a 
cos  a 


siu  a 


X  8iua  =  coda. 


III.]-    RELATIONS    BKTWKEN    THE   TKIOOXOilETRR'AI,    RATU»S.  If) 

26.      To  prove  that   sec-  .4      1-1-  tan-  A . 
With  the  ligure  of  the  previous  article,  we  h.ue 

,     Mi     c 


y 


CoH. 


=  l+t:ur- J. 
.sec-  A  -  tan'-'  A  --  1 ,       sec  A  =  ^l+  tan-  A , 
tan-  J  =  sec-  .1-1,      tau  .1  =  \  .sec-  .1  -  1 . 

Kuiimplf.     Prove  that  coa  A  >y8ee''  A  -  1  —  siii  A . 
CDS  A  ^/.s»?(-  A  -  I  —  cos  4  X  tan  A 

sin  .1 


=  cos  A  X 


cos ,  ( 


=  8in.-l. 

27.     7*0  /-row  Ma/  cosec^*  .1  =  1+  cot-  A . 
With  tiio  tii^ure  of  Art.  2."),  we  have 


cosec  .1 


nc    a' 


..    cosec- .1  ~    .,  = .,- 

(I-  a- 

=  1-|-C0t2.1. 

Cor.      cosec'''  A  -  cot^  -^  =  1 ,       cosec  A  =  Vr+l'^t^  vl , 
cof^  .-1  =  cosec2 .1  -  1 ,         cot  ^  =  \/coset?M-l . 

Example.     Prove  that  cot^  a  -  1  =  cosec^  o  -  2  cosec*  o. 
cot*  o  -  1  =  (cot'-'  a  +  l)  (cot'2  a  -  1) 

=  cosec*  a  (cosec"  a  -  1  -  1) 
—  cosec-  a  (coKec-  a  -  2) 
=  cosec*  a  -  2  cosec-  a. 


IQ  y  KKKMENTAKY   TUiaoN«XMETKY.  [^'HAI'. 

proved  ill  Kuc.  i.  47. 

29.     It  will  he  useful  lu-re  t..  n.Uect  the  formuho  l>rove<l  in 
this  chapter.  ^ 

T.     O.S0C  J  X  sin  .1  -  1 ,     '-o^oo  .1  =  ^j— I .     •^"'  'I  =c-o8ec  .1  * 

s.'c  \  X  iH "S  .1  ==  1 ,         •■'"-- ^     eos  .1 '  ^^"^  'I 

II. 
III. 


cos  -t 


sin  ^l 


8ec2.l  =  l+tivn-.l, 
c.osec2  J^l  +  iJot'^'l- 
Easy  Identities 

fimnuUo  in  F-'jJ  'f^^'^^r'aii  ho  -W  of  this  equali^  is 
esprossious  are  '\1  ^'^^ .^,*^'1";7 ,,%,,,.,«  ^easy  illustrations  have 
called  "imwiug  ^l'^»^*;"^.'^^;,  .,,t';"^/hc  general  method  of. 

other. 

Example  1.     Prove  that  Bin'^  ^  cof^  A  +  cos^  ^  tan"  J  =  1. 

Here  it  ^vill  be  found  convenient  to  express  all  the  trigonometncal 
ratios  in  terms  of  the  sine  and  cosine. 

co8«  A         3  ,    sin^  ^ 
The  first  side  =  sin^  A  .  -^^^  +  cos  a  .  -^^^^  -^ 

=C082.4  +  8in2.i 
=1. 


1!I.J 
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Kxiimple  2.     Prove  that  sec*  ^- sec' (9  =  tan*  ^  + tiin't'. 

Tlie  form  of  this  identity  nt  once  sujjgesta  thiit  we  Bhoiild  use  the 
Heciint-tanj^cnt  formula  of  Art.  26;  lifucn 

the  tirst  siile  -  sec-  6  (.sec'  rf  -  1 ) 

=  (1  -  liiii«  <^)  tan- tf 

=  tan-  6  4-  tan*  0. 


2.  <os  .J  tan  ,1  -'.sin  .(. 
4.  sin  ..1  80C  .1  =  tin  ^1 . 
6.     cot  J  sec  .1  .sin  .1  =  1. 


EXAMPLES.    III.  a. 

I'rovo  tho  following  idcntitie.s  : 

1.  .sin  .1  fot  ..1  =co>s  ..1. 

3.  cot  A  .sec  ..1  =:cosec  A. 

5.  cos  .4  cosec  A  =  exit  A . 

7.  (I  —  co.s2  A )  co.sec-  ^4  =  1. 

8.  (l-.sin2.4)sec2.1  =  l. 

9.  cnf^  ^  ( I  -  cos2  6)  =  cos2  3. 

10.  ( 1  -  cos2  6)  sec2  6  =  tan2  0. 

11.  tiina  V  1  — .siu''a=sina. 

12.  cosec  a  \/ 1  -  sin^  a  =  cot  a. 

13.  (l+tan2 .4)0082.4  =  1. 

15.  ( 1  -  co,s2  ^)  ( 1  +  tan2  ^)  =  tan2  6. 

16.  cos  a  cosec  a  Vsec'^  a  —  1  =  1 . 

17.  sin^^  (l+cot2J)  =  l.  18.     (coaec2vl-l)tan2.4=l. 

19.  (l-cos2yi)(l+cot2^)=l. 

20.  sin  a  sec  a  Vcosec^  a  -  1  =  1. 


14.     (sec2.4_l)cot2.4  =  l. 


21.  cosav/cot2a+l=V'cosec2a-l. 

22.  sin2^cot2^  +  sin2(9  =  l. 

23.  (l+tan2^)(l-sin2^)  =  l. 

24.  siu2  5sec2(9-.sec2(?-l, 

25.  cosec2  e  tan2  ^  -  1  =  tan^  6, 

H.  K.  E.  T. 


^^ 


h^ 


IH 
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I'rovo  the  foUowiii-r  idoiititirs  : 
26.  ..  ,  +        ....  =  '• 


27  ^       --'..-I- 

^''     CO.V-.I       cot-M 

^-       C.  .8  J   "tot  J 


30.  Hill* ..  - »os* ,.  =  -2 .>iM- .,-1  =  1-2  cos- ... 

31.  scr'  <i      1  =  2  tan-  .i  +  tiui*  a. 

32.  COHIC'  ., -  1  -  2  lot-  .1  +  CH>t*  ... 

33.  (tan  .« cosoc  .i)'-  -  (sin  <«  f<t'c  <i)'-  -  1  • 

34.  (sec  0  n>t  Or  -  (fos  fi  .o.sec  ^)-'=  I. 

35.  tan^  e  -  fof-  e     .sir-  0     c.)>sec-  0. 

31  The  f,.n-..iuK'  exauil-los  have  m,uin.d  little  '"^"•^'  f|^*;»  ^ 
.lirect'a,ilirati..n  of  the  fvuul  u.untai  tonuuhu  ;  we  shall  now 
give  LmJ  llentities  ottering  a  y  -ater  variety  ot  treatment..    , 

Kxamph'  1 .     Prove  that  sec-  A  +  cosec'  A  =  sec-  A  cosec*  A . 


The  first  side    = 


sin'^il  +  oos*.^ 
coh"  ;;i  "^  sin--!  .-1    '  cos=  A  Bin-  A 

. , —  =  sec- -4  coscc- -^ . 

'  cos-  A  sin-  ^ 


Oecasioiiallv  it  is  found  convenient  to  prove  the  ciuality  of 
the  two  expressions  by  reducing  each  t.)  the  s^uae  fonn. 

Kxnmph-  '2.     Prove  that 

sin'^  A  tan  -1  +  cos^  A  cot  A  i  2  sin  -(  cos  A  =  tan  A  +  cot  A. 

The  first  side  =  sm^  .1  .  ^^^  ^  +  cos  a  .  ^^^^  ^  -t- 
sin*  .1  +  COR*  A+  2  sin"  .-1  cos-  A 

(sin^^+cosM)''^  I    _ 

"'    sin  i4  cos  .4  sin  ^  coa  ^  ' 

sin  A      cofl  A  _  sin"  il  +  cos-  A 
The  s.   .ml  Hide  =  ^^^  +  ^--^  -     ^^^  4  gin^ 


sin  .-1  cos  /t  * 

1 
Thus  each  side  of  the  identity  =  ^^^^^^sA  ' 


III.J 


KArtY   IDKNTITIKS. 


ID 


,,  f    o      t^         ^\.  ^  tan «  -  cot  S 

hxiimple  ^.     Prove  that  =luua<(>td 

tan /<- cot  tt  ' 

rr,     -.     .     . ,         tan  a  -  cot  H     tun  a  -  cot  H 
J  lie  fiFHt  Hide    =  '  —  ' 

1  1  tun  a- cot  ^ 

cot  p     tan  o        tan  a  cot  fi 

_  tan  u  -  cot  ft  tun  a  cot  ^ 

1  tan  u  -  cot  ft 
=  tanocnt/l 

Tln!  tninHformatioiis  in  the  s*  ,<!((nsi\i'  t-tvyn  aio  u.->ii..Ily  fii^'^jvstod 
by  the  form  into  wliich  we  wish  to  bring  the  rewult.  lur  i!i-^t;mc:e,  in 
this  last  example  we  mi^ht  have  proved  the  identity  by  snl»«titut'in(,' 
for  the  tangent  and  cotan^'cnt  in  terms  of  the  nine  iiiid  cosine.  This 
however  is  not  the  best  method,  for  the  form  in  which  t!ie  rif,'ht-han(l 
side  is  uiven  sugj^estB  that  v.e  should  retain  tan  a  and  cut /S  unchanged 
throughout  the  work. 

^'^  '  EXAMPLES.    IILb. 

Prove  the  following  identities  : 

1 


sec- «  cot  a     . 

„  -  —  tan  u. 
eosec-  a 


4.     ver.s^sec^  =  scc5- 1. 


sin  a  cot^  a  _      1 
cos  a  tan  a ' 

3.     1  -  vers  0  =  .sin  B  cot  0. 

5.  sec^- t;ui^8in^  =  co.s^. 

6.  ta  II  ^  +  cot  ^  =  set!  ^  coisec  fi. 

-  7.    V 1  +  cot-  A  .  Vsec-^T^l  •  V 1  -  isin-i .  1  -- 1 . 
''  8.     (co.s^  +  sin^)2  +  (cos^-sin^/---  2. 
"9.     ( 1  +  tan  ^)*  -f-  ( 1  -  tan  dy  -  2  ssec-'  0. 

10.  (cot  <9  -  1  )2  4-  (cot  ^  +  1  )2  =  2  cosec2  6. 

11.  sin2.4(l+cot2.-l)  +  cos2J(l+tan2.r)  =  2. 

12.  cos^  A  (sec2  A  -  tan^  A  +  sin-  A  (cosec^  A  -  v>  )t^  J )  - 1, 

13.  cot^  a  +  cot*  a  =  cosec*  a  -  cosec^  a. 


11 
15. 


tan'-ia       l+cot^a       .   „ 
TTl — 9~  •  '~~'^ —  =sin^  a  sec*  a. 

l-8in«j     1-fsina 


=  2  8ec2a. 


2—2 


I 
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Trove  thti  following  identities : 
16. 


[t'HAP. 


tan«    ^    *''^""_  =  2coseca. 
sec  a  -  1      sec  a  + 1 


17      __1     -+   --l^^l. 
^''     1+ sin- tt      l+coscc-'a 

18.  («ec  ^ +c()sfc  0)  (sin  0  +  cos  0)  =  sec  0  .'osec  0  +  2. 

19.  (c.  .s  0  -  sin  ^)  (cosec  0  -  ^*ec  ^)  =  sec  0  cosec  ^  -  2. 

20.  ( 1  +  C-.  .t  ^  +  cosec  ^)  ( 1  +  cot  0  -  cosec  0)  =  -2  cot  0. 

21.  (sec  ^  +  tun  ^  -  1 )  (sec  ^  -  tan  ^  +  1 )  =  2  tan  0. 

22.  (sin  A  +cosec  .l)^  +  (cos  .1  +sec  Af^iAxn'  A  +  cot-  .1+7. 

23.  (soc-^  .1  +  Un-^  J )  (cosec2  a  +  cot^  J )  =  1  +  2  sec^  .4  cosec"^  .1. 

24.  ( 1  -  sin  .-l  +  cos  J )•-'  =  2  ( 1  -  sin  J )  (1  +  cos  A ). 

25.  sin  A  (1+tan  .t)  +  cos  J  (l+cot.4)  =  sec4  +  cobec^. 
.  •  26.  cos  ^  (tan  ^  +  2)  (2  tan  ^  + 1 )  =  2  sec  ^  +  5  sin  0. 

^  .,     1+sin^ 
27.     (tan^+scc^/  =  j3^jj-^. 

_2^sin^cos^-cos^     ^^^^^ 
-^^     l-sin^  +  sin'^^-cos^^ 

sec  ^  -  1           o  /,   sin  ^  -  1     ^ 
29.     cot2^.?^^^^^+«ec2^. ^.=0. 


1+siu^ 


1+secd" 


Vihe  followinn  examples  contain  fiuictiom  of  tico  angle,;  in  each 
case  the  two  anples  are  quite  independent  of  each  other.] 


30.     tan2a  +  sec2^-sec2a  +  tan2  0. 


tanji  +  cot  ^  _  tan  a 
^^-     wta+tan/3     tan  j3 


32. 


tan  a  -  cot  /3  _     cot /3 


cot  a  -  tan  ^        cot  a 

33.  cot  a  tan  ^  (tan  a  +  cot  ^)  =  cot  a  +  tan  ^. 

34.  sin2  a  cos''*  /3  -  cos^  a  sin*  /3 = sin*  a  -  sin*  ^. 

35.  sec*  a  tan*  /3  -  tan*  a  sec*  /3  =  tan*  ^  -  tan*  a. 

36.  (sinacosS+co8a8in!3)*-»-(cosacos3-sinasin;3)«-l. 


W^ 
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32.  By  means  of  tlie  relutions  collected  together  in  Art.  29, 
all  the  trigoiumetrical  riitios  can  In;  expressed  in  terms  of  unv 
one. 

l-:.r,iiiiple  1.  Express  all  the  trif,'ouometiic'al  ratios  of  .J  in  terms 
of  tiin.-l. 


We  have  cot  A  — 


tan  A  ' 


sec  ^  =  ^1+ tan- J; 


cos  A  = 


,     ^'in  A  tan  A 

sm ./  r^     --  cos  .-1  -.  tan  A  cos  A  -=  -,         - —  ; 

*'*'^'  Jl+tan-A 

cosecJ-.     L_s/l  +  tan^ 
sni  A  tan  .1 

Ons.  In  writing  down  the  ratios  we  choose  the  simplest  and  most 
natural  order.  1<  or  uistance,  cot  A  is  obtained  at  once  l.y  the  reciprocal 
r<  I.I  I  ion  conm-ctmt;  the  tangent  and  cotan-ent :  sec . 4  conies  innne- 
diately  from  tlie  tangent-secant  formula;  the  remaining  three  ratios 
now  readily  follow. 


E.iitmple  2.     Given  cos  A=   ,^,  find  cosec  A  and  cot  J. 


cosec  A  = 


13' 
1 

1  1 


1       13 


V      v-ij     V      i<i!»    V  m    13 


.    .     cos^l 
cot  A  =  -.—  =  cos  A  X  cosec  A 
sm  A 

^5      13  _^ 
13 '^12-12' 


33.     /.'  is         ays  possible  to  describe  a  riifht-aunhd  triunqle 

hiK.  r.  47,  and  tiie  construction  can  then  1k5  cftectoil  l.v  line  i  22 
Ue  can  thus  readily  obt^vin  all  the  triRonon.etrical  'ratioH\vhon 
one  js  Ki  von,  or  express  all  in  terms  of  any  one 


22 
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Kxamph'  1 .     Given  cos  A  =  ^'^ ,  find  cosec  A  and  cot .  ( . 

Take  a  riKht-anslcd  triangle  PQR,  "f  ^'h\f »  ^..j,' 
the  li-ht  allele,  having  the  hypotenuse  PR  =  1A  units, 
andi'<^  =  5  units. 

Let  QiJ  =  .r  units;  then 

x2=(i:i)--(5)-=ii:{  +  5)(13-5) 

=  18x8  =  '.tx'2x8; 
PQ      5 


1  ^' 

Now 

cos^RPQ  =  j,j^  =  'l^' 

1  i 

BO  that 

lRPQ  =  A. 

«, 

Hence 

PR     13 
co8ec^  =  ^^^^-j.^. 

and 


'^'  ^  =Qll  =  ^  •     ^^"'"P*'''  ^''*-  ^^'  ^''"  ^'^ 


JiJjrtmi./e  '2.     Find  tan  A  and  cos  ^  in  terms  of  cosec  A . 


Take  a  trian(,'le  PC^R  riKht-angl^ed 
at  Q,  and  having  /  RPQ  =  A.  For 
shortness,  denote  cosec  il  by  c. 


Then 
but 


cosec  j<=<'  = 


cosec  A  — 


1' 
PR 


QR 
PR  _c 
■'■  QR~l' 

Let  QR  be  taken  as  the  unit  of  measurement; 

then  QiJ  =  1 ,   and  therefore  PR  =  c. 

Let  PQ  contain  x  units;  then  

x«=c'  -  1,   so  that  .r  =  Jc^  -  1. 


Hence 


and 


QR  1       _         J 

tan  ^  -p^  -  ^^, _  J      ^cosecM-i ' 

■PQ     «y?^^~^  _  JcH"Hec'''.4-l 
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EXAMPLES.    III.  c. 


1.     (Jiveu  siii.l=^_^,  find  sou. I   iiihI  cot. I. 


IS    /. 


2. 
3. 
4. 
5. 

6. 
7. 
8. 
9. 

10. 

.sill  A. 

11. 
12. 
13. 
14. 

15. 

16. 

17. 


Uiven  t.aTi.l=^-,  tiiul  sin  J   and  cos  J. 

Find  oot^  and  sin  ^  whon  sec  ^  —  4. 

If  tan«=    ,  find  .soca  and  cosecu. 

Find  tlu>  sine  and  cotangent  of  an  anL,dt>  wliose  socant 

If  25  sin  J  =--7,  find  tan.l   and  scc.f. 

Express  sin.l  and  tan  J   in  terms  of  cos. I. 

Ex]>rpss  eosec  n  and  cosn  in  terms  of  eotn. 

Find  sin  ^  and  cot^  in  terms  of  sec<9. 

Express  all  the  trigon<nuotrical  ratiits  of  ,(  in  terms  of 

(Jiven  sin  .!  -cos  J  =0,  find  ciwoc^l. 


m 


If  sinJ=-,  prove  that  \^ n- -  m'^ .  inn  A  = 


n 


7)1. 


If  jocotd=\/'/-jt>^  find  sin^. 

m^  + 1 
When  secJ=    _, — ,  find  tan.l  and  sin.J. 

Given  tan/i=-,^^      find  cos. I  and  cosecj. 

Tf  „  „        13     ^    J  ,,  ,         ,  2  sin  n-3co.sa 

if  seca  =  ---,  find  the  value  of  -     .      —. 

•^  4  sin  a- 9  cos  a 

If  cot  ^  =  <-,  find  the  value  of  ^-^'^-^-'^^t'L^. 
g  pcoiid+(/HinB 


CTHAn^ER   IV. 

TllIGONOMETKlCAI-   RATIOS   OF  CERTAIN   ANGLES. 

34.    Trigonometrical  Ratios  of  45°. 

Lot  BAC  be  a  riglii-angled  isosceles  triangle,  with  the  right 
iingle  at  (';  so  that  7)  =  ^  =  45°. 


Let  each  of  the  equal  sides  contain  I  units, 


then 

AC=BC=l. 

Also 

AB^  =  l'  +  P=-2l-^; 

.-.     AB  =  l^2. 

cos45=^j^  =  ^^,2      J2' 

,        A'"      ^^        ^        1 

tan4o=-;,^  =  ^=^l. 

The  otlier  thi-ee  ratios  are  the  reciprocals  of  these ;  thus 
cosec45°-v'2,     see45'-v'2,     cot  4.^  =  1; 
or  they  may  be  read  off  from  the  figure. 


1!! 
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35.    Trigonometrical  Ratios  of  60"  and  30°. 

Let  A  HO  l>o  iin  equiluteral  triaiigli; ;  thus  each  nf  its  angles 
is  G()\ 


Bisect  i  BAC  by  AD  uieeting  BC  at  J) ;  then  _  BAD^'Mf. 

By  Evic.  I.  4,  the  triangles  ABD,  AC/)  are  equal  iu  all  re- 
spects ;  therefore  BD^CJ),  and  the  angles  at  /)  are  right  angles. 

Jn  the  right-angled  triangle  ABB,  let  BD     I;  then 
AB^BC=2l', 
.-.     AD-^  =  4l-^-r'=:3P; 
.-.     AD^ls'Z. 
.        .    ^.^^,      AD     IJ3     ^3 
AB       21        2  ' 

cos  60=^^  =  ,^^-; 
tanG0=-^.^.,  =  -^  =  ,/3. 


Again, 


sm30=-^  =  2-^=.-; 


cos  30° . 


Ji)^y3_v/3 


The  other  ratios  may  be  read  off  from  the  figure. 


nr= 


ij  < 

1 
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36.  Tlic  trij,'()iiometrical  ratios  of  45",  GO",  30'  occur  very 
freqviontly;  it  is  tluMclnre  important  that  the  stiulciit  shoukl  ho 
ahle  to  quote  readily  their  auinerical  vahies.  The  exercise 
which  follows  will  furnish  useful  practice. 

At  first  it  will  probahly  be  found  safer  to  make  use  of  the 
accomi)anying  diagrams  than  to  trust  to  the  memory. 


Fid.  1. 


Fiu.  2. 


The  tri<j;onometrical  ratios  of  4.")"  can  \xi  re.ul  ott'from  Fig.  I ; 
tho.se  of  60  and  30°  from  Fig.  2. 

Example  1.     Find  the  values  of  8ec=»  45""  and  sin  00°  cot  30°  tan  45°. 
sec^  45°  -  (sec  45°)^  =  (J2f= ^2  x  ^/2  x  ^2  =  2  yJ2. 

sin  00°  oot  30°  tan  45°  =  "*^?  x  ^3  x  1  = ,~ . 

Example  2.     Find  the  value  of 

2  cot  45°  +  cos3  00°  -  2  sin*  00°  + 1  tan*  30°. 

The  value     =  (2  x  1)  +  (^)'  -  2  (^^)*  +  |  {^.^' 


EXAMPLES.   IV.  a. 

Find  the  numerical  value  of 


1.     tan2C0'  +  2tan"45". 
3.     2cosec2  45''-3sec2  30'. 


2.    tan''45"  +  4cos3  60°. 

4.    coteO'tanSO'  +  secM.')". 


li 

11: 
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5.  2. sin  30"  cos  30°  cot  G0°. 

6.  t(in2  Ar,"  .sin  GO"  tan  3( )"  tan^  CO". 

7.  tan2  60"  +  4  cosS  45"  -}-  3  scc2  30\ 

8.  A  cosec2  GO"  +  sec2  45°  -  2  cot^  60". 

9.  tan2  30"  +  2  sin  60" + tan  45°  -  tan  60'  +  oos'i  30\ 

10.  cot2  45° + cos  60"  -  sin2  (50 '  -  |  cot^  60". 

11.  3  tan2  30°  +  .^  cos^  30°  -  ^  .sec2  45°  -  J  sin^  60°. 

12.  CO.S  60"  -  tan2  45°  + 1  tan2  30"  +  cos^  30°  -  sin  30°. 

13.  J  sin2  60°  - 1  sec  60°  tan2  30"  +  ^  sin2  45"  tan2  60°. 

14.  If  tan2  45°  -  cos2  60° = a,-  sin  45"  cos  45"  tun  60",  find  .r. 

15.  Find  X  from  the  equation 

cot2 .30"  .sec  GO"  tan  45" 


.r  sin  30"  0082  45°  = 


cosec2  45 '  cosec  30" 


37.  Definition.  The  complement  of  an  anylo  is  its  defect 
from  a  right  angle. 

Two  angles  are  said  to  be  complementary  when  their  sum 
is  a  right  angle. 

Thus  in  every  right-angled  triangle,  each  acute  angle  is  the 
comi)lenient  of  the  other.  For  in  the  figure  of  the  next  article, 
if  B  is  the  right  angle,  the  sum  of  A  and  C  is  90". 

.-.     C=90"-.4,  and  .I=90°-C. 

Trigonometrical  Ratios  of  Complementary  Angles. 

38.  Let  ABC  be  a  right-angled 
triangle,  of  which  B  :s  the  right  angle ; 
then  the  angles  at  A  and  C  arc  com- 
plementary, so  that  C=90°  -  .1. 

J  n 
.-.    8m(90"-.l)=sinC=^^=cos.4; 

and  cos  (90°  -A)  =  cos  C=  ^=  sin  A. 

AO 

Similarly,  it  may  be  proved  that 

tan  (90°  -A)  =  cotA,    ]  and      sec  (90°  -  J )  =  cosec  A , 

cot(90"-J)  =  tany(;  J  cosec(90°-^)=sec  J. 


1 
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39.  If  we  define  the  co-sine,  co-tangent,  co->  cant,  as  the 
CO-function.s  of  the  angle,  the  foregoing  results  may  be  embodied 
in  a  single  statement : 

each  function  of  an  angle  is  equal  to  the  correspond inff  co-fum:tion 
of  its  complement. 

As  an  illustration  of  this  we  may  refer  to  Art.  35,  from 
which  it  will  Ik;  seen  that 


sin  60°  =  008  30°  = 


x^3 


I 


8in30°  =  cos60°  =  -; 

tan60°  =  cot30°  =  ^/3. 
Example  1.     Find  a  value  of  A  when  cos  2.4  =  sin  3.4. 
Since  cos  2 A  =  sin  (90*-  2^), 

the  equation  become^    sin  (90°  -  2.4 )  =  sin  ^A ; 

.-.  90° -2/1  =.3.4; 
whence  -^  =  18°. 

Thus  one  value  of  A  which  satisfies  the  equation  is  ^  =  18°.  In  a 
later  chapter  we  shall  be  able  to  solve  the  equation  more  completely, 
and  shew  that  there  are  other  values  of  A  which  satisfy  it. 

Example  2.    Prove  that  sec  A  sec  (90°  -  .4)  =  tan  ^  +  tan  (90°  -  J ). 

Here  it  will  be  found  easier  to  begin  with  the  expression  on  the 
right  side  of  the  identity. 

The  second  side  =  tan  A  +  cot  A 

sin  A      cos  A  _  sin^  A  +  cos*  .4 
~  cos  A     sin  .4  ""    cos  A  sin  A 


cos  A  sin  A 
=  sec  A  cosec  A  =  sec  A  sec  (90°  -A). 


EXAMPLES.    IV.  b. 

Find  the  comi)lenients  of  the  following  angles : 

1.     67°  30'.  2.     25-30".  3.     10°!' 3" 

4.    45°-^.  5.     45° +5.  6.     30° -j5. 
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7.  In  ;i  triangle  C  is  ;")(»'  and  .1  is  the  complement  of  10' ; 
find  B. 

8.  In  a  triangle  A  is  tho  r<)m])lcment  of  40' ;  and  />  is  the 
oomplcnient  of  20' ;  find  C. 

Find  a  value  of  .1  in  each  of  the  following  cijuations  : 
9.     sin  .1  =  COM  AA .  10.     coa  3.i  =  si n  7 . f . 

11.     t;in.l=cot3J.  12.     cot  .1=  tan  .4. 

13.     cot  A  =tan  2.1.  14.     sec  'i.l  =co.sec  A. 

Prove  the  following  identities: 

15.  sin  (90"  -  A )  cot  (90'  -A)  =  sin  . ( . 

16.  sin  .1  tan  (90°  -  A )  sec  (90'  -  .-1 ) = cot  A . 

17.  cos  A  tan  A  tan  (90°  -  J )  c  .sec  (90°  -  J )  =  1 . 

18.  sin  A  cos  (90°  -  .4)  +  cos  .4  sin  (90°  -  .4)  =  1, 

19.  cos  (90°  -  A )  cosec  (90°  -  J )  =  tan  A . 
cosec2  (90°  -  J )  =  1  +  sin2 .4  cosec"  (90°  -  ,4 ) . 
sin  .4  cot  .4  cot  (90°  -  ^ )  sec  (90°  -  ^ )  =  1 . 

22.  sec  (90°  -  .4 )  -  cot  A  cos  (90°  -  A )  tan  (90°  -  .4 )  =  sin  ^ . 

23.  tan2  A  sec"  (90'  -  J )  -  sin"  A  cosec"  (90°  -  .4 )  =  1 . 
tan  ( 90°  -  ^ )  -f  cot  (90°  -  A)  =  cosec  A  cosec  (m^-A ). 
sin  (90°-^)    tan  (90°-^) 
sec  (90°  -  J )  •       cosT4       " '  "^"^^  ^ " 

cosec"  A  tan"  A     cot  A  „      „      ., 

TTHJv IT-  •  — r-A  =8ec"  (90°  -  ^)  -  1. 

cot (90  -A)      sec"^  ^  ' 


20. 
21. 


24. 
25 


26. 
27. 
28. 
29. 


cot  (90°-^)     sec^cotM 


cosec"  ^     ■  sin"  (90°-^)" 

cos"  (90° -.4) 

^ j^^  =  l+sin(90°-^). 

vers  ^4  ^  ' 

cot"  J  sin" (90° -.4) 


:\/tan"^  +  l. 


„«*  A  .         ^  -  =tan(90°-^)-cos^. 

cot  J +008  .d  ^  ' 

30.  If  X  sin  (90°  -  ^ )  cot  (90°  -  ^ )  =  cos  (90°  -  .4),  find  .r. 

31.  Find  the  value  of :«?  which  will  satisfy 

sec  ^  cosec  (90°  -  .4 )  -  .r  cot  (90"  -  i4 )  =  1 . 


f 


\4\ 
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40.  As  a  further  exercise  in  using  the  fornnilio  of  Art.  29 
and  tiie  nunieriwil  valur.s  of  the  fiUK-tions  of  45  ,  60',  30%  we 
shall  now  give  some  examples  in  trigononietrical  equations. 

Kxumple  1.    Solve       4  cos.     -3  sec  A. 

By  expressing  the  secant  in  U .  us  of  the  josinc,  wc  have 

4  cos  A  =  —  ,  , 

cos .( 


4C082.^  =  3, 

cos  ^  =  ± 


v/-» 


coaA  = 


^/3 


or 


cos  A 


_s/S 


(1). 
(2). 


Since  cos  30 


>o_v/3 


,  we  see  from  (1)  that  .4  =  30°. 


The  student  will  be  able  to  underRtand  the  meaning  of  the  nega- 
tive result  in  (2)  after  he  has  read  Chap.  VIII. 

Examine  2.     Solve    3  sec'  »  =  8  tan  »  -  2. 

Since  sec^  0  =  1  +  tan^  <>, 

we  have  3  (l  +  tan2»)  =  8tan»-2, 

or  3tau«^-8tantf  +  5i^0. 

This  is  a  quadratic  equation  in  which  tan^  is  *he  unknown 
quantity,  and  it  may  be  solved  by  any  of  the  rules  for  solving  quad- 
ratic equations. 

Thus  (tan^-l)(3tan»-5)  =  0, 

therefore  et<Aer  tan5-l  =  0  (l)i 

or  3tan^-5  =  0  (2). 

From  (1),  tantf  =  l,  so  that  ^=45°. 

From  (2),  tan  ^=  -  ,  a  result  which  we  cannot  interpret  at  present. 

41.  When  an  equation  involves  more  than  two  functions, 
it  will  usually  be  best  to  express  each  function  in  terms  of  the 
sine  and  cosine. 


IV.] 
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Kxampli'.     Solve  :<  tan  0  +  cot  0  =  5  cosec  6. 
"We  havt! 


8  Kin  ff      cos  d 

+ 


cos  tf    '  Hiu  tf  ~  tiin  tf ' 
3  sin*  d  +  cos-  0  =  ')  cos  ^, 
;^  ( 1  -  cos-  0)  +  cos-  ti -  ')  cos  tf , 
2  cos-  tf  +  5  cos  0-3  =  0, 
^•2coh0-1){cos0  +  3)-0; 

thcii'fore  c  it  her  '2  cos  tf  -  1  -  0 (1), 

or  cos<;  +  3  =  0 (-J). 

From  (1),  cos  <^-=-  ,  so  that  0  =  6O\ 

From  ('2),  cos  ^^  -  3,  a  result  which  must  be  reject-  tl  us  imjuissible, 
because  live  numerical  saliie  of  the  cosiiu'  of  an  niiyle  can  never  be 
greater  tlian  unity.     [Art.  10. J 


Find 

1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
20. 
21. 
23. 
25. 
26. 
27. 
28. 


EXAMPLES.    IV.  c. 

a  sohition  of  each  of  the  following  efjuution.s ; 


2  sin  ^  =  cosec  0. 

sec  ^  =  4  cos  ^. 

4  sin  ^  =  3  cosec  d. 

^/2co.s^  =  cot^ 

sec2<9-2tcin2^. 

8ec''J^  =  .3tan'-<9-  1. 

njt2^  +  co.sec2(9:^.3. 

2cos-^  +  4sin2^  =  .3. 

4sin^=-12sin2^-l. 

tan  ^  =  4  -  3  cot  0. 

ccs^  ^  -  sin^  ^  =  2  -  5  cos  B. 

cot  ^-f  tan  ^  =  2 sec  ^. 

tan  ^  -  cot  ^  =  cosec  0. 

2  sin  0  tan  ^  + 1  =  tan  0  +  2  sin  0. 

6  tan  ^ -  5^3860  ^+ 12 cot  ^  =  0. 

If  tan^  +  3cot<9  =  4,  prove  that  tan<9  =  l  or  3. 

Find  cot  0  frona  the  equation 

cosec*  0  +■  cot2  ff^Hf.fy^0 


2.  tan  ^  =  3  cot  ^. 

4.  sec  0  -  cosec  ^  =  0. 

6.  cosec-  ^  =  4. 

8.  tiXU0  =  2Hmfl. 

10.  co.sec2^  =  4cot-^. 

12.  sec-^  +  t^m-^-T. 

14.  2(cos2^     ^.in•-•<9)     1. 

16.  6cos2^=l-|-cos(^. 

18.  2  sin2  0  =r-  3  cos  0. 


22.     4co.sec^  +  2sin^---9. 
24.    2  cos  ^  +  2^2  =  3  seed. 
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MISCELLANEOUS  EXAMPLES.    A. 


ii 


1.  E.\iin>ss  as  tlio  (It'cini.il  nf  h  right  aiigk- 

(I)    2.V37'(J-4";         (:2)    03' 21' 3(5". 

2.  Shew  that 

nin  -I  cos  A  tan  J  +(ros  /I  siii^l  cot  .1  =  1. 

3.  A  ladder  29  ft.  long  just  reaches  a  wiiulow  at  a  ht-ight  of 
21  ft.  from  the  ground  :  find  tlic  cosine  and  (.'(wecant  of  the  angle 
niade  by  the  ladder  with  the  ground. 

4.  If  cosec  A  = ,, ,  iind  tan  ..I  and  sec  A. 

lo 

5.  Shew  that  cosec*  A  -  cot  A  cos  A  cosec  A  -1=0. 


l\ 


6.  Reduce  to  sexagesimal  measure 

(1)    17«  18'  75"  ;         (2)    •0rK»3  of  a  right  angle. 

7.  ABC  is  a  triangle  in  which  Ii  is  a  right  angle  ;  if  c  =  9, 
a  =  40,  find  b,  cot  A,  sec  A,  sec  C. 

8.  Which  of  the  following  statements  are  possible  and  which 
impossible  ? 

(1)    4sind-l;     (2)    2.sec^=l;     (3)    7tand  =  40. 

9.  Prove  that  cos  6  vera  6  (sec  ^  -|- 1)  =  sin-  6. 

10.  Express  sec  a  and  cosec  a  in  terms  of  co'^a. 


>l 


^M 


m\ 


11.  Find  the  numerical  value  of 

1  2 

3  tan2  30° + -  sec  60"  +  5  cot^  45'  -  -  sin'-  (•/>' 

12.  If  tan  a  =  —  ,  find  sin  a  and  sec  a. 

n 

13.  If  m  sexagesimal  minutes  are  equivalent  to  n  centesimal 
minutes,  prove  that  m  =  ■54?i, 
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14.     If  sin  J  ^    ,  i»n>ve  thnt  i»n  A  +soc  A     3,  wlun  ,1  is  an 
acuto  angle. 

16.     Shew  that 

cot  (IK)'  -  A)  cot  .1  cos  (90 '  -  .( ;  tiin  (!M)'  -  .  (  i     com  A . 


16.  J'(^/t   is   a   triangle   in  which  7*  is   a   ri;^'ht   angle;    if 
P(j=n,  PH  -  20,  find  tan  (^  and  eosec  V- 

17.  Shew  that  (tan  a  -  cot  a)  sin  a  cos  a  =^  1  -  2  cos-  a. 

18.  find  a  value  of  6  which  satisfies  the  eijuation 


sec  65  =  coscc  3  A 


19.     Prove  that 


3 


t;in2 m'  -  2  tiin'J  45'  =  coM^  30'  -  2  sin-' 30"  -  --  coscc^ 45". 

4 

20.     Solve  the  equations  : 

(1)    3sin5  =  2cos25;     (2)    5  cot^- coseo2  5=3. 


21.  Prove  that  1  +  2  sec-  J  tjiu-  ,1  -  sec*  .1  -  tan'  .1  =^  0. 

22.  In  the  equation 

6sin2  5-llsin<74-4=0. 
shew  that  one  value  of  6  is  impossible,  and  find  the  other  value. 

23.  In  a  triangle  ABC  right-angled  at  C,  \no\a  that 


tan  J  +  tan  B— 


'h 


24.  if  cot  A  -  f',  j^hew  that  c+c    '  =  sei;  J  cosec  ^1. 

oc      ui        ii    .  V^2  vers  .1  -  vers^' ..1     . 

25.  Shew  that        ■  ,  —  tan.i. 

1  -  vers  A 


H.  K.  K.  T. 


3 


fr^ 
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CHAPTER  V. 


SOLUTION   OF  RIGHT-ANGLED  TRIANGLES. 

42.  KvKRY  triangle  has  six  parts,  namely,  three  sides  and 
three  angles.  In  Trigonometry  it  is 
usnal  to  denote  the  three  angles  by  the 
capital  letters  A,  B,  C,  and  the  lengths 
of  the  sides  respectively  opposite  to 
these  angles  l»y  the  letters  a,  6,  c.  It 
mnst  be  understood  that  a,  b,  c  are 
tiiimerical  qutintities  expressing  the 
number  of  units  of  length  contained  in 
the  three  sides. 

43.  We  know  from  Geometry  that  it  is  always  i>ossible  to 
constnxct  a  triangle  when  any  three  parts  are  given,  provide*!  that 
one  at  least  of  the  parts  is  a  side.  Similarly,  if  the  values  of 
suitable  parts  of  a  triangle  be  given,  we  can  by  Trigonometry 
liud  the  remaining  parts.  The  process  by  which  this  is  effected 
is  called  the  Solution  of  the  triangle. 

The  general  solution  of  triangles  will  be  discussed  at  a  later 
Rtage;  in  this  chapter  we  shall  confine  our  attention  to  right- 
angled  triangles. 

44.  From  Euc.  i.  47,  wo  know  that  when  a  triangle  is  right- 
angled,  if  any  two  sides  are  given  the  third  can  be  found.  Tiius 
in  the  figure  of  the  next  article,  wliere  ABCmss.  triangle  rigiit- 
anded  at  A,  we  have  <|2  =  6H<'-' ;  whence  if  any  two  of  the  three 
quantities  or,  b,  c  are  given,  the  third  may  be  determined. 

Again,  the  two  acute  angles  are  complementary,  so  that  if  one 
is  given  tlie  other  is  also  known. 

Hence  in  the  solution  of  right-angled  triangles  there  are 
really  only  two  ca.ses  to  be  considered  : 

I.  when  any  two  sidcx  are  given  ; 

II.  when  one  side  and  one  acute  an'jlc  are  given. 
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45.     Cask  I.      To  solve  a  rifjht-angled  triangle  tr/ien  two  sides 
are  (jii'en. 

Let  AliC  be  a  right-angled  triangle,  of  which  A  is  the  right 
angle,  and  supiwse  that  any  two  sides  are  given ; 


C  A  A 

then  the  thinl  side  may  be  found  from  the  equation 


Al 


so 

cosC'=-,  and  ^=90'- C: 

a  ' 

whence  C  and  7i  may  be  obtained. 

Example.    Given  li  =  90",  a  =  20,  b  --=  40,  solve  thf  triangle. 
Here        c«=6»-rt« 

=  1000-400  =  1200; 
.-.  c  =  20v'3. 

Ai         .     ,     «      20      1 
Also   Bm^=-  =  -  =  -; 

.-.  .-1=30°, 
And  G=90°-A=  WT    30" = fiO". 

The  solution  of  a  trigonometrical  problem  may  often  be  obtained 
in  more  than  one  way.  Ii>  the  present  case  the  triangle  can  be  solved 
without  making  use  of  Kuc.  i.  47. 


Another  solution  may  be  given  as  follows : 

.,   «    ao    1 

cos  (  --  .  =--—-; 
b      40      2 


And 
AIho 


A  ^  90"  -C^  90°  -  fiO"  =  30 

j-=oo8^=co3.-i0  =^,   ; 
4U  2 

.•.  c  =  20V3- 


3—2 


rr^ 
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46.     Case   II.     To  solve  a  right-angled  triangle   when  one 
side  and  one  acute  angle  are  given. 

Let  ABC  he  a  right-angled  triangle 
of  which  A  is  the  right  angle,  and 
supiiose  one  side  h  and  one  acute 
angle  €  are  given  ;  then 

/?=90^-(',     ^  =  Hect',     y  =  tan(/; 

0  0 

whence  7i,  a,  c  may  be  determined. 

Example  1.     Given  /{  =  ;)0°,  .-«  =30°,  <•  =  .•),  solve  the  triangle. 
We  have  C  -:  1)0°  -  ,-1  =  90°  -  30°  =  60°. 
a 


Also 


.  =  tan30°; 


Again, 


D 


o  =  5tan30'  =  -- 
J  =  sec  30°; 


c-6 


2       10      10  ^./3 
.-.  i  =  5  sec  30°=5  x        =  -—  =  --^  . 

Note.  The  student  should  observe  that  in  each  case  we  write 
down  a  ratio  which  connects  the  side  we  are  finding  with  that  whose 
value  is  given,  and  a  knowledge  of  the  ratios  of  the  given  angle 
enables  us  to  complete  the  solution. 

Example  2.  If  C = 90°,  B  =  25°  43',  and  c  =  100,  solve  the  triangle, 
having  given  tan  2.5°  43' =  -482  and  cos  25°  43' =-901. 

Heie  ^  =  90°-/? 

=  90°-25°4.S'  =  64°17'. 


Now 


-  =  co8Z? ; 
c 


that  is,  ,^=.  cos  2.5°  43'; 
lUU 

.•.  a  =  100  COS  25°  43' 

=  100  X -901  =  90-1 

h 


Also  -  =  tan  Ji,  or  b  =  a  tan  Ji : 

a 

.:  b  =  Wl  X  tan  25°43'  =  !K)1  x  •482  =  43-4282. 
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EXAMPLES.    V.  a. 


Solve  the  triangles  in  which  the  folK)\ving  parts  are  given : 


1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
18. 
given 

19. 

given 

20. 


given 


.1=90°,  a  =  4,  ?>  =  2V3.  2. 

C=90%  h=\'2,  a  =  V3.  4. 

a  =  2(),  c=20,  /?  =  90°.  6. 

b  =  c  =  -2,  A=i)0\  8. 

('=i)o°,  «=V3,  •^=3o^     10. 

A^GO",  c  =  8,  r'-90°.  12. 

n=oo°,  ('=()0°,  6=100.      14. 

i?=r=45°,  c  =  4.  16. 

Ifr'^90°,  cot  J  =  -07,  t=49,  find  a. 
. ' )°,  A  =  38°  1 9',  0  =  50,  find  a ; 
sin  38°  19' =  -62. 
''        100,  B= 90°,  C=  40°  51',  find  c ; 
tfin4()°5I'  =  -8647. 
If  6=20,  ,1=90°,  ('=78°  12',  find  a; 
sec  78°  12' =  4-89. 


1=6,  6=12,   7^=90°. 
«  =  (;(>,   /;^3(),   J  =90°. 
a  =  5v'3,  6=15,  r=90°. 
2<-  =  6  =  6^/:{,  /*=iM>°. 
.4=90°,  /;--30,  (/=-4.    v 
.4=(5(/,  ('=.30^  /-=--«). 
.<  =  30  \  /}  =  60°,  6  =  20v/3. 
2fi  =  r=(iO°,  u  =  8. 


21.     If  2^  =  90',  .1  =36°,  c  =  100,  solve  the  triangle ; 


given 
22. 

given 
23. 

given 

24. 

given 


tan  36°  =  -73,     sec  30"  =  1-24. 
If  .1=90°,  0  =  37,  «  =  100,  solve  the  triangle; 

sin  21°  43'  =  -37,       cos  21°  43'  =  -9.3. 
If  .1=90",  /?=39°  24',  6  =  25,  solve  the  triangle  ; 

cot  .39°  24'  =  1-21 74,     cosec  39"  24'  =  1  -5755. 
If  ^'=90°,  a  =  225,  6  =  272,  solve  the  triangle  ; 
tan  50°  24'- 1 -209. 


47.  It  will  be  found  that  all  the  varieties  of  the  solution  of 
right-angled  triangles  which  can  arise  are  either  inclndcvl  in  the 
two  cases  of  Arts.  45  and  46,  or  in  some  nuxlificatit  n  of  them. 
Sometimes  the  solution  of  a  problem  may  be  obtained  by 
solving  (ipo  right-angled  triangles.  The  two  examples  we  give  as 
illustrations  will  in  Viirious  forms  be  frequently  mot  with  in 
sub.secpient  chapters. 


!   ,. 


ii 
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Exaviple  1.  In  the  trianKle  AliC,  the  angles  A  and  Ii  are  equal  to 
30°  and  135°  respectively,  and  the  side  AH  is  100  fett;  tind  the  length 
of  the  perpendicular  from  (-'  upon  AH  produced. 

Draw  CD  perpendicular  to  ^  7? 
produced,  and  let  CD  =  x. 

Then  i  CBD  =  I8i  i°  -  135°  =  45^^ ; 

Now  in  the  right-angled   tri- 
angle ADC, 

CD 

-Tx.  =  tan  DA  C  =  tan  30° ; 

AD 

that  is, 


.r 
.rTlOo' 


\/3  = 
.-.  x^/3  =  .T-|-100; 
X  (^3-1)  =  100, 
_    100    _100(^/3-fl) 


^/3-l 


8     1 


.-.  a;  =  50(^3-i-l). 
Thus  the  distance  required  is  50  (^3-t- 1)  feet. 

Example  2.    In  the  triangle  AliC,  AD  is  drawn  perpendicular  to 
DC;  solve  the  triangle,  having  given 

AD  =  5,    lABD  =  60°,    iACD=i5°. 

In  the  right-angled  triangle  ADD, 
AD 


AD 


-.coeec  ADD; 


An=ADcoHecABD=5  cosec  60° 
2       10      10^3 

Also   ^j^= cot  ADD; 


A  V — 

"\/3-^/3 


DI)  =  AD  cot  ADD 

=  5  cot  60°=   ^  =*"-> 


/3 


\/3~     3 
In  the  right-angled  triangle  ADC, 

lDAC=i5°:^  IDCA; 
.:  DC  =  DA^o. 


V.J  80LUTI0X  OF   UiaHT-AXOI.Kn  TRIANGLES. 

Thus 


And 


Finally, 


A  6 


AC 
AD' 


:cosec  A('I>; 


AC^AI)  cosec  A  CD  =  5  cosec  45°  =  5  ^/2. 
/  BA  C  =  180^  -  C0°  -  1 '> '  =  75^. 


_,,                     15  +  5^3      ,      .    ,,  10./3       .     ,. 

Thus         a  = -->    ,    b^-u^-2,    c~~J     ,    A~7L 


3d 


EXAMPLES.    V.b. 

1.  A/iC  is  a  triangle,  and  BD  is  i)eri)endicular  to  .16' pro- 
duced :  find  BD,  given 

A^m",  r=l:iO%  JC'=20. 

2.  If  BD  is  iHjrpendicular  to  the  base  .-1 C  of  a  triangle  ABC, 
find  a  and  c,  given 

.4=30°,  €'=45",  BD  =  10. 

3.  In  the  triangle  ABC,  AD  \a  drawn  periKjndiciilar  to  BC 
making  BD  etjual  to  15  ft. :  find  the  lengths  of  AB,  AC,  and  AD, 
given  that  B  and  ('  are  equal  to  30"  and  60°  respectively. 

4.  In  a  right-angled  triangle  PQR,  find  the  segments  of  the 
hypotenuse  PJt  ma4e  by  the  perpendicular  from  ^;  given 

QR=B,    I  QllP^m",    I  Ql  ,7  =  30°. 

5.  If  PQ  is  drawn  periMjndicular  to  the  straight  line  QllS, 
find  RS,  given 

PQ^^^Q,    LltPQ^m",    iSPQ=m\ 

6.  If  PQ  is  drawn  perpendicular  to  the  straight  line  QltS, 
find  RS,  given 

PQ=-'2.0,   L  PRS^^Ub",    L  PSR  =  ^0\ 

7.  In  the  triangle  ABC,  the  angles  B  and  C are  equal  to  4.5° 
and  120*  respectively;  if  a  =  40  find  the  length  of  the  perpen- 
dicular from  A  on  BC  produced. 

8.  If  CD  is  drawn  perjiendicular  to  the  straight  lino  DBA, 
find  DC  and  BD,  given 

An=ri9,    z  ('/?/)= 45",    z(U/?=32°50',     cot  32°  50' =  1-59. 


CHAPTER  VI. 
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48.  Thk  principles  explained  in  the  previous  chapters  may 
now  be  applied  to  the  solution  of  problems  in  heights  and 
distances.  It  will  be  assumed  that  by  the  use  of  suitable 
instruments  the  necessary  lines  and  angles  can  be  measured 
with  sufficient  accuracy  for  the  pur})oses  required. 

After  the  practice  afforded  by  the  examples  in  the  last 
chapter,  the  student  shotdd  be  able  to  write  down  at  once  any 
side  of  a  right-angled  triangle  in  terms  of  another  through  the 
medium  of  the  functions  of  either  acute  angle.  In  the  present 
and  subsequent  chapters  it  is  of  great  imiwrtance  to  acquire 
readiness  in  this  respect. 

For  instance,  from  the  adjoining  figure,  we  have 


«  =  c  cos  Ii. 


a  =  b  cot  B, 
h  =  a  tan  B. 


a  =  c  sin  A , 

a  =  bta,nA,     •:<=«sec^, 

These  relations  are  not  to  be  committed  to  memory  but  in 
each  c^se  should  be  i-ead  off  from  the  figure.  There  are  several 
otlier  similar  relations  connecting  the  parts  o^  the  above  triangle, 
and  the  .student  should  i)ractif<e  himself  in  obtaining  them 
quickly. 
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F.xample.  Q,  R,  T  are  three  points  in  a  straight  line,  and  TP  in 
drawn  perpendicular  to  QT.  If  PT=a,  lPQT=p,  I  PUT  =  2^, 
expresH  the  lengths  of  all  the  lines  of  the  figure  in  terms  of  a  and  /3. 


Q  R  T 

By  Euc.  I.  32, 

lQPn=  iPIiT-  aPQR; 
.:    lQPIt  =  2ti-p=ji=  /.PQR; 
.:  QR=PR. 
In  the  right-angled  triangle  PRT, 

PR  =  a  cosec  2/3 ; 
.-.  QR  =  a  cosec  2/3. 

Also  TR  =  a  cot  2^. 

Lastly,  in  the  right-angled  triangle  PQT, 
QT=acotp, 
Pq  =  a  cosec  /3. 

49.    Angles  of  elevation  and  depression.    Let  OP  he  & 

horizontal  line  in  the  same  vertical  plane  as  an  object  Q,  and  hi 
0(^  he  joined. 


In  Fig.  1,  where  the  object  Q  is  above  the  horizontal  line  OP, 
the  finale  POQ  is  called  the  angle  of  elevation  of  the  object  <^' 
as  seen  from  the  point  0. 

In  Fig.  2,  where  the  object  Q  is  beloio  the  horizontal  line  OP, 
the  angle  POQ  is  called  the  angle  of  depression  of  the  object  Q 
iis  seen  from  the  point  0. 
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Example  I.  A  flagstaff  stands  on  a  horizontal 
plane,  and  from  a  point  on  the  <];round  at  a 
distance  of  30  ft.  its  angle  of  elevation  is  60'^:  find 
its  height. 

Let  AB  be  the  flagstailF,  C  tlie   point 
of  observation;    then 

An  =  nC tan  GO'' =  30 s/d 

=  30  X  1-732  =  iilyO. 

Thus  the  height  in  51%  ft. 


f  i 


it 
■    i" 

I? 


EXAMPLES.    Via. 

[The  results  should  be  expremed  in  a  form  free  from  surds  by  using 
the  approximations  ^/2  =  1-414,  ^3  =  1-732.] 

1.  The  angle  of  elevation  of  the  top  of  a  chimney  at  a 
distance  of  3()0  feet  is  30° :  find  its  height. 

2.  From  a  ship's  masthead  160  feet  high  the  angle  of 
depression  of  a  boat  is  observed  to  be  30° :  find  its  distance 
from  the  ship. 

3.  Find  the  angle  of  elevation  of  the  sun  when  the  shadow 
of  a  pole  6  feet  high  is  2  v'3  feet  long. 

4.  At  a  distance  86"6  feet  from  the  foot  of  a  tower  the  angle 
of  elevation  of  the  top  is  30°.  Find  the  height  of  the  tower  and 
the  observer's  distance  from  the  top. 

5.  A  ladder  45  feet  long  just  reaches  the  top  of  a  wall  If 
the  ladder  makes  an  angle  of  G0°  with  the  wall,  find  the  height 
of  the  wall,  and  the  distance  of  the  foot  of  the  ladder  from  the 
wall. 

6.  Two  masts  are  60  feet  and  40  feet  high,  and  the  line 
joining  their  tops  makes  an  angle  of  33°  41'  with  the  horizon  : 
find  their  distance  ajmrt,  given  cot  33°  41'= 1-5. 

7.  Find  the  distance  of  the  observer  from  the  top  of  a  cliff 
which  is  132  yards  high,  given  that  the  angle  of  elevation  is 
41°  18',  and  that  sin4r  18'  = '66. 

8.  One  chimney  is  30  yards  higher  than  another.  A  person 
standing  at  a  distance  of  100  yards  from  the  lower  observes  their 
tops  to  be  in  a  line  inclined  at  an  angle  of  27°  2'  to  the  horizon : 
find  their  heights,  given  tan  27°  2'  =  •.')1. 
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Example  II.  From  the  foot  of  a  tower  the  aiifjle  of  elevation  of 
the  top  of  a  column  is  60\  and  from  the  top  of  tin;  tower,  wh  ch  is 
.".Oft.  liit,'h,  the  angle  of  elevation  is  30  :  find  tlie  helKht  of  the 
column. 

Lit  AH  denote  the  column  and  C7>  the  tower ;  draw  CE  i)iiralk'l 
to  Dli. 

then  AE  =  AJi 


BE  =  x-aO. 


Let  DB=CE  =  y. 

From  the  right-angled  triangle  ADB, 


V= J- cot  60°= 


';» 


From  the  right-angled  triangle  ACE, 
II  -  (.r  -  50)  cot  30°  =  ^/.'{  (.r  -  50). 

••■  j3-v/»(-r-50), 

x  =  3(ir-50); 
whence  x  =  75. 

Thua  the  column  is  75  ft.  high. 

9.  The  angle  of  elevation  of  the  top  of  a  tower  is  30^;  on 
walking  100  yards  nearer  the  elevation  i.s  found  to  be  t>0' :  Vmd 
the  height  of  the  tower. 

10.  A  flagstaff  stands  \i\m\  the  top  of  a  building;  at  a 
distance  of  40  feet  the  angles  of  elevation  of  the  tops  of  the 
lliigstaff  and  building  are  GO'  and  30° :  find  the  length  of  the 
flagstaff". 

11.  The  angles  of  elevation  of  a  spire  at  two  i)laces  due  east 
of  It  and  200  feet  apart  are  45°  and  30°:  find  the  height  of  the 
spire. 

12.  From  the  foot  of  a  i)ost  the  elevation  of  the  top  of  a 
steeple  is  45",  and  from  the  top  of  the  jjost,  which  is  30  feet 
liigh,  the  elevation  is  30°;  find  the  height  and  distance  of  tiio 
steeple. 

13.  The  height  of  a  hill  is  3.300  feet  above  the  level  of  a 
horizontal  plane.  From  a  point  A  on  this  plane  the  an<nilar 
elevation  of  the  top  of  the  hill  is  (50°.  A  balloon  rises  fi-,nn  A 
and  Jiscends  vertically  upwards  at  a  uniform  rate ;  after  5  min- 
utes the  angular  elevation  of  the  top  of  the  hill  to  an  observer  in 
the  balloon  is  30° :  find  the  rate  of  the  balloon's  ascent  in  miles 
lier  hour. 
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Example  III.    From  the  top  of  a  cliff  150  ft.  high  the  an^leg  of 
depression  of  two  boats  which  are  due  South  of  the  observer  are  15 
and  75°:  find  their  distance  apart,  having  given 

cot  15°  =  2  4-^/3  and  cot  75"  =  2  -  ^/3. 


I^et  OA  represent  the  cliff,  JR  and  C  the  boats.    Let  OP  be  a 
horizontal  line  through  O ;  then 

I  POC  =  15°  and  /.POP  =  15°; 
.-.  /  OCA  =  15°  and  Z  OBA  =  75°. 
Let  CB=x,  AB=y;  then  CA=^x  +  y. 
From  the  right-angled  triangle  OBA, 

y  =  150  cot  75°=  150  (2  -  ^1'^)  =  iUJO  -  150^3. 
From  the  right-angled  triangle  OCA, 

X  -t-  y  =  150  cot  15°  =  150  (2  +  ^3)  =  300  -(- 150  ^3. 
By  subtraction,  ar  =  300  ^3  =  519-6. 

Thus  the  distance  between  the  boats  is  519-6  ft. 

14.  From  the  top  of  a  nionunieut  100  feet  high,  the  angles 
of  depression  of  two  objects  on  the  ground  due  west  of  the 
nionumeut  are  45°  and  30° :   find  the  distance  between  them. 

15.  Tlie  angles  of  depression  of  the  top  and  foot  of  a  fcuwer 
seen  from  a  monument  96  feet  high  are  30"  and  60°:  hiid  tlie 
height  of  the  tower. 

16  From  the  top  of  a  cliff  160  feet  high  the  angles  of 
d.  pression  of  two  boats  at  sea,  each  due  north  of  the  observer, 
are  30"  and  15° :  how  far  are  the  boats  apart  ] 

17  From  the  top  of  a  hill  the  angles  of  depression  of  two 
consecutive  milestones  on  a  level  road  running  due  south  fronj 
the  observer  are  45°  and  'ir  resi^ectively.  If  cot  22  =2-4<o  hud 
the  height  of  the  hill  in  yards. 

18  From  the  top  of  a  lighthouse  80  yards  above  the  hori/on 
the  angles  of  depre.ssion  of  two  rocks  due  west  of  the  ^observer 
are  75°  and  15°:  find  their  distance  apart,  givep  cot  «o  =-208 
and  cot  15°=3'732. 


i 
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50.  TrigoiiometricAl  Problems  sotnetitncs  recjaire  a  k  jow- 
ledgo  of  the  Points  of  the  Mariner's  Compass,  wWuh  we  hIi.iiI 
now  explain. 


In  the  above  figure,  it  will  l>e  sr;;n  that  32  points  arc  t;iken 
at  equal  distances  on  the  circunifen  noe  of  r  circle,  so  that  the 
arc  betwcei!  any  two  consecutive  [xjiats  subtends  at  the  centre 
of  the  circle  an  angle  equal  to  ^,'l."°,  that  is  to  11 1^ 

The  points  North,  South,  East,  West  are  called  the  Cardinal 
Points,  and  with  reference  to  them  the  otiier  pointx  receive  their 
names.  The  student  will  have  no  difficulty  in  learning  these 
if  he  will  carefully  notice  the  arrangement  in  any  one  of  the 
princijvil  quadrants. 

51.  Sometimes  a  slightly  different  notation  is  useil;  thus 
N.  11^°  E.  means  a  direction  11}°  east  of  north,  and  is  therefore 
the  same  as  N.  by  E.  Again  S^V.  by  S.  is  3  points  from  south 
and  may  be  expressed  by  S.  33?"  W.,  <»r  ^iiicc  it  is  .5  piihiu  frism 
west  it  can  also  be  expressed  ty  W.  56^"  S.  In  each  of  these 
cjises  it  will  be  seen  that  the  angular  measurement  is  made  from 
the  direction  which  is  first  mentionetl. 
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52.  Tho  initio  lu'twcon  the  dirvc  ons  oi  iiuy  two  ix.intH  is 
olitaineil  hy  ninltii)lying  1 1  J'  ''V  tho  iiuuil)er  of  vt-  rvals  l*>twoeii 
the  iK)ints.  Thiw  between  S.'  hy  "\V  and  W.S  AV  then-  are  5 
intervals  and  the  an:_de  is  56^°;  lietween  N.E.  hy  K.  anil  S.E. 
there  are  7  intervals  and  the  angle  is  ':hI\ 


I 


\    I 


S     ;    ! 

!      !     i 


i     i 


53.  If  Ji  lies  in  a  certain  direction  with  re.si>ett  to  A,  it  is 
said  to  bt'tir  in  that  din^ition  from  ^-1  ;  thus  IMnuinghani  bi"rs 
N.W.  of  London,  and  from  Birmingham  the  heariitrj  of  London 
is  S.E. 

KxampU  1.  From  a  lighthouse  L  two  ships  A  and  It  are  observed 
in  directions  H.W.  and  15"  East  of  South  respeetivily.  At  th-'  same 
time  li  is  observed  from  .^  in  a  S.E.  direction.  li  LA  is  4  miles  fin<l 
the  distance  between  the  ships. 

Draw   LS'  due   South;    then   from 
the  bearings  of  the  two  «hips, 

lALS'  =  Ab°,   l}.LS'  =  \-,°, 
so  that  iALU  =  m'. 

Through  A  draw  a  line  NS  pointing 
North  and  South ;  tlien 

lXAL=  Z.<LS'  =  45", 

and    zi?.LS=45^   since  7?  bear«   S.E. 
f»-ora  A ; 

hence  z  i?.4L  =  180° -45°  -  4,r  =  90". 

In  the  right-angled  triangle  ABL, 
AB  =  AL  tan  ^ Lii  =  4  tan  iiO^ 

=  4^3  =  6928. 

Thus  the  distance  between  the  ships  ° 

is  6928  miles. 


i 
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Example  2.  At  0  a.m.  a  ship  whirii  is  sailin^r  in  a  ;re< non 
E.  40°  S.  at  the  rate  of  8  miles  an  hour  obsf  es  a  u>rt  in  a  direr  son 
.W"  North  of  Ear.t.  At  11  a.m.  the  fort  is  ob^er\.d  U>  bear  N.  2  >  W.: 
find  the  distance  of  the  fort  from  the  ship  at  each  observation. 

Let  ..-1  and  C  be  the  first  and  seeond  positions  of  the  ship;       iie 


fort. 


Through  A  draw  line.'-  towards  the  cardinal  points  of  the  cumi,.i88. 
Fiom  the  observations  made 

Z/!;.<C  =  40°,   zi^. 4// =  50°,  BO  that,  iBAC-  90°. 


Vi] 
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TViroii«h  <'  draw  '.V'towardu  ;    «  Nortli     thfj 
the  ixariiig  of  the  fort  from  V  i8  N    iO°  W. 


i\ 


47 
,  for 


w 


A 

50  \ 

-K: \ 


'N* 


2<^- 


!w  iAr\'=         iS  =  '.      -40°  =  50°; 

U'h         A I  lBCS'=  '>0°  -  20° = 30^. 

hi  tlie  rigi     anKW  tnatiKl*'       '^N 

A  /<  =  1 C  tan        /i  =  16  taa  3i    =    ' '    --  Aj^'  =  0-287  nearly ; 

and  AC  Bee  A CB :=  16  sec  80  ^  K,  \  -^.r  =  -  >  *  =  18-475  nearly. 

Tluis  the  dis'      ces  are  9*2.'J7  and  lH-47.'i  miles  nearly. 


•  lilt 
the  o 
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EXAMPLES.    VI.  b. 

son  walking  due  E.  observes  two  objects  both  in  the 
n.     After  walking  800  yards  one  of  the  objects  is 
lui,  and  the  other  lies  N.W. :  how  far  was  he  from 
at  first  ? 


iig  due  E.  I  observe  two  ships  lying  at  anchor  due  S. : 
tr  sa    iig  3  miles  the  ships  bear  60*  and  30'  S.  of  W.;  how 
r  are  tiiey  now  distant  from  me  ? 

3.  Two  vessjels  leave  harbour  at  noon  in  directions  W.  28°  S. 
and  E.  62°  S.  at  the  rates  10  and  lOi  miles  per  hour  respectively. 
Kind  their  distance  apart  at  2  p.m. 


}^W 
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4.  A  lighthouse  facing  N.  sends  out  a  fan-shaped  beam 
extending  from  N.E.  to  N.W,  A  steamer  sailing  due  W.  first 
sees  the  light  when  5  miles  away  from  the  lighthouse  and 
continues  to  see  it  for  30^2  minutes.  What  is  the  si>ecd  of  the 
steamer  i 

5.  A  ship  sailing  due  S.  observes  two  lighthouses  in  a  line 
exactly  W.  After  sailing  10  miles  they  are  resi)ectively  N.W. 
and  W.N.W. ;  find  their  distances  from  the  position  of  the  ship 
at  the  first  observation. 

6.  Two  vessels  sjiil  from  iMjrt  in  directions  N.  35"  W.  and 
S.  55^  W.  at  the  rates  of  8  and  8^/3  miles  i»er  lioiu-  rcsiiectively. 
Find  their  distance  apart  at  the  end  of  an  hour,  mid  the  bearing 
of  the  second  vessel  as  observed  from  the  first. 

7.  A  vessel  sailing  S.S.W.  is  observ'ed  at  n(»<)n  to  be  E.S.E. 
from  a  lighthouse  4  miles  away.  At  1  p.m.  the  ves.sel  is  due  S. 
of  the  lighthouse :  find  the  rate  at  which  the  vessel  is  sailing. 
Given  tan  67^  =  2-414. 

8.  A,  B,  C  are  three  places  such  that  from  A  the  beai'ing  of 
C  is  N.  10°  W.,  and  the  bearing  of  B  is  N.  50^  E. :  from  B  the 
iKjaring  of  V  is  N.  40°  W.  If  the  distance  Ixitween  B  and  C  is 
10  miles,  find  the  distances  of  B  and  C  from  A. 

9.  A  ship  steaming  due  E.  sights  at  noon  a  lighthouse 
Itearing  N.E.,  15  miles  distant;  at  1.30  p.m.  the  lighthouse  bears 
N.AV.  How  many  knots  per  day  is  the  ship  making?  Given 
60  knots  =  69  mil&s. 

10.  At  10  o'clock  forenoon  a  coaster  is  observed  from  a 
lighthouse  to  bear  9  miles  away  to  N.E.  and  to  1)0  holding  a 
south-easterly  coimse;  at  1  p.m.  the  bearing  of  the  coaster  is 
15°  S.  of  E.  Find  the  rate  of  the  coaster's  sailing  and  its  distance 
from  the  lighthouse  at  the  time  of  the  second  observation. 

11.  The  distance  between  two  lighthou8e.s,  A  and  B,  is  12 
miles  and  the  line  joining  them  liears  E.  15°  N.  At  midnight  a 
ves,sel  whicli  is  sailing  S.  15°  E.  at  the  rate  of  10  miles  per  hour 
i.s  N.E.  of  .1  and  N.W.  of  B:  find  to  the  nearest  minute  when 
the  ve.ssel  crosses  the  line  joining  Lhe  lighthouses. 

12.  From  ..4  to  B,  two  .«ti;tions  of  a  railway,  the  line  runs 
W.S.W.  At  .4  a  j)erson  observes  that  two  spires,  whose  distmce 
apart  is  1-5  miles,  are  in  the  same  line  which  bears  N.N.W. 
At  B  their  bearings  are  N.  7^°  E.  and  N.  37^°  E.  Find  the  rate 
of  a  train  which  runs  from  A  to  B  in  2  minuteu. 


CHAPTER   VII. 


RADIAN    OR   (;iRCULAR   MEASURE. 


54.  We  shall  now  return  to  the  system  of  measuring  angles 
which  was  briefly  referred  to  in  Art.  6.  In  this  system  angles  are 
not  measured  in  terms  of  a  submultiple  of  the  right  angle,  as  in 
the  sexagesimal  and  centesimal  methods,  but  a  certain  angle 
known  as  a  radian  is  taken  as  the  standard  unit,  in  terms  of 
which  all  other  angles  are  measured. 

55.  Definition.  A  radian  is  the  angle  subtended  at  the 
centre  of  any  circle  by  an  arc  equal  in  length  to  the  radius 
of  the  circle. 


luHlie  above  figure,  ABC  is  a  circle,  and  O  its  centre.  If 
on  the  circiunference  we  measure  an  arc  .-1 D  equal  to  the  radius 
and  jdin  OA,  OB,  the  angle  AOB  is  a  radian. 

56.  In  any  system  of  measurement  it  is  essential  that  the 
unit  should  be  always  the  same.  In  order  to  shew  that  a  nulian, 
constructed  according  to  the  above  definition,  is  of  constant 
magnitude,  we  must  first  establish  an  important  property  of  the 
circle. 

H.  K.  E.  T.  4 
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57.     The  circumferences  of  circles  are  to  one  another  as  their 
radii. 

Take  aui/  two  circles  whose  radii  are  ri  and  r^,  and  in  each 
circle  let  a  regular  polygon  of  71  sides  be  described. 


Let  AiBi  be  a  side  of  the  first,  ^i-^B^  a  side  of  the  second 
jK)lygon,  and  let  their  lengths  be  denoted  by  a^,  a.^.  Join  their 
extremities  to  Oj  and  0^  the  centres  of  the  cirt^les.  We  thus 
obtain  two  isosceles  trian;^les  whose  vertical  angles  are  equal,  each 

being  -  of  four  right  angles. 

Hence  the  triangles  are  equiangular,  and  therefore  we  have 
by  Euc.  VI.  4, 


that  is, 


a. 


na. 


«2. 

na.. 


that  is, 


Pi-& 


where  jOj  and  p.^  are  the  perimeters  of  the  polygons.  This  is  tnie 
whatever  be  the  number  of  sides  in  the  polygons.  By  taking 
n  suthciently  large  we  can  make  the  perimeters  of  the  two 
polygons  differ  Irom  the  circumferences  of  the  corresponding 
circles  by  as  small  a  quantity  as  we  please;  so  that  ultimately 


^  _^2 


whero  Cj  and  c,  are  the  circumfei-enccs  of  the  two  circles. 
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58.  It  thus  api^ears  that  tlie  ratio  of  the  circumference  of  a 
cirJe  to  its  rcuiiiis  is  the  same  whatever  be  the  size  of  the  circle; 
that  is, 

in  all  circles  — ii—-—         is  a  constant  quantity, 
diaineter  ' 


Ttiis  constant  is  incommensurable  and  is  always  denoted  by 

the  Cireek  letter  jr.    Though  its  numerical  value  cannot  be  found 

exactly,  it  is  shewn  in  a  later  part  of  the  subject  that  it  can  lie 

obtained  to  any  degree  of  approximation.    To  ten  decimal  places 

22 
its  value  is  3*1415926.^Sf).     In  many  cas&s  ir=  „  ,  which  is  true 

to  two  decimal  places,   is  a  sufficiently  close  approximation; 
where  greater  accuracy  is  required  the  value  3"1416  may  be  used. 

59.     If  c  denote  the  circumference  of  the  circle  whose  radius 
is  r,  we  have 

circumference 


diameter 


=  7r 


or 


•    2r    " 
c=27rr. 


60.     To  prove  thai  ■•!.  /   dians  are  equal. 


Draw  any  circle ;  let  >  be  its  centre 
and  OA  a  radius.  Let  the  arc  ABhe 
measured  equal  in  length  to  OA.  Join 
0B\  then  z  ^1 05  is  a  radian.  Produce 
^0  to  meet  the  circumference  in  C. 
By  Euc.  VI.  33,  angles  at  the  centre  of  a 
circle  are  proportional  to  the  arcs  on 
which  they  stand ;  hence 


lAOB 
two  right  angles 


arc  aAB 
arc  ABC 

radius 


1 


semi-circumference     irr     jr ' 

whi(!h  is  constant;  that  is,  a  radian  always  fjears  the  same  ratio 
to  tint  riifht  aiujles,  and  therefore  is  a  constant  anqle. 

A    1 
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61.  Since  a  radian  is  constant  it  is  taken  as  a  standanl  unit 
and  the  number  of  radians  contjiined  in  any  angle  is  siM)ken  of 
as  Its  radian  measure  or  circular  measure.  [See  Art.  711 
In  this  system,  an  angle  is  usually  denoted  by  a  mere  number, 
the  unit  being  inii)lied.  Thus  when  we  .jieak  of  an  angle  25,  it 
IS  understood  that  its  radian  measure  is  i>-5,  or,  in  oth°r  words 
that  the  angle  contains  2^  radians.  ' 

Where  it  is  desirable  to  refer  to  the  unit  expressly,  a  radian 
may  I*  denoted  by  the  letter  p,  thus  3^  represents  an  angle  which 
contains  three  radians. 

62.     Tojiiul  the  radian  measure  of  a  right  angle. 

Let  A  00  be  a  right  angle  at  the  centre 
of  a  circle,  and  A  OB  a  radian ;  then 
the  radian  measure  of  /  AOC 

iAOB~  arcAB 

1  /  •.  1 

^  (circumference)      -  {2nr) 

radius  "^      )• 

~2' 
that  is,  a  right  angle  contains  ^  radians. 

63.     Tojiml  the  number  of  degrees  in  a  radian. 
From  the  last  article  it  follows  that 

irradians==2  right  angles r=  ISO  degrees. 

A-  180  , 

.  .  a  radian  =  —  degrees 
w 

By  division  we  find  that  -  =  -31831  nearly  • 
hence  apiu-oximately,  a  radian  =  180  x  •31831  =  57-2958  degrees. 

64.     The  formula 

TT  radians  =  \80  degrees 
connecting  the  sexagesimal  and  radian  measures  of  an  angle 
IS  a  useful  result  which  enables  us  to  pass  readily  from  Le 
system  to  the  other.  ^     «"«•*  uuo 
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Example.     Express  75°  in  radian  measure,  and  — •  in  sexageHinial 
measure. 

(1)     Since  180  degrees  =  ir  radians, 

75  degrees  =  -—  t  radians  =  —  radians. 


Thus  the  radian  measure  is 


5t 
12 


(2)     Since  X  radians  =  180  degrees, 

X       ,.  180  , 

--  radians  =  _ .  degrees. 

.•>4  54 

Thus  the  angle  =  -  degrees  =  3°  20'. 

65.  It  may  be  well  to  remind  the  stiulent  that  the  symbol  ir 
always  denotes  a  number,  viz.  3*14159,...  When  the  symbol 
stands  alone,  without  reference  to  any  angle,  there  can  be  no 
ambiguity;  but  even  when  ir  is  used  to  denote  an  angle,  it  must 
still  be  remembered  that  jr  is  a  number^  namely,  the  number  of 
radians  in  two  right  angles. 

Note.  It  is  not  unnommon  for  beginners  to  make  statements 
such  as. "t  =  180 "or  "^  =  90.' 


Without  some  modification  this 


mode  of  expression  is  quite  incorrect.  It  is  true  that  x  radiant  are 
fqual  to  180  degieeit,  but  the  statement  't  =  180'  is  no  more  correct 
than  the  statement  "20=1 "  to  denote  the  equivalence  of  20  shillings 
and  1  sovereign. 

66.     //  the  number  of  degrees  and  radians  in  an   awfle  he 
represented  by  D  and  6  respectively,  to  prove  that 

180      7r' 
In  sexagesimal  measure,  the  ratio  of  the  given  angle  to  two 
right  angles  is  expressed  by      -  . 

In  radian  measure,  the  ratio  of  these  same  two  angles  is 
expressed  by  - . 


180 ' 


6 
It 
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ELKMENTARY  TRIGONOMETRY. 
Example  1.     What  is  the  radian  measure  of  45°  13'  30"  ? 


[chap. 


60)30 
60)  13-5 
•225 


If  I)  be  the  number  of  degr^og  in  the  ancle 
we  have  Z)  =  45 -225.  ' 

Let  e  be  the  number  of  radians  in  the  civen 
angle,  then 

^^45-225      1005 
IT        180    ""T"' 

.-.   <'=Jxl005=^->^^l^  1-005 

=  •7H54  X  1-005=:  -789327. 
Thus  the  radian  measure  is  -789327. 

Example  2.    Express  in  sexagesimal   measure  the  angle  whose 
radian  measure  is  1-309. 

Let  J>  be  ttie  number  of  degrees ;  then 

D       1-309 
180  ~     T     ' 

180x1-309      180x1309x10 


I>  = 


3-141G      ~ 

180x10     „, 
=      24-  =75. 


31416 


Thus  the  angle  is  75°. 


I 


EXAMPLES.    Vn.  a. 

[Unless  otherwise  stated     r-:^■  1416. 
It  should  be  noticed  that  31416  =  8  x  3  x  7  x  11  x  17.1 

Express  in  radian  measure  as  fractions  of  jr : 

1.     45°.         2.     30°.  3.     105°.  4.     22°  30'. 

5.     18°.         6.     57°  30'.         7.     14°  24'.  8.     78°  46'. 

Find  numerically  the  radian  measure  of  the  following  angles 

9.     25°  50'.  10.     37°  30'.  H.     82°  30'. 

12.     G8'45'.  13.     157' 30'.  14.     52°  30'. 


iL^ 
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Express  in  sexagesimal  measure ; 


15. 


Stt 


«•  % 


17. 


.'W 


18. 


ftir 


4-  -        45  27"  "■     24 

19.     -3927^.       20.     •52.36p.        21.     -6545,,.       22.     2-87Jmp. 

22 
Taking  »r  =  — ,  find  the  railian  measure  ol 


23.     36°  32'  24". 
25.     116°  2' 45-6" 


24.     70°  33'  36 '. 
26.     17r41'50  4". 


27.  Taking     =-31831,  shew  that  a  radian  contains  2062G5 

It 
seconds  approximately. 

28.  Shew  that  a  second  is  approximately  ecpxal  to  0000048 
of  a  radian. 


67.     The    angles    ^,   J,  ^   are  the  equivalents  in   radian 

measure  of  the  angles  45%  60%  30°  rcsijectively. 

Hence  the  results  of  Arts.  34  and  35  may  Ije  written  as 
follows : 


.      TT  1 

«'"4  =  72' 

.    n      v/3 

«"^3=   2"^' 


IT  1 

COS -^  =  -,2, 

IT         I 

cos3  =  2, 


IT 


8ing  =  2' 


cos 


V3 

2   ' 


urn  7  =  1; 
4 


tan  ,j  =  \/3 ; 

,         TT  1 

^'"'(5  =  73- 


Example.    Find  the  value  of 


3  tan''  !^  +  5  C0821  -  ^  cot»  J  -  ^  sin'!^  +  ^  sec* 


,.ir      2    .    „ir      1        .T 


^1  +  1-^,-1+2  =  3. 


I 

» . 

i: 


I! 


^^  «''KMKNTARY  TRIGONOMKTRy.  fcHAP. 

68.  ^When  expren^ed   in   radian    meaaure  the  complement 
I  <"«  2 -<>,  and  corresponding  to  the  formul*  of  Art.  38  we 
now  have  relations  of  the  form 

sin(|-^^=eo«^,       tan(^-^^  =  cot^. 
Hxample.     Prove  that 

(cottf  +  tan(?)cot^^-(,j  =  co8eci'(j-tfy 
The  first  side  =  (cot  0  +  tan  0)tan  e 
=oottf  tanfl  +  tan*^ 
=  l+tan*^=sec=tf 

=cosec»/^|-^y 

Lrt  «  b,  the  Mmber  „(  ,.di.n,  ia  .„  exterior  .ngl, ;  ,he„ 
«*  =  2t,  and  there?.' )«  9  =  —  . 
But  interior  angles  two  right  angles  -  exterior  Ig.e 

n 
Thus  each  interior  angle =-("-r^ 


EXAMPLES.   Vn.b. 

Find  the  numerical  value  of 

•     8in-cos~cot^. 
<J        o        4 

3-     oCosJ+Scosec^. 


2.     tan  ^  cot  ^  cos  I . 
4,     28in^  +  |secJ. 
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Find  the  numerical  value  of 

5.     oota  ^ + 4  cos*  '^  4-  3  sec*  ^  . 
o  4  b 

„.      ,ir      l.,ir      1  o»'"4       „iT 

6.    stan^^-s*""  a-r^'^i  +  a^'^e- 


sT 


7.     ^s'ng  +  cosg 


-j(^8m--cos-J8ec3. 

Trove  the  following  identities  : 

8.  Hin<?8ec  (^|-dVcotdcot(^|-^j  =  (). 

9.  sin*  [|  -  0j  cosec  B  -  tan«  (^  -  ^  j  sin  tf  =  0. 

i„.(|-.) 


am* 


10 


sec^ 


cosec  6 


■  COS*  0. 


cot 


11.     tan  ^+ tan  ("^  -  /?  j  =8ec  $  sec  (k  -  ^)  • 

,  i.    8ec«<J+8ec2  (^^  -  ^'j  =  (1  +tan«<))  sec*  (|  -  ^)  • 

13.  Find  the  muiiber  of  radians  in  each  exterior  angle  of 
(I)  a  regular  octagon,  (2)  a  regular  quindecagon. 

14.  Find  the  number  of  radians  in  each  interior  angle  of 
(1)  a  regular  dodecagon,  (2)  a  regular  lipptagon. 

15.  Shew  that 


coa' 


tan'  ~  -  cot*  ^ 


6 


COS' 


COS*  -  coa*  - 
3  b 


16.     Shew  that  the  sum  of  the  squares  of 

sin^+sin  (^-^)  and  cos^-cos^    -t?j 
is  equal  to  2. 


68 
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70.     To  prove  that  the  radian  measure  of  any  angle  ai  the 

.        ,       ...  ji.i^..      tubteniiinq  arc 

centre  of  a  circle  is  e.v/>ress€a  by  the  frartion    —       ,.  ''  —  . 

Let  A  OC  Ikj  any  angle  at  the  centre 
of  a  circle,  and  Aitli  a  radian  ;  then 

radian  nieasnre  of  Z  A  OC 

lAOB 

_  arc  AC 

~  arc  AB 

_&rc  AC 

railius  ' 

since  iirc  ^i5  =  radius  ; 


that  is,  the  radian  measure  of  lAOC- 


Hubtending  arc 
radius 


71.  If  a  be  the  length  of  the  arc  which  subtends  an  angle  of 
6  radians  at  the  centre  of  a  circle  of  radius  r,  we  have  seen  in 
the  preceding  article  that 


6=    ,  and  therefore  a^r0. 
r 

The  fraction       ,.      is  usually  called  the  circular  measure  of 
radnis  •' 

the  angle  at  the  centre  of  the  circle  subtended  by  the  arc. 

The  cirnilar  iwasurv  of  an  angle  is  therefore  equal  to  its 
radian  monsure,  p;teh  denoting  the  number  of  radians  contained 
in  the  angle.  We  have  preferred  to  uso  the  term  radian  measure 
exclusively,  in  onitr  to  keep  prominently  in  view  the  unit  of 
measurement,  namely  the  radian. 

Note.  The  t«rm  circular  measure  is  a  survival  from  the  times 
when  Mathematicians  ppoke  of  the  trigonometrical  functions  of  the 
arc.    [See  pa»,'e  80.] 

Example  1.  Find  the  angle  subtended  by  an  arc  of  7-5  feet  at 
the  centre  of  a  circle  whose  radius  is  5  yards. 


Let  the  angle  contain  9  radians ;  then 

arc    _  75  _  1 
2  • 


0  = 


radius      15 
Thus  the  angle  is  half  a  radian. 


V.I.1 


RADIAN   MEAHURE. 


R9 


Example  2.  In  ronninR  a  race  at  a  uniform  Fp*;e«l  on  »  "r'''  «r 
rnnrse  a  man  in  each  minute  traverscp  an  arc  of  a  circle  wliich  mib- 
3  2f  rXns  at  the  centre  of  the  courne.    U  each  lap  ih  792  yards. 

how  long  does  he  take  to  run  a  mile ?    J^f  r^  ^  J. 

Let  r  yards  be  the  radius  of  the  circle;  then 

2irr = circumference  =  792 ; 

792     792x7     ,„^ 
•         2t       2x22 

Let  a  yards  be  the  length  of  the  arc  traversed  in  each  minnte ; 
then  from  the  formula  a  =  r0, 

„  =  l,6.2f  =  ^'=360; 

that  is,  the  man  runs  360  yds.  in  each  minute. 

1760        44 
.-.  the  time  =  ^^Q   or   ^  minutes. 

Thus  the  time  is  4  min.  53  J  sec. 


Example  3.    Find  the  radius  of  a  globe  such  that  the  df  tance 
measured  along  its  surface  between  two  places  on  the  same  meridian 

whose  latitudes  differ  by  1°  10*  may  be  1  inch,  reckoning  that  «■=  y  ' 

Let  the  adjoining  figure  represent  a  sec- 
tion of  the  globe  through  the  meridian  on 
which  the  two  places  P  and  Q  lie.  Let  O 
be  the  centre,  and  denote  the  radius  by  r 
inches. 

Now-— —  =  number  of  radian  sin  /.  POQ; 
radius 

but    arcPQ  =  linch,  and  Z  POQ  =  1°  10'; 

1 
r 

1    _J1 
540* 


:  number  of  radians  in  1  J" 


11       «■    _7     22 
"^«^r80~6'' Y^'lSO 


whence 

Thus  the  radius  is  40^  inches 


r=ii=49,», 


90 


j^m^a 
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1.     Find  the  mdian 
arc  of  1  (5  vards  at  the 


centre 


irc  of  the  angle  s.il.tondeti  K,  ., 
of  a  rirde  wli.we  n.lius  jh  24  fwt 


'>v  an 


6.  The  fly  «het.l  of  an  engine  n.akes  35  revohitions  in  a  .second  • 
how  long  will  it  tftke  to  turn  through  5  radians  ?    L  =  ?f\, 

7.  The  lar^e  h.u.d  of  a  cl.K.k  is  2  ft.  4  in.  long;  how  many 
niches  d<«.s  ii .  extmuity  move  in  20  minutes  ?    fn  =  ^f  1 

11.     Two    places    on   the  same   meridian    are    145-2   miles 

■     " 22 

_  ,  and  the 


aiwrt;  find  their  difference  in  latitude,  taking  rr 
earth's  diameter  as  7920  miles. 


12.     Find  the  radiu.s  of  a  Hoi)©  sni-h  tlnf  +Ka  ^;«*  . 

UtiludM  differ  bj- 1^-  may  be  1  fool,  taking  ^_??. 


rii.] 


MIHCKUJLMBUUB  KXAMPLiil.S.      U. 


61 


MI80ELLANE0US  EXAMPLES.    B. 

1.     ExproM-s  in  degruaB  tho  anylu  wliose  ciniilur  a-iure  is 


•15708. 

2.  If  r=yo%  A  =3()^  f     110,  fiiul  b  to  two  df.iiital  pl.wvs. 

3.  Find  the  manlier  of  degrtjes  in  tho  unit  unj^lo  wli.u  tho 
angle   J^    is  representcil     v  Ijj. 

4.  Whut  i^  tlie  radiuH  of  the  ciivle  in  which  an    !■.(■'  .,-h 
Niibtends  an  angle  of  i '  at  the  centre  { 

5.  Prove  that 

(1)  (sin  tt  f  0O8  a)  (taim  +  cot  a)  — atv<i -I- o>Mee«  ; 

(2)  (v/3+l)(3-cot30')  =  tan'(J0"--Jsin()O\ 

6.  Find  the  angle  of  elevation  of  the  sun  when  a  chinjney 
()0  feet  high  throws  a  shadow  20  ^/3  yards  long. 


7.     Prove  the  identities  : 

(i)     (taud+2)(2  tan  d+  1)  -..')  tiin  ^  +  2  sec*  d; 

{■i)     1  +  J-, =  cosec  a. 

I  +  cosec  a 


r^n 


8.  One  angle  of  a  triangle  is  45"  and  another  is  '^  radians; 

o 
express  tho  third  angle  Ix.th  in  sexagesiniu!  and  rwJian  measure. 

9.  The  number  of  degrees  in  an  angle  exceeds  14  times  the 
numlter  of  radians  in  it  by  51.  Taking  »r-^  ,  find  the  aexa- 
gesimal  measure  of  the  angle. 

10.  If  /i  =  30%  (,'=90°,  6  =  6,  find  a,  c,  and  the  i>eri>endici.iar 
from  6' on  the  hy|>otenuse. 


11.     Shew  that 

(1)    cot^+cot('|-d^  = 


/tt 


cosec  $  cosec  i      -  B); 
(2)   cosec2^+cosec=2  (|-d) -cosec2^co.scc2  (^-^V 


es 
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12.  Tlie  angle  of  elcvatiou  of  the  top  of  a  pillar  is  30°,  and 
on  approaching  20  feet  nearer  it  is  60" :  find  the  height  of  the 
pillar. 


13.  Shew  that  tan-'J  -  nin^A  =sin*^  sec"''^. 

14.  la  a  triangle  the  angle  .-1  is  3.i-  degrees,  the  angle  B  is 
X  grades,  and  the  angle  C  is  ;  radians:  fuul  the  numl»er  of 
degrees  in  each  uf  the  angles. 

15.  Find  the  numerical  value  of 

sin3  60°  cot  30°  -  2  sec^  45°  +  3  cos  60°  tan  46°  -  tan^  60  . 

16.  Prove  the  iiieutitics  : 

( 1 )  ( 1  +  tan  .4  )2  +  ( 1  +  cot  J  )2  =  (sec  .^  +  cosec  A )-' ; 

(2)  (seca-l)2-(tana-sinu)2=(l-cosa)l 

17.  Which  of  the  following  statements  is  jjossible  and  which 
impossible  1 


(1)    cosec  5  = 


2ab    ' 


(2)     2  sin  d  =  a  + 


1 

a ' 


18.  A  ballcK)n  leaves  the  earth  at  the  jwint  .4  and  rises  at  a 
uniform  pace.  At  the  end  of  1  -5  minutes  an  observr  •  stationed  at 
a  distiince  of  660  feet  from  .1  finds  the  angular  elevation  of  the 
ballo<jn  to  be  60' ;  at  what  rate  in  miles  per  hour  is  the  balloon 
rising  ? 


;i 


19.  Find  the  nuntoor  of  nidians  in  the  angles  of  a  '.riangle 
which  are  in  arithmetical  progres-sion,  the  least  angle  being  36^. 

20.  Shew  th.ii 

sin'^^a  sec'-/<  -f-  tan^/S  oos^a  =  sin^rt  4  tan^/j. 

21.  In  the  triangle  A/IC  if  A  ^42%  /;-116°3;r,  find  the 
I)eriH.'ndicular  from  Cuikhi  .1/i  produced;  given 

c= 55,      tan  42°  =  9,      tan  (i.T  27'  -  2. 


^. 
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22.  Prove  the  identities  : 

(1)   ci)ta  +  :; =  co8eca; 

^  '  1  +  cosa 

{'2)   ctwec  a  (sec  a  -  1 )  -  cot  a  ( 1  -  cos  a)  =  tiiii  u  -  sin  a. 

.1       /l+cot(K)''\='      1+COS30' 

23.  Shew  that    ,-^     -,-  )  - ,  .-,,i. 

\1  -  cot  (iO  /        1  -  cos  30 

24.  A  man  walking  N.W.  schjs  u  windmill  which  hears  N.  1 5°  W. 
ill  hiilf-an-htmr  he  reaches  a  place  which  heknow^t  to  l>e  W.  Ifi'S. 
(if  the  windmill  and  a  mile  away  from  it.  Find  hi.s  rate  of  walk- 
ing and  his  distance  from  the  windmill  at  the  first  olwervation. 


25.     Find  the  ninnl)er  of  ra«lians  in  the  complement  of 


Sir 


26. 

(1) 
27. 


28. 


Solve  the  equations  : 
3  sin  d  +  4  cos^d  =  4i ;         (2)     tin  6  +  ^ec  30° 

If  5  tan  a  — 4,  find  the  value  of 
T)  sin  a  -  3  co.s  a 
sin  a +  2  cos  u 

Prove  that 


=  cot  0. 


1  -sin  .1  cos  J 


sin^.J 


cos 


,2.1 


cos  A  (sec  A  -  cosec  ^4)     sin'M  +cos''.'l 


^sin  A. 


29.  Find  the  distance  of  an  observer  from  the  top  of  a  <'lirt" 
which  is  lS)r)'2  yaitis  hij^h,  given  that  the  angle  t>f  el<>vati«»n 
is  77    2(5',  and  that  sin  77"  26'  =  •97(5. 

30.  A  horse  is  tethered  to  a  stike  liy  a  roiH3  27  fwt  long. 
If  the  horse  moves  along  the  circumfen'iice  of  a  circle  always 
keeping  the  rojKJ  tight,  find  how  far  it  will  have  gone  when  the 

t22~| 
n—  _      . 


I 

Si 


CHAPTER  VIII. 

TRIGONOMETRICAL   RATIOS  OF  ANGLES  OF    AW 
MAGNITUDE. 

72.  Ix  tlie  present  cliapter  we  sliuJl  find  it  necessary  to  take 
Jiceouut  not  only  of  the  u;agnitude  of  .-^traitrht  lines,  but  also  of 
the  direction  in  which  they  are  lueaHUi-ed. 

Let  0  be  a  fixed  point  in  a  h<jriz(«ntal  line  AM'',  then  the 
position  of  any  other  point  /'  in  the  line,  whose  distance  from  O 
18  a  given  length  a,  will  not  bo  determined  unless  we  know  on 
which  side  of  0  the  point  P  lies. 


But  there  will  be  no  ambiguity  if  it  is  agreed  that  distances 
in*  .isured  in  one  direction  are  positive  and  distiinccs  measured  in 
the  opposite  dJi-ection  are  negative. 

Hence  the  following  Oonvention  of  Signs  is  adi>pte.i : 
lines  measund  from  O  to  the  right  are  positive, 
lines  nieasured/rom  O  to  the  left  are  neyutice. 


X' 


Q 


Ihus m  the  above  figure,  if  /'  and  Q  are  two  points  on  the 
line  .V,\ '  at  a  distance  a  from  (),  their  positions  are  indicated 
by  the  statements 

()/'=.  ^  a,     (Hj!r^-a, 

73.  A  similar  concmtioa  of  sii^nn  is  used  in  the  case  of  a 
}>lane  surface. 

Let  (>  Ihj  any  point  iu  the  plane ;  throug'.i  »>  draw  two  straight 
nuns  AA'  juid  >■}''  in  the  horizontal  and  vertical  tlirection  re- 
s|)ectively,  thus  dividing  tlie  plane  into  four  quadrants. 


Eik, 


CONVENTION    OK   SIGNS. 
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Tlien  it  is  universally  agreed  tt)  <oi)si(ler  tbat 

(1)  horizontal  Hues  to  tin'  ri<jlit  of  Y )'  ore  posit  ice, 
horizontal  lines  to  tin'  left  of  YV  ar»  nri/otirn; 

(2)  vertical  lines  altove  XX'  are  positire, 
vertical  lines  below  XX'  are  negative. 


M3 


Mg     O 


1 


M4 


M,     X 


Y' 


Thus  ^/J/,,  O.J/,  are  positive,  0}f..,  OM.^  are  negative; 
J/j/'i,  MJ'.^  are  positive,  J/;,/',,  .^fj\  are  negative. 

74.  Convention  of  Signs  for  Angles.  In  Art.  2  an  an^lo 
\\i\s  been  dohned  a.**  the  ainount  of  revolution  whigh  the  radius 
vector  makes  iu  passing  from  its  initial  to  its  final  jiosition. 

In  the  ailjoining  figure  tlie  straight  hue  i>l'  niav  lie  supposed 
to  have  arrixed  at   its  j»resent  ]i()->itii)n 
fruin   the   iK)sition   occupied    \iy  <).{  liy  p 

revolution   about   the   point  0  in  eithir  ^  ^ 

of  the   two  directions  indicated  l)y  the  /' 

aiTows.  The  angle  AOP  mav  thus  bo 
reg.irded  in  two  senses  according  as  \vc 
supix>se  the  revolution  to  have  Ikjcu  in 
the  same  direction  as  the  h.mds  of  a 
clock  or  in  the  opposite  directicni.  To 
■  listinguish  between  these  cases  we  a^iopt  " 

the  'oUowing  convention: 

when  the  revolution  of  the  radius  vector  is  counter-rlorkiritie  the 
nn^jle  is  poidtive^ 

vhen  the  retnlution  is  clockwise  the  angle  is  negative. 

II    K.   E.  T.  5 


o 
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Trigonometrical  Ratios  of  any  Angle. 

75.  J-ot  XA'  Jiii'l  )'}'  be  two  straij,'lit  linos  intei-«fcting 
iit  ri^'ht  aii<;l«  s  in  <),  and  let  a  radius  vertur  starting  from  OX 
rrvohc  in  eiilior  direotion  till  it  has  traced  out  an  angle  J, 
taking  ui>  t!i<'  position  (>/'. 


I! 
I 


11 


X' 


M 


X' 


M 


Y 


M 


X' 


Y' 
Y 


X' 


o 


M 


Y' 

iVoni  P  draw  /'.!/  perpendicular  to  AX';  then  in  tlie  ri^'lit- 
an;_'I(>d  triangle  <>/'}/,  due  reucard  l>eing  i»aid  to  the  signs  of  the 
lines, 


sin  A  = 


ros  .1  = 


tan.l 


or ' 

n.V 

Mr 

(>M ' 


•I  i>i'o  A  - 

.-ot  .1- 


Sir ' 

or 

OM 

Mr ' 


1  III'  r>'liiiii  i-rttiirOl'  uhirh  onh/  fi.ri's  the  boiin<l(tr>j  of  the  amjle 
is  c"ii<'ifi  r-'ii  to  be  nhnti/t  post  tire. 
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Froiu  these  definitiona  it  will  be  seen  that  any  trigono- 
inetricul  function  will  be  jiositivo  or  nejjjitive  iu-conling  as  the 
fraction  whicli  t-xpresses  its  value  lnw  the  numerator  and  de- 
nominator of  the  same  sign  or  of  opi)osito  sign. 

76.  The  four  diagranw  of  the  last  article  may  1m>  con- 
veniently included  in  one. 


With  centre  0  and  fixed  radius  lot  a  cinln  be  tlcscrilKxl ; 
tlipn  the  diameters  XX'  and  YV  divide  the  circle  into  foin- 
,pi,t,lmnts  XOY,  YOX\  X'O)',  Y'OX,  wnnwA  frM,  second,  third, 
fourth  resj>ectively. 

Let  the  positions  of  the  radius  vector  in  the  fotu*  quadrants 
\>c  denoteti  by  Ol\,  OPj,  Ol\i  Ol\,  and  let  ijeri)en(liculars 
/\J/i,  yVV^,  /'v'^M  l\^li  txj  drawn  to  ,V'A"  ;  then  it  will  be 
sct-n  that  in  the  tii-st  quadrant  all  the  lines  am  positive  and  there- 
fore all  the  functions  of  A  are  positive. 

In  the  second  quadrant,  OP.^  and  .l''_,/\.  are  [M)sitive,  OM., 
is  negative;  hence  sin /I  is  positive,  cos  .1  and  tan..!  are 
negative. 

In  the  third  quadrant,  O/'g  is  j>ositive,  OJ/.,  and  .Vn^P^  are 
negative ;  hence  tan  A  is  jHisitive,  sin  -1  and  cos  .1  are  negative. 

In  the  fourth  quiwlrant,  0P^  aiid  0^[^  are  positive,  M^P^ 
is  negative;  heuce  cos  .4  is  positive,  sin  .4  and  tan  J  are 
negative. 

5—2 
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77.  Tlie  following;  diajiniiiis  sliew  tho  si'/un  i>f"  th«  trigono- 
iiu'trical  iuiKtioii.-s  in  tlie  lour  (juatlraiits.  It  will  1)C  .suthcient 
to  consider  the  three  principal  functioii.s  only. 


sine 


cosine 

+ 


tangent 

+ 


+ 


The  diagram  below  exhibits  the  fwime  results  in  another  use- 
fid  form. 


u 


**^    t 


sine  positive 
cosme    negative 
tangent   negative 


tangent  positive 

sine    negative 
cosine    negative 


all    the 
ratios   positive 


cosine    positive 

sine   negative 
tangent   negative 


78.  When  an  ani,'le  is  increase*!  or  diminished  by  any 
multiple  of  four  right  angles,  the  radius  vector  is  brought  back 
again  into  the  same  position  after  one  or  more  revolutions. 
There  are  tlm.s  an  infinite  number  of  angles  which  have  the 
.same  boundary  line.    Such  angles  are  called  coterminal  angles. 

If  «  is  an;/  integer,  all  tho  angles  coterminal  with  A  may  be 
represented  by  ;;  .3(i()  +A.  Similarly,  in  radian  measure  all  the 
angles  coterminal  with  6  may  be  represented  by  iim  +  d. 

From  the  definitions  of  Art.  75,  we  see  that  the  positio''.  of 
the  boundary  line  is  alone  sufficient  to  determine  the  trigono- 
metrical ratios  of  the  angle ;  hence  all  coterminal  angles  have 
the  same  trigonometrical  ratios. 

For  i^.^ta^'.•(•,     sin   //  .  3(50  +4")°)  =  sin  45°  =  -t^  ; 


and 


cos(2nn  +  -j^coH-^=-^^. 


VIII.] 
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Example.  Draw  the  boundary  lines  of  the  an^loH  7^0",  180", 
-  400^  and  in  each  case  state  which  of  the  trigonoiiielrioal  functions 
are  negative. 


(1)  Since  780  =  (2  x  3G0)  +  fiO,  the  radius 
vector  lias  to  muke  two  complete  revolutions 
and  thpn  turn  throuf^h  G()°.  Thus  the  bound- 
ary line  is  in  the  tirst  quadrant,  bo  that  all 
the  functions  are  positive. 


(2)  Here  the  radius  vector  has  to  revolve 
through  1H0°  in  the  negative  direction.  The 
boundary  line  is  thus  in  the  third  quadrant, 
and  since  OM  and  ^fP  are  negative,  the  sine, 
cosine,  cosecant,  and  secant  are  negative. 


(3)  Since  -400=  -(360  +  40),  the  radius 
vector  has  to  make  one  complete  revolution  in 
the  negative  direction  and  then  turn  through 
40^.  The  boundary  line  is  thus  in  the  fourth 
quadrant,  and  since  MP  in  negative,  the  sine, 
tangent,  cosecant,  and  cotangent  are  ne^'ative. 


/ 


O 


T-»- 


M 


^ 


EXAMPLES.  VIU.  a. 

State   the  quadrant   in    which  the   railiius  vector  licH  after 
(iesorihing  the  following  angles  : 

1.     135°.  2.     2()r)\  3.  -315'.  4.     -120". 


5      ^'^ 
5.      3  . 


6. 


r)jr 


-315' 

lOjr 


8. 


llrr 
•I    " 


For  oach  of  the  following  angles  state  wliioli  of  the  three 
lirincipal  trigtmonu'tncal  functions  are  iiositive. 

9.     4T0\  10.     33(r.  11.    J)75\ 

12.     -230'.  13.     -mO\  14.     -1200^ 


15.    - 


4jr 


16. 


IStt 


17.     - 


137r 

6   ' 
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In   each  of    the  following  cases  write   down    the  Mnallest 
ixwitive  ootemiinal  finglo,  and  the  value  of  the  expi-esHion. 


18. 
21. 

24. 
79. 


sin  420°. 
.soc  40.5^ 

4 


19.     cos  300".  20. 

22.     coMcc ( - .3.30  ).      23. 

25.     sec   ;^.  26.     tan 


tjin(-31.V). 
cosor  43W. 


(-■O' 


Since  the  detinitions  of  the  functions  given  in  Art.  75 
are  api)licay)lo  to  a'  ios  of  any  magnitude,  jHwitive  or  negative, 
it  follows  that  a!'  i  '•»*ions  derived  from  these  definitions  must 
he  true  universal-^.,  riius  we  shall  hnd  that  the  fundamentiil 
fonnuho  given  in  Art.  21)  hold  in  all  cases  ;  that  is, 

sin  .1  X  tosec   1  —  I,     cos  .1  x  sec  A  -  1,     tan  A  x  cot  .1  —  1  ; 


tuuA- 


<in  .1 


.t.l 


i-os  A 


cos  .1  '  ■  ■   -  ••         ^jij  J 

sin-  .l+cos-  .1=1, 

1  -f  t<in-  .1  =   sec'-, I, 

1  +  lot-  >  1  =  c(  >sec'-  ,1 . 

It  will  1)0  useful  practice  for  the  student  to  test  the  truth  of 
these  formuhe  for  ditt'ei-ent  jiositions  of  the  lumndary  line  of  the 
angle  J.     We  shall  give  one  illustration. 


80.  het  the  radius  vector  revolve 
from  its  initial  iK)sition  OX  till  it 
has  traced  out  an  angle  A  and  come 
into  the  iio.sition  OJ'  indicated  in  the 
figure.  Draw  /'J/  i)eri>endiciilar  to 
A' A'. 

In  the  right-angled  triangle  OMI', 

Mr^+ojr^=^or^ (i). 

Divide  each  term  hy  O/'-;  thus 
/MI' ;-'      /OMY'     , 

that  i.s,  sin- .1  4-C08' J  »=1 
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Diviilo  eacli  Urm  of  (I)  l.y  (K)/'-;  tlm.s 
/J//'V    .     /of'Y 

I  iiat  i>,  tiiii- .(  +  1  -^  soc-  A . 

Divide  each  term  of  (1)  l>y  ^/^- ;  thus 
/0J/\2     fopy 

I I  uit  is,  I  +  v^'of'^  .1  =  ooxec^  .1 , 

It  thu-s  appears  tluit  tlio  truth  of  tlioso  relations  depeiuls 
Hilly  on  tlie  stai.unent  0/'-'  =  J//'-'  +  O.I/-i  in  the  right-angled 
fiiaiii^le  ^>.l//',  anil  this  will  be  the  case  in  whatever  quadrant 
ft/'  hes. 

K   ii;.     o.l/"-  l^^  jtositive.  nlthouyh  the  line  OM  in  the  tii-'Uie  is 

81.  In  the  statement  eos  .1  v'l  ^^'^l-  •'"'.'•'■  the  positive 
(II-  the  ne<,'ative  sign  may  1"'  plaeed  iM-fore  the  radicid.  The  sign 
of  the  ra«"li<-al  hitlierto  fsis  always  l.eeii  taken  positiv(>ly,  U-eause 
we  have  restrieted  ourselves  to  tl;c  eonsideration  of  aeute  angles, 
it  will  sometimes  Ik?  necessary  to  examine  which  sign  must  be 
takf  a  before  the  radical  in  any  particular  case. 

o 

Kxuiiqile    1.      Uiven    c.s  I'JO' 53' .-     ].  ,    *iuu    sin  120' 53'    und 

tot  I'JG'^  53'. 

Since  sin*  J  ,  cos-' .4  =  1  f  .r  angles  of  any  magnitude,  we  have 

sin  ,t  -=  ±  ^^1  -  cos-  A . 

Denote  Titr  53'  by  A  ;  then  the  boundary  line  of  A  lies  in  the 
s.cond  quadrant,  and  therefore  r-iii  .1  is  positive.  Hence  the  ngn  + 
must  be  placed  before  the  radical ; 


sin  120 


,    ,,  ,„     cos  120=  53' 
cot  J  20   c>3  =  -'. — i-A.- 7-  •/'  • 
sm  12t>  y3 

I'he  sa'.uf  results  may  also  be  obtained  by  the  metlK>»l  use»i 
i.i  th'  follov  ug  example.  The  appropriate  signs  of  the  lines  aiti 
.sLi/.,a  iii  the  figure. 
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Example  2.     If  tan  A=  -  --,  find  sin  A  and  cos  A. 

H 
The  boundary  lino  of  A  wiil  lif  .  itlifr  in 
the  Becond  or  in  the  fourth  luiidniiit,  us  ol' 
or  OP'.    In  either  position, 

the  radius  vwtor=  ^/(  lo)^  r  (H)^ 
=  ^'2H'j  -17. 

Hence  sin  XUI>^  '' ,     cos  XOI'^  -  1  ; 

15  8 

and  sin  XoP'  =  -  .  -  ,     cos  \'(  /  / "  = 

Tlius  corruspondinK  to  taii.l,  there  are 
two  Milut's  of  si'n  A  an  I  two  vahiL'S  of  cos  A. 
If  liowcvcr  it  is  knuwii  in  which  (juadrant 
the  boundary  hue  of  A  hcs,  sin  A  and  cos.l  have  each  a  -innjle  value. 


-^s 


P' 


EXAMPLES.     Vin.  b. 

1.  (Jiven  sill  l^o" -^\   ,  Hinl  tan  li'tT. 

2.  Given  tan  135'=      1,  Hud  sin  13,j°. 

3.  Find  cos  240  ,  given  that  tun  :J40^  =  ^/3. 

4.  If  .^  =  20-2"  37'  and  .sin  .1  ==  -  ''^  ,  tind  cos  A  and  .ot  A. 

i  f  > 

5.  If  ,1  =  143"  8'  and  oost-c  .1  =  Ig,  find  sec  A  and  t;in  .1. 

6.  J '  .1  =  2lti'  52'  and  cos  .1  ==.  -  ^  ,  find  cot  J  and  .sin  ,1. 


7.     tiiven  hcc  "''  =-^     2,  find  sin  "^  and  cot """ . 
.     (liven  sin     -  =  ii..  i  x ..  .         "tv 


,  ,  fijid  tan  '     and  bee  ' — . 

\''2  4  4 


12 


9.     ^f  cos  A  -         find  .sin  .1  and  tan  J. 


mmmm^mm 


CHAPTER  IX. 

VAUIATIONS   OF   THK    TUKJONOMETKK'AL    I'l  NCTIONS. 


82.     A  CAUKKri.  porufwvl  of  Uu>  foUowin-,'  roinarks  will  rt'iuter 
the  I'xVliuiatious  which  follow  inofo  easily  iiitelli<,nl>l«'. 

{ 'onsider  the  fraction  "  in  which  the  numerator  a  has  a  nrUiin 

X 

nrol  nihie  and  the  ihMioniinator  .v  is  a  ,]>iantit;i  suhj,;-t  to  r/«t infr ; 
then  it  is  clear  that  the  smaller  .'•  becomes  the  lar-.'iT  docs  the 

value  of  the  fraction  "  V.ecome.     For  instance 
.f 


^=Hh,,   _!i_  -  io<x)-/, 


.=  10(.KKKKK>.». 


10  1000  lOOOOOOO 

liy  making  the  denominator  x  sufficiently  small  the  value  of  the 
fraction  -  can  be  made  as  large  as  we  please;  that  is,  as  .r 

approaches  to  the  \  alue  0,  the  fraction  '^  l)econies  infir.itely  great. 

The  symbol  oo  is  used  to  express  a  quantity  infinitely  great, 
or  more  shoi'ly  infinif</,  and  the  above  stat.'nient  is  concisely 
written 

tchen  X^O,  the  limit  of  -  =  «  . 

Again,  if  x  is  a  quantity  which  grad\ially  increases  and  finally 
l)ecomes  infinitely  large,  the  fraction  ^  becomes  infinitely  small; 

that  is, 

when  x—^t  the  limit  uf    =0. 
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83.  Definition.  If  y  is  a  function  of  j",  and  i' when  x 
approaclios  nearer  and  nciirer  to  the  fixed  quantity  a,  the  vahio 
of  y  ainiroachos  nearer  and  nearer  to  the  fixed  quantity  h  and 
can  he  made  to  difler  fnnn  it  hy  as  httle  as  we  please,  then  h  is 
called  the  limiting  value  or  the  limit  of  y  when  jc  =  a. 


t  i   » 


84.    Trigonometrical  Functions  of  0'. 

Let  XOP  he  an  angle  traced  out  hy  a  radius  vector  OP  of 
fixed  len'^th. 


Draw  /'J/^  perpendicular  to  O.V;  then 

MP 

OP  ' 


<in  POM^ 


If  wp  suppose  tlie  angle  POM  to  he  gradually  decreasing, 
MP  will  also  gradually  decrease,  and  if  OP  ultimately  come 
into  coincidence  with  (>M  the  .angle  PoM  vanishes  and  MP—<). 


Hence 


<inu'=  ,.,.  =  0. 


OP 


OM 


Again,  cos  POM=    '    ;  hut   when   the  angle  POM  \  anishes 


OP  becomes  coincident  with  OM. 
Hence 


Also  when  the  angle  POM  vanishes, 


Ami 


tan  0'=     ,^=0. 
OM 

r,o         1  1 

cosecO  =  .      ,3  =  V  — =0  ; 

sec  0  =   -  -—^  -- 1  =  1  ; 
cos  0        1 


cot  O  -  -  ^  =  \  =  00  . 

tan  0^      0 


IX.] 


VARIATIONS  OP  THE  FUNCTIONS. 


85.    Trigonometrical  Functions  of  90°  or  g  • 

Let  XOP  l)t'  ar  angle  tniml  out  l.y  .i  radius  vcrtor  (.flixed 
leiT'th. 


Y_P 


O    M 


M  X 


Draw    PM    iHMi>endicular   tu    OX,   ami    ())'   \>i'r\m\Aw\\\>i.r 
to  OX. 


By  detinition, 
MP 


sin  /'Oj/'= 


0/ 


>  > 


.,.POM='Ij\[,         UnP<>M-[['^^ 


M 


If  we  suppose  the  angle  POM  to  be  givwlually  iniToasing, 
MP  will  gradually  increase  and  0.1/ decrease.  When  (>»/' conifs 
into  coincidence  with  OY  the  angle  POM  l.ecomes  equal  to  90  , 
and  OM  vanishes,  while  MP  becomes  equal  to  OP. 


Hence 


And 


OP 
sin  90'  =  ^yi  =  1 J 

„     MP     OP 
tan9()=^^,^=    0=^- 

-^^°=taAu"=^="' 

1  1 

cos  90       0 

cosec  90°  =  .  -  ",  ^  =  1  • 
bin  90 
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86.     To  trace  the  changes  m  sign  and  magnitude  of  am  A  as  A 
increases  from  0°  to  SCO". 

.et  XX'  and  YY'  he  two  straight  lines  intersecting  at  right 
angles  in  0. 

Y 


^^ 

3 

p/ 

/ 

\ 

M            M 

\ 

°/ 

X,,^     M     M 

7 

\ 

l\ 

7 

/ 

p 

With  centre  0  a  ,d  any  radius  OP  describe  a  circle,  and 
suppose  the  angle  A  to  he  traced  out  by  the  revolution  of  OP 
through  the  four  quadrants  starting  from  OX. 

Draw  /* J/ perpendicular  to  OX  and  let  OP=^r;  then 


.sin  A  = 


MP 


and  since  r  does  not  alter  in  sign  or  magnitude,  we  have  only  to 
consider  the  changes  of  MP  as  P  moves  round  the  circle. 


When 


.1=0°,  MP=^0,    and    sinO°  =  ^=0. 

r 


In  the  first  quadrant,  MP  is  positive  and  increasing; 
.•.  sin  .4  is  ixjsitive  and  increasing. 


When 


.1  =  90°,  MP=r,   and  8in90°  =  -  =  l. 


In  the  second  quadrant,  MP  is  positive  and  decreasing; 
.•.  sin  A  i .  ix»sitive  and  decreasing. 

When       .4=180',  MP=Q,  and    8inl80°  =  -=a 

r 


IX  1  VAHlATlONb  OF  THE   FUNCTIONS. 

In  the  third  quadrant,  MP  is  negative  and  increasing; 

.•.  sin  ^-1  i«  negative  and  increasing. 
When  A  =270°,  MP  is  equal  to  r,  but  ia  negative ;  hence 

sin  270"=--=-!. 
r 

In  the  fourth  quadrant,  MP  is  negative  and  decreasing; 

.•.  sin  J  is  negative  and  decreasing. 

AVhen         J  =360%  MP  =  0,   and    sin  360"= -  =  0. 
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87.    The  results  of  the  pi-cvious  article  are  concisely  sIk'wu  in 
the  following  diagram : 

sin  go''=l 


srn  iSo=o 


sin  A  positive 
and  decreasing 


sin  A  negative 


sin  A  positive 
and  increasing 


sin  O—o 


sin  A  negative 


and  increasingX  and  decreasing 
sin  2jd—-l 

88.  We  leave  as  an  exercise  to  the  student  the  investi- 
gation of  the  changes  in  sign  and  magnitude  of  cos  J  as  .-1 
increases  from  0°  to  360°.  The  following  diagram  exhibits  these 
changes. 

cos  go  —  o 


cos  A  negative 
and  increasing 


C05x8o'—-l  — 


cos  A  negative 


cos  A  positive 
and  decreasing 

cos  A  positive 


cos  6-  I 


and  decreasing\and  iK.reasing 


cos  3  JO  — o 
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li 


fl  I 


tHUO"=-  =  0. 

r 


tan90''  =  -  =  x, 


89.  To  trace  the  chnnffcs  in  mgv  and  magnittule  of  tun  J  as 
A  increases  from  0'  to  360  . 

MP 

AV'ith  tlie  tigiirc  of  Art.  8G,  tuni4=-^  „,  a.;;l  its  clianges  will 

therefore  tleiwiid  on  those  of  MP  and  OM. 

AVhen  .1=0^  MP=-(\  OM=r 

III  the  first  quadrant, 

MP  is  i)ositivo  and  increasing, 
OM  is  i>ositive  and  decre^ising  ; 
.•.  tan^  is  iKJsitive  and  increasing. 

AVhcn  A  =  90°,  MP = r,  0M=  0 ; 

In  the  second  quadrant, 

MP  is  positive  and  decreasing, 

OM  is  negative  and  increasing ; 
.•.  tan ^4  is  negative  and  decrea.siug. 
When  ^  =  1«0°,  MP  =  0;     .-.  tiin  18(r  =  0. 

In  the  third  quadrant, 

MP  is  negative  and  increasing, 
OM  is  negative  and  decreasing ; 
.•.  tan^  is  positive  and  increasing. 

When  A  =  270°,  0M=  0 ;     . • .  tan  270°  -  ao . 

In  the  fourth  quadrant, 

MP  is  negative  and  decreasing, 

OM  is  positive  and  increasing; 
.■.  tan  A  is  negative  and  decreasing. 
When  A  =  360°,  MP  =  0 ;     .  •    tan  3(J0°  =  0. 

Note.  When  the  numerator  of  a  fraction  changes  jontinually 
from  a  small  positive  to  a  amall  negative  qiaotity  the  fraction 
changes  sign  by  passing  through  the  value  0.  When  the  denomi- 
Divtor  changes  continually  from  a  small  positive  to  a  small  negative 
(juaiitity  tlie  fraction  changes  sign  by  passing  through  the  value  oo . 
For  Instance,  as  A  passes  through  the  value  90°,  0.1/  changes  from  a 

small  positive  to  a  small  negative  quantity,  hence  —^  ,  that  is  cob  A, 

PM 

changes  sign  by  passing  through  the  value  0,  while  -^.,i  that  is 


tan  ^,  changes  sign  by  passing  through  the  value  oc . 


OM' 


ItiLk. 
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90.     The    results  of  Art.    8y  are    shewn  in   the  foUowing 
diagram  : 

la  n  (JO     C» 


tun  A  nfgative 
ami  i/firtiising 


UiniSo  -<> 


fan  A  ftositive 


Ian  A  positive 
and  increasing 


tan  o^o 


Ian  A  negative 


,r,ui  lnireasing\and  decreasing 

tan  ^70^-=  CO 

The  stu.lcnt  will  now  have  no   difficulty  in   tracing    the 
variatirns  iu  sigti  and  magnitude  of  the  other  functions. 

91  Ir  \rts.  86  and  80  we  have  seen  that  the  variations 
of  the  trigonometrical  functions  of  the  angle  A(>i'  dei.ond  on 
the  position  of  /'  as  P  moves  round  the  cu-cuinlerence  of  the 
circle.  On  this  account  the  trigonometrical  functions  of  an  angle 
are  called  circular  functions.  This  name  is  one  that  we  shall 
use  frequently. 

EXAMPLES.    IX. 

Trace  the  changes  in  sign  and  magnitude  of 

1.  cot  .1,  between  0°  and  300". 

2.  cosec  0,  between  0  and  n. 

3.  cos  6,  between  n  and  27r. 

4.  tan.l,  between  -!)0^  and      -270% 

5.  sec  6,  between  ^^  aii«l  —  . 

Find  the  value  of 

6.  cos  0"  sin2  270'  -  2  cos  180°  tan  45". 

7.  3  sin  0°  sec  1 80°  +  2  cosec  90°  -  cos  360°. 

8.  2sec2  7rcosO  +  3sin3  ^  -  cosec  2- 

3ir  ^TT 

9.  tiin7rcoa-5-  +  sec27r-cosec-5-. 
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Note  on  the  old  definitions  of  the  Trigonometrical  Functiong, 

Fonnt'ily,  MiitheiuHticians considered  the  trigonoinptrical  functions 
with  reference  to  the  arc  of  a  given  circle,  and  did  not  regard  tli(  in 
as  ratios  but  as  the  lengths  of  certain  tstraiglit  lines  drawn  in  relation 
to  thia  arc. 


Let  OA  and  OB  be  two  radii  of  a  circle  at  right  ani^'les,  and  lot  P 
be  any  point  on  the  circumference.  Draw  PM  and  PN  perpendic  ular 
to  0.1  and  Oli  respectively,  and  let  the  tangents  at  A  and  B  meet  OP 
produced  in  T  and  t  respectively. 

The  lines  PM,  AT,  OT,  AM  were  named  respectively  the  sine, 
tangent,  secant,  versed-sine  of  the  arc  AP,  and  PN,  Bt,  Ot,  BN, 
which  are  the  sine,  tangent,  secant,  versed-sine  of  the  complementary 
arc  BP,  were  named  respectively  the  cosine,  cotangent,  cosecant, 
coversed-sine  of  the  arc  AP. 

As  thus  defined  each  trigonometrical  function  of  the  arc  is  equal 
to  the  corres^ponding  function  of  the  angle,  which  it  subtends  at  the 
centre  of  the  circle,  multiplied  by  the  radius.     Thus 

AT 


-—= tan  P0.4;  that  is,  ^r=0^  x  tanPO.J  ; 
OA 


and 


9L 
OB 


=  bccBOP=cosecPOA;  that  is,  Ot  =  OB  xcosec  PDA. 


The  values  of  the  functions  of  the  arc  therefore  depended  on  the 
length  of  the  radius  of  the  circle  as  well  as  on  the  angle  subtended 
by  the  arc  at  the  centre  of  the  circle,  so  that  in  Tables  of  the  functions 
it  was  necessary  to  state  the  magnitude  of  the  radius. 

The  names  of  the  trigonometrical  functions  and  the  abbreviations 
for  them  now  in  use  were  introduced  by  different  Mathematicians 
chiefly  towards  the  end  of  the  sixteenth  and  during  the  seventeenth 
century,  but  were  not  generally  employed  until  their  re-introduction 
by  Euier.  The  development  of  the  science  of  Trigonometry  may  be 
considered  to  date  from  the  publication  in  1748  of  Euler's  Introductio 
in  analysin  Injinitorum. 

The  reader  will  find  some  interesting  infoimation  regarding  the 
progress  of  Trigonometry  in  Ball's  Short  History  of  Matliematics. 
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MISCELLANEOUS  EXAMPLES.    0. 

1.     Dr.iw  the  bomulary  linos  of  the  aiigle.^  wliose  tangent  is 
(Mjual  t(»  -  '  ,  and  find  tlie  cosine  of  those  angles. 


2.  Shew  that 

cos  A  (-2  see  .1  +  tan  J )  ( sec  .1-2  tan  A)  =^2  cos  .1  -  H  tan  A. 

3.  a-  .en  '  '= !><->",  l>  --  lOo,  f  =  2 1 ,  solve  the  triangle. 


Z\  iind  A  lies  botwoen   ISO'  aii<l  '270',  find 


4. 

cot  A . 

5.  The  latitude  of  Bombay  is  19°  N. :  find  its  distance  fi-oni 
tlie  equator,  taking  the  diameter  of  the  earth  to  be  7i)2()  miles. 

6.  From  the  top  of  a  cliti'  2(K)  ft.  high,  the  angles  of  de- 
pression of  two  boats  due  east  of  the  observer  are  :u  »)'  and 
18  40':  find  their  distance  apart,  given 

cot 34°  30'  =  1  ■455,         cot  1 8'  40'  =  i>»0. 

7.  If  A  lies  between  180'  and  iTO',  and  Stan  A  -4,  find  the 
value  of  2  cot  A  -  5  cos  .1  +sin  A. 

8.  Find,  correct  to  three  decimal  places,  the  radius  of  a 
iircle  in  which  an  arc  15  inches  long  subtends  at  the  centre  an 
angle  of  71° 36'  3()". 

9.  Shew  that 

tan^  6  co\?e_  _  1  -  2  sin^  6  cos-j^ 

r+tan^  "^  r+cot^  sin  6 co.s  6 

10.  The  angle  of  elevation  of  the  top  of  a  tower  is  G8°  i  l', 
and  a  flagstaif  24  ft.  high  on  the  sunnuit  of  the  tower  subtends 
an  angle  of  2'  10'  a"  Jie  observer's  eye.  Find  the  height  of  the 
tower,  given 

tau70°21'  =  2-8,        cotC8Ml'--4. 


H.  K.  E.  T . 


I 


ii 


I  J 

;     i  . 
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M   X 


CHAPTER  X. 

CIRCULAU   FUNCTIONS   OF   CERTAIN    ALLIED    \NGLES. 

92.    Circular  Functions  of  180°  -  A. 

Take   any  straight   line         p, 
XOA',  and  let  a  radius  vec- 
tor Ktarting  fnnu  OX  revolve 
until  it  hiui  traced  the  angle         . 
A,  ta'     "   np  the  position  x'  M' 
OP. 

Again,  let  the  radins  vector  starting  from  OX  revolve  through 
180"  into  the  position  OX'  and  then  h,t,i-  a<i<ilii  through  an 
angle  .1  taking  up  the  final  position  01".  Thu«  XOP'  is  the 
ang].'  180° -.1. 

From  P  and  P  Jraw  PM  and  PM'  perpendicular  to  XX' ; 
then  by  Euc.  i.  26  the  triangles  0  PM  and  0PM'  are  geometrically 
equal. 

By  definition, 

sm  (180  --->)=  Yfiy  '' 

but  M'P  is  equal  to  MP  in  magnitude  and  is  of  the  same  sign; 

MP 

.-.  8in(180'-J)  =  -^^  =  sin  J. 


Again, 


OM' 


and  OM'  is  eciual  to  OM  in  magnitude,  but  is  of  opposite  sign ; 

-  OM        OM 
.-.  cos  (180°  -  ^1)  =  -^y7r  =  -  Qp  =  -  *^o» -^■ 


Al 


so 


}f'F       MP         MP        .       , 
tan  (180»  -  .4)  =  ^^^,  =  _^,^=  -  ^^=  -  tan  J. 


lll^ 
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93  In  thfc  last  article,  for  the  sake  of  Himplicitv  we  have 
siii)i)«i'sed  the  angle  A  to  be  lens  than  a  ri^'ht  angle,  hut  all  the 
foruniliB  of  this  chapter  may  Iks  shewn  to  Ikj  true  for  angle«  ot 
anv  magnitude.  A  general  pnxif  of  one  case  is  given  in  Art.  102, 
and  the  same  method  may  l»e  applied  to  all  the  other  cases. 

94.  If  the  angles  are  expressed  in  radian  measure,  the 
fi  rmulaj  of  Art.  1)2  become 

sin  (n--^;^sin<?, 
co.s(ff  —  5)=  -cuhO, 
tan(jr-^)=  -ianO. 

Example  1.     Find  the  sine  and  cosine  of  120°. 

sin  120°  =  sin  (180°  -  60°)  =  sin  C0°  ='^^  . 

1 

cos  120°  =  cos  ( 180°  -  60°)  =  -  cos  bO°  =  -  ^ . 

,  Sir 
Example  2.     Find  the  cosine  and  cotangent  of   ^  . 

IT  'S 


C08-s-=C03     "■  -  rr  1 


5ir 
6 


cos 


cot  ,.  =  cot 
u 


{'-')- 


cot^=-v/:i- 


95.  Definition.  When  the  sum  of  two  anglos  is  equal  to 
two  right  angles  each  is  said  to  be  the  supplement  of  the  other 
and  the  angles  are  said  to  be  supplementary.  Thus  if  .1  is  any 
angle  its  supplement  is  180°  -  -1. 

96.  The  results  of  Art.  92  are  so  important  in  a  later  part  of 
the  subject  that  it  is  desirable  to  emphasize  them.  We  therefore 
repeat  them  in  a  verbal  form : 

the  sines  of  supplementari/  angles  are  equal  in  magnitude  and 
are  of  the  same  sign; 

the  cosines  of  supplementary  angles  are  equal  in  magnitude  hut 
are  of  opposite  sign  ; 

the  tangenis  of  supplementary  nvgh's  jre  equal  in  magnitude 
hut  are  of  opposite  sign. 

G— 2 
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97.    Circular  TunctionB  of  180°+ A 

Take  jiny  straight  line  \0X' 
and  let  a  radius  voi  tor  starting 
from  O.V  revolve  until  it  has 
traced  the  auglc  .1,  taking  up    _ 
the  position  01'.  X' 

Again,  let  tlio  radius  vec- 
tor starting  from  OX  revolvo 
through  1^0"  into  the  position 


througu  iMi  nm)  luo  i.o>.tu...  ,      ,    .,•  xi     «     i 

OX'  and  then  further  through  an  angle  A,  takuig  up  the  fir.al 
position  or.     Tims  XOl"  is  the  angle  1 M)"  +  A. 

From  r  and  F  draw  PM  and  P.V  i^eri^ndicular  to  XX'; 
then  (tP  and  Ol"  are  in  the  same  straight  line,  and  by  I'.uc.  I.  2b 
the  triangles  OPM  and  0PM'  r.:e  geometrically  equal. 

By  definition, 


sin  (180°+.!)  = 


MP 


01 


)/" 


and  M'P  is  e<pial  to  MP  In  m:vgnitnde  but  is  of  opi>osite  sign  ; 

-MP        MP         .     J 
.-.  sin(180>.l)-=    (^/>-=^-or=-«"»^- 

OM' 
Again,  cos (180°  +  A)  =  jj^,  ; 

and  OM'  is  equal  to  OM  in  magnitude  but  is  of  opiM)site  sign ; 


=  —cos  A. 


Also 


-  OM        OM 

.-.  cos(180°  +  .-lW^^^   =--^p 

M'F      -MP     MP    .       . 
tan(180'  +  ^)  =  -^;^-,  =— (;^=grj'=**"^- 


Expressed  in  radian  measure,  the  above  formulae  are  written 
sin(n-+^)=-sin^,      cos  (tt  +  ^)  =  -  cos  ^,      tan(7r  +  d)=tan  A 

In  these  results  we  may  draw  especial  attention  to  the  fact 
that  an  angle  may  bo  increased  or  diminished  by  two  right 
angles  as  oFtep  s  we  please  without  altering  the  value  of  the 
tangent. 

Example.     Find  the  value  of  cot  210^ 

cot210°=cot(180°  +  30°)  =  cot30°=^3. 


MRwmvnnEnn 


M'     O 
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98.    Oirctilar  Functions  ,  •  90'  rA. 

Take  any  straight  line -\V>.V',  .    Y 

and  li't  a  riuliiw  vector  startrnji 
froni  (fX  revolve  until  it  has 
tnu-e«l  tlio  angle  A,  taking  np 
the  position  01'. 

Again,    lot   the    radius   vec- 
tor starting   from  (>X  revolve 
through  '.M>    inl"  the   ixisition    __ 
OV,  and  then  further  through  X 
an  angle  .-1,  talking  up  the  final 
lH>HitionO/^     ThusA7>/"..sthean;4le!X)+.l. 

From  P  and  /"  .'.raw  PM  and  /"J/"  porp.M,d    u'lr  to  ,        ; 
then  .,^^I''O^.P'Oy=A^^PO^. 

By  Euc.  I.  2«,  the  triangles  O/'JAa-  m  .'VMA'  hi-   -  -otnetrieally 
equal';  hence 

JPF  is  equal  to  O.U  in  magnitude  and  is  of  the  same  sign, 
and  (L\P  is  eqiud  to  .»//'  in  magnitude  hut  is  of  ..pposite  sign. 
By  definition, 

.     ,,    o.\r  _-MP_JIP 
cos  (no +.4)=  ^^^  -    ^jp  -     ^^^>- 

M'F        OM   _  JJ'^f 

tan  (90°  +  .1 )  =  ^3^,  =  _  j,/T  -       ,//. 


—  sin  A  ; 
— -      ct)t  ,1 . 


Expressetl  in  radian  measiu.-  the  above  fornnila)  Ijecome 
in(^^  +  eyco.0,     cos(^  +  ^)=-«m^.     tan  (|  +  <j)= -cot^. 

Example  1.    Find  the  value  of  sin  120='. 

sin  120° = sin  (90°  +  30")  =  cos  30- =  Y  • 


^1 


#1 


-i 


it 
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Exawph-  2.     Find  the  values  of  tan  (270"  +  .4)  and  cos  {"^  +  9j 
tan  (270"  +  A)  =  tan  (180"  +  90°  +  A)  =  tan  (90"  +  .■( )         c-ot  A ; 
cos  (^+0\=cos(ir  +  '^^  +  e\=     cos  (|  +  ^^ )  =  *^'"  ^^ 


Hi 

■i 
i 


.ytiii. 


99.    Circular  Functions  of  -A. 

Take  any  straight  line  OX  and 
let  a  radius  vector  starting  from  OX 
revolve  until  it  has  traced  the  angle 
J,  taking  up  the  position  OP. 

Again,  let  the  radius  vector  start- 
ing from  OX  revolve  in  the  opoositi: 
direction  until  it  has  traced  the 
angle  yi,  taking  up  the  position  OF. 
Join  /'/"  ;  then  MI"  is  equal  to  Ml' 
in  magnitude,  and  the  angles  at  M 
are  right  angles.     [Euc.  i.  4.] 


M    X 


By  definition, 


MP         .     . 
y  =-  sui  A  ; 


01 


OM     OM 
OP 


cos(-j)=;;/;  =  ^^=cos^; 


,      .,    MF      -MP        .       . 
tan(-J)  =  -^^,^  =  -^^-=-tanA 

It  is  especially  worthy  of  notice  that  ve  may  change  the  sign 
of  an  angle  without  altering  the  value  ofitu  cosine. 

Example.    Find  the  values  of 

cosec  (  -  210°)  and  cos  {A  -  270°). 
coaeo  (  -  210°)  =  -  coseq  210°  =  -  cosec  ( 180°  +  30°) = coseo  30° = 2. 
cos  (A  -  270°)  =co8  (270°  -  ^)  =  C08  (180°+  90° -i) 
=  -008(90°-^)=  -«in^. 
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If  .hen  -.1  is  written.^..-  .1.  the  sign  ^{i-^^ ;^^ 
while  the  magnit.ule  renian.s  nnalte.^^d  /U)  is  s-uu 
odd  function  of  .1,  and  in  this  case/  {-A}-  -/  U«  • 

From  the  last  article  .    will  be  seen  that 

cos.l  and  seel  are  even  functions  of  A, 
sin  .4,  cosec.l,  tan. I,  ct.-l  arc  odd  functions  of  A. 


EXAMPLES.    X.a. 


Find  the  numerical  value  <>f 


1.    cosl35^ 
4.    .•osec22.) 
7.    cot  315". 


2.    sin  150. 
5.    sin(-12(r 


3.    tan  240". 
6.    cot  (-135'). 


8.    cos  (-240").  9.    sec  (-300°). 


10.     tan 


Stt 


11.    sm^ 


12.    sec 


2;r 


(^-|).    14.    cos(-'^").        15.    cot(-'^) 


13.    cosec 

Express  as  functions 


of  J 


16.    cos  (2 

19.     sec  (.4  - 180°). 


170°  +  ^).         17.    cot  (270  -^) 


18.    sin  (.1-90°). 


20.    sin  (270"-^).         21.    cot  (.4 -90"). 


Express  as  functions  of  0 : 


22.    si" 


(-1) 


23.    tan(^~ir). 


24.    so 


<T-)' 


Express  in  the  simplest  form ; 
25.    tan(180"  +  ^)8in(90"  +  .4)sec  >90"-^ 


26.  cos (90' + 

27.  sec 


.4)+sin(180"-.4)-sin(180"  +  ^)  -sin(-vl). 
a80°  +  ^)sec(180"-^)  +  cot(90"  +  ^)tmi(180"  +  il). 


1 
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[chap. 


101.  Ill  Alt.  :i8  we  liiivc  established  the  relations  which 
subsist'  l)otwecn  the  trigonometrieal  ratios  of  OO'  -  .1  and  those 
of  A,  when  .1  is  an  aciitc  ani'le.  We  sh.ul  now  gWc  a  general 
proof  whicli  is  applicable  whatever  be  the  magnitude  of  A. 

102.  Circular  Functions  of  90'  -  A  for  any  value  of  A. 

Y  Y 


X'M 


Let  a  radius  v 


cctor  starting  from  ^^.V  revolve  until   it  ha« 


traced  the  angle  .1,  taking  ui)  the  position  (ff  in  e.H-h  of  the  two 
figures. 


A4(ain,  Icttlie  radius  ve( 


•tor  starting  from  OX  revolve  through 


90"  into  the  ))o^iti<)n  ())'  and  then  Ixci-  ocjain  through  an  angle  .4, 
taking  up  the  iinal  position  OF  in  eai-h  of  the  two  tPgures. 

Draw  PM  and  FM'  perpendicular  to  XX';  then  whatever 
be  th.^  value  of  J,  it  will  be  found  that  /  OFM'=  l  POM, 
so  that  the  triangles  0.1//'  and  OM'F  are  geometrically  equal, 
ha\ing  MP  equal  to  0M\  and  OM equal  to  M'P\  in  magnitude. 

When  P  is  above  XX',  F  is  to  the  right  of  YY', 
and  when  P  is  below  XX',  F  is  to  the  left  of  YY'. 

When  /"  is  above  XX',  P  is  to  the  right  of  i'}'', 
and  when  /"  is  below  XX',  P  is  to  the  left  of  YY'. 

Heuce  Ml'  is  etpial  to  OM'  in  magnitude  and  is  always  of 
tht>  same  sign  as  OM'  ; 

and  M'P'  is  equal  to  OM  in  magnitude  and  is  always  of  the 
same  sign  as  OM. 


X.]  CIRCULAR    FUNCTION**   OF   CERTAIN    Al.MKD   ANULKS. 

By  definition, 

,,   ^r}"    oM      ^  .. 
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=  cot  ^1. 


A  sonoml  mothn.l  similar  to  the  aU.vo  may  ho  ai.i>H.-'l  t<.  all 
the  otiuT  cases  of  this  chapter. 

103.    Circular  Functions  of  n .  360°  +  A. 

Tf  „  is  anv  inte-'cr,  jk  360"  represents  n  complete  revolutions 
of  t  fe  -xdiuslc"tor,and  thereforithe  boundary  hne  of  the  angle 
f  3G0  +  nVcoinddcnt  uith  that  of  .1.  The  value  of  each  func- 
Ln  of  U.;  anMe  3fiO"  +  .l  is  thus  the  same  as  the  value  of  the 
SespolSh^^fun  .-tion  of  .1  both  in  magnitude  and  m  s,gn. 

104  Since  the  functions  of  all  coterminal  angles  are  eqvud 
thereis  a^^nrrnce  of  the  values  of  the  functu.ns  each    .me  the 

of  the  period. 

In  radian  measure,  the  amplitude  of  the  period  is  2,r. 

NoTK.  In  the  case  of  the  tangent  and  cotanKent  the  amplitude  of 
the  ,!^riod  iB  lialf  that  of  the  other  cu-cular  functions,  ben.g  180  or 
■rr  radians.     [Art.  97.] 

105.    Circular  Functions  of  n .  360'  -  A. 

Tf  n  is  anvinte-er,  the  boundary  line  of  «  .  .y)0^- .4  is  co- 
•  -T  t  llh  M  at  of  -  A  The  value  of  each  function  of 
;r^3SLTt  th::\he  same  as  the  value  of  Mie  corresponding 
lm!Son  of  -.4  both  in  magnitude  and  in  sign  ;  hence 

sin  {n .  SnO'  -  .1 )  =  sin  ( -  .4)  =  -  sin  .4  ; 
co8(».360^-.4)  =  cos(-^)  =  cos/l; 
tan  (n. .  360°  _  J)  =  t*n  ( -->!)=-  tan  ^. 


w 


,    3 


: 


11; 


EI-EMENTARY  TRIGONOMETRY. 


[('HAP. 


no 

106.  We  can  always  express  the  functions  of  any  angle  in 
t/.rms  of  the  functions  of  some  positive  acute  angle,  in  the 
S;rgel.ll  of  "he  work  it  is  Advisable  to  follow  a  un.fonu 

plan. 

(1)  If  the  angle  is  negative,  use  the  relations  connecting  the 
functions  of  -A  and  A.     [Art.  99.] 


Thus 


sin  (-30=) 
cos  (-845°)  =  008  845". 


-  sin  30°  —  ~  2  ' 


m  If  the  ancle  is  greater  than  360°,  by  taking  off  multiples 
of  3V.0°  the  angle  may  be  replaced  by  a  coterminal  aagle  less  than 
360  .     [Art.  103.] 

Thus         tan  735°  =  tan  (2  x  360°  +  15")  =  tan  15'. 

(3)  If  the  angle  is  still  greater  than  1 80°  use  the  i-elations 
connecting  the  functions  of  180°  +  .1  and  J .     [Art.  J . .] 

Thus  e.  .t  585 '  =  cot  (360°  +  225°)  =  cot  225 ' 

=  cot(180°  +  45°)=cot45°=  1. 

(4)  If  the  angle  is  still  greater  th  m  90"  use  the  relations 
connecting  the  functions  of  180°  -  A  and  .1.     [Art.  J2.J 

Thus         cos 67^° =cos  (360°  +  315")  =  cos  315' 

=  cos  (180°  + 135°)  =  -  cos  135° 

=  - cos  (180° -45°)  =  cos  45°  =  -^. 

Exam,>U:     Express  sin  ( -  1190^).  tan  1000°,  coa  ( -  3860°)  as  f unc- 
tions  of  positive  acute  angles. 

8in(-n90°)=  -8inll90==  -sin (3x360° +  110^)-  -sin  110° 
=  -  sin  (1  '^0"  -  70°)  =  -  sin  70°. 
tan  1000°  =  tan  (2  .,  ..•;0°  +  280°)  =  tan  280° 
=  tan  (180°  + 100°)  =  tan  100° 
=  tan  (180°  -  80°)  =  -  tan  80°. 
co8(  -  3860°)  =  cos 3860° =C3S  (10  x  360°  +  260°)  =  cos 260° 
=  cos  (180°  +  80°)  =  -  C08  80°. 


X.] 
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107  From  the  investigations  of  this  chapter  we  see  that  the 
nmnber  of  angles  which  have  the  same  circular  function  is 
Suited  Thus  if  tand  =  l,  6  nmy  bo  any  one  of  the  angles 
coterminal  with  45'  or  225°. 

Example.  Draw  the  boundary'  linea  of  A  when  sin  /I  =  ^  •  ^^^^ 
xvrite  down  all  the  angles  numerically  less  than  360'  which  satisfy 
the  equation. 

Since  sin  60°=^  ,  if  we  draw  OP  makinK  L  XOV  =  m\  thou  OV 
is  one  position  of  the  boundary  line. 

Asain,  sin  60°  =  sin  (180°  -  60°)  =  sin  120°, 
so  that  viuother  position  of  the  boundary 
line  will  be  found  by  making  XOP'  =  120°. 

There  will  be  no  position  of  the  boundary 
line  in  the  third  or  fourth  quadrant,  since 
in  these  quadrants  the  sine  is  negative. 

Thus  in  one  complete  revolution  OP  and 
OP'  are  the  only  two  positions  of  the  bound- 
ary line  of  the  angle  A. 

Hence  the  positive  angles  are  60°  and  120° ; 
and  the  negative  angles  are  -{360° -120")  and 
is,  -  240°  and  -  300°. 


(360^-60°);   that 


K 


EXAMPLES.    X.  b. 


Find  the  numerical  value  of 


1.     cos  480°. 

4.     sin  (-870°). 

7.     cosec  ( -  660°). 

10.     cos  4005°. 

sec  2745°. 

\bn 
4   • 

itJir 


13. 
16. 


sin 


19.    cot- 


2. 

5. 

8. 
11. 
14. 

17. 
20. 


sin  960°. 
sec  900°. 
cot  840°. 
cot  990°. 
cos  2400\ 
23rr 

cot  — r-. 
4 


3.     cos  (-780°). 
6.     tan  (-855°). 
9.     cosec  ( -  765°). 
12.     sin  3015°. 

sec  ( -  5895°). 


15. 
18. 


sec 


(^-1) 


7»r 
secy. 


HI 

! 

! 


ti 
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ELEMENTARY  TRIGONOMETRY. 


Find  all  the  angles  numerically  less  than  360'  which  satisfy 
the  equations  : 


21.     cos^= 


,/3 


22.    8111^=- 


1 
2" 

24.    cotd=-l. 


23.     tan^=-v'3. 

If  A  is  less  than  90%  prove  geometrically 

25.  sec  (.1-180°)=- sec  X 

26.  tan(270°  +  J)=-cot.l. 

27.  cos  (.4 -90°)  =  sin  J. 

28.  Prove  that 

tan.'i+tan(180°-J)  +  cot(90''  +  J)  =  tan(360'-.4). 

29.  Shew  that 

sin  (180° -4)     c^t(90°-.4)    cos (.360°-. 4) ^^j^^^^ 
tTm  (18(f+2)  •  tan  (90°  + J) "      ^m ( - ^4) 

Express  in  the  simplest  form 


30. 


sin(-^.l)     _tan(90'  +  J)_^       "^^-^^v 
sin  (180°  +  A)  cot  A  sm  (90  +  ^ ) 


cose^(180°-^4)     __cos(-^_ 
^^"     TecTl80°'+i)    "cos (90°  +  ^)" 

cos  (90°  +  ^ )  sec  ( -  J )  Un(180°  -A) 
32-     ^(360^+^4)  sin  (180' +  21  cot  (90"  -A) 

33.  Provethat   sin  (^|  +  ^)  cos  (,r  -  ^)  cot  ^-^  +  ^) 

=sin(|-.)sm(^-^)cot(^  +  .). 

34.  When  a  =  ^ ,  find  the  numerical  value  of 

sin2  a  -  cos2  a  +  2  tan  a  -  soc"  a. 


CHAPTER  XI. 


FUNCTIONS   OF   COMPOUND  ANOLKS. 

in«  Whfn  an  an-le  is  u.ade  up  by  the  al  ebruical  sum  of 
tJfrrI::^i^  tt  is  callcHl  a  compomid  angle ;  thus  .1 4-  B, 
A  -B,iindA  +  B-C  are  compound  angl^.a. 

109.    Hitherto  we  have  only  discussed  the  l-^-t^^^^^^^^^^^ 
functions  of  single  angles," such  ■'^.^-^'f'l^/.rLrcs  relating  to 
chapter  we  shall  prove  some  f»';*j''"^^'{I^^^Qte  ,h.  by  tending 
the  functions  of  compound  angles     ^)  fj'^^'^^y 'f ^'^  J^l  .1-^ 
expressions  for  the  sine,  cosine,  and  tangent  ot  .1  +/>  a 
in  terms  of  the  functions  of  A  and  L. 

It  may  be  useful  to  caution  the^stud^  g^^V:^;:^ 

"l  -^  to  tTeTfference  of  the  corresponding  funct.ons. 

Thus  Bin  {A+B)  is  not  equal  to  sin  ^l  +sin  B, 
and  cos  (.^  -  B)  is  not  equal  to  cos  A  -  cos  /;. 

A  numerical  instance  will  illustrate  this. 

Thus  if  ^  =  60°,  5  =  30°,  then  A  +5  =  90% 
scthat  cos(^  +  i?)  =  cos90°=0;      ^  •  ^^ 

but  cos^+cosZ}  =  cos60°  +  cos30°  =  2+  2"' 

Hence  cos  (A  +  B)  is  not  equal  to  cos  A  +cos  B. 

In  like  manner,  sin  (.4  +.4)  is  not  equal  to  sin  A  +  .m  A  ; 
^Y^^  jg^  sin  2 A  is  not  equal  to  2  sin  A. 

Similarly  tan  3/1  is  not  equal  to  3  tan  A . 


!■• 


f 

s 
S 


M 
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[chap. 


a 


110.     To  prove  thf  formula! 

sin  (.4  +  5j = sin -4  cos  5 + cos  il  sin  A 
cos  (^1  +  5)  =  cos  ^  cos  ^  -  sin  .1  sin  B. 

Let    L  LOM==  A ,  and  z  MON=  B ;  then  lLON=A-\-  B. 


pom 
res 


In  ON,  the  boundary  line  of  the  compound,  angle  A  +B,  take  any 
nt  P,  knd  draw  PQ  and  PR  perpendicular  tr  ^'  --^ 
,l)ectively ;  also  draw  ILS  and  RT  periiendicular 


to  OL  and  OM 
to  OL  and  P(^ 


respectively, 
By  definition, 


But 


„     PQ     RS+PT_RS     PT 
sin  {A  +  B)  =  Qp  =  -Qp  op-^  OP 

RS    OR     PT   PR 
^Ur'  op"^  PR'  OP 

=  sin  ^  .  cos  5+cos  TPR .  sin  B. 
L  TPR  =  ^''-  L  TRP=-  L  TRO=  lR0S=A  ; 
.-.  sin  (.4 +  5)= sin  J  cos Z?  +  cos  ^  sin -8. 


Also        cos(il  +  5)  = 


OQ     OS-TR _0S  _TR 


OP         0P~~     OP     OP 

OS    OR  _TR    PR 
~  OR   OP     PR'  OP 

=  cos^ .  COS  Z?~  sin  TPR  .  sin5 

=co8  J  cos  5  -  sin  A  sin  B. 


XI.] 


FUNCTIONS  OF  COMPOUND  ANGLES. 

111.     To  prove  the  formula; 

sin  (.1  -  /i;  =  sin  A  c«..s  li  -  cos  A  sin  /i, 
cos  {A  -  /i)  =  c()s  A  cos  5  + sin  .1  sin  Ji. 

Let    ^  i:OJ/=  .> ,  and  i  3/0 A'=  5  ;  then  i  LON-^  A  -  B. 
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InO 


X,  the  houndanf  line  of  the  compound  angle  A  -B,  take  aiw 


OL  and  OM 


point  A  Ln.1  draw  /'"y  and"  iV^  peri^endicular 

IKictively ;  also  draw  liS  and  /r/*  i>orpendKnlar  t..  (>L  and  y/ 


res 
res 


tpectively 
definiti 


ion, 


sni 


{A-B) 


PQ     RH-PT     Its  _ 


OP 


01 


_PT 
OP      01' 


RS    ORPT    Pit 
'"Oli  •  OP     Pit  •  OP 


But  iTPR^^" 


=sin  ^  .  cos  B  -  cos  TPR .  sin  B. 
-  L  TRP=  L  MRT=  L  3I0L=A 
sin  (A  -B)  =  sin  A  cos  B  -  cos  .l  sin  B. 
00     OS+RT     OS     RT 


Also       COS  (.4 -5)  =  ^ 


OP 


OP^OP 


OS  OR  RT  RP 
^  OR-  OP^  ItP'Of 
=cos  ^  .  cos  7i  +  sin  T/Ve .  sin 

=co8  A  cos  iS+sin  A  sin  B. 


{ 


B 


a 


!  i 


I' 


; 
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refer  to  thciii  as  tho  ".I  +  />    «"»«    -^ 

assume  that  they  are  always  true. 

Exampl.'  1.    Find  the  value  of  c,    75^ 

,os  75°  --=  COB  (45°  +  30°)  =  cos  45°  cos  30°  -  mn  4o  Bin  30 

4 


aud 


,    o      Tf  sin  A=^  and  sin  1^=1"!..  fin^l  ^'"^  ("^  "  ■">• 
gin  {A-li)  =  sin  -^  cos  /?  -  cos  .-1  sin  B. 

I3,jt  cos  ^  -  Vl  -  Bin-.l  -  s,'  '    '  25  '  5  ' 

/      "25  _12 

B=Jl-  si"-  ii  =  V  1  -  169  -  13 ' 


COS. 


4    1-2  _  3    ^  ^  ?? 
Bin(^-jB)  =  5-  13"  5-  13""  65' 


Note.     Strictly  speaking  cos  ^  =  -  |  and  cos  B  =  ^-  g .  so  that 
•n  ,  A     m  has  four  values.    We  shall  however  suppose  that  in  Bunilar 
^ases  o'nf;  !he^Sive  value  of  the  square  root  xs  taken. 

114.     To  prove  that  sin  {A  +  B)  sin  {A  -  U)  =-  sin^  A  -  sin«  5. 

The  tirst  side  ,    •     »\ 

==  (sin  A  cos  /?  +  CO.  .4  sin  B) (sin  A  cos  5  -  co.  J  sm  fi) 

=  sin2  .1  COS''  B  -  cos2  j  sin2  jj 

=  sin2 .1  (1  -  sin''  ^)  -  (1  -  «i»'  ^) «'"'  ^ 

=ainM  -  sin''' -B. 


FLSCTl»»Nrt    O 
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EXAMPLES.   XI.  a. 

xhnnlil  hv  r<v<ir</'il  ax  xtanl",;/ J",;,iii/'i.\ 


rt'iiif,  mill 


I'l'KVO   tllilt 


!•) 


.J+O'S  .1 


.1  -sin. I 


2.     o..s(.l  +  J."«  )  -^    /.,' 


3.    -2  si  1 1  (:W  - . I ) --- 1< 's  . I  -  s':i i^i u . I ■ 


4.    If 


f(  »s 


.1  =;!,  cos/r  ;?,  fiml  .sin  (.1  +/>';  an.l  o.s(.l  -  //}. 


5.     If  sin  J  ^ 


^   o)s  //=^*^,  find  cos(.l  +/>■)  an.I  sin  ..I  -  //)• 


r 


6,  If  seel  =  ^  ,  '-'SI'* 

l'ri>ve  that 

7.  8in75     cosl5' 


8.    sin  15     cos  75 


i;j 


/;    '',  titiasc.M.i  +  /; 


^'3+1 
2s'2 

,/3-l 

2v/2 


9. 


10. 


11. 


sin  (tt  +  iS) 


A"X^^  =  t;kn<i  +  t:iii,:<. 


cos  a  cos  ^ 

sin  (a  -  3)  _ 


sin  a  sin  la 


=  I'f )t  ^  —  cot  I 


cos  (a  -  /3)  ^ 
cos  a  sin  /i 


=  cot  y  +  tana. 


X+ti)  COS  (A  -  B)  -  COS-  A    sin'^  B. 


12.  cos( 

13.  Sin  ( A +B)  sin  (A  -  B)  -  cos^  B  -  cos^  A. 

14.  cos  (45"  -  .4 )  -  sin  (4-/  +  .4 ) = 0. 

15.  cos  (45°  +  .4)  +  sin  (.4  -  45°)  =  0. 

16.  cos(.l-i?)-sin(.4  +  i?)  =  (cos.l  -sin  J ) (cos /i^ sin  7?). 


17.     cos  ( 


4  +B)+fim{A-B)  =  {coii  .4  +  sin  A  (cos  B    sin/i)- 


H.  K.  E.  T. 


-  « 


1  1  - 


Ill 
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Prove  tlip  f.illowiiiK'  i«lontitiPH; 


18.     2siiiM+4.r)sii. 


J  _.l.V)=.sin 


1  j^  _cos*.-l. 


19.     2  c 


OS 


(4+'^  ■■""(: 


-o<)s*fl  -sill*  a. 


20.      2siii(   .+n 


,)0,»(>S)  = 


IMIS  (H  -t/ 


3^  + sin 


(a-;3). 


21. 


lu'^-y)  ,  siiiC-r"".^ 


.sin  (a  — ;:J) 
cn^^'cosy  ■*"  cos  v^os  a  "^  cos  a  cos^ 

115.      To  expand  tan  (^1  +  /^)  »"« 


=  0. 


termx  < 


.fUiu'A  amlUmH. 


/?• 


To  express  this  fraction  in  t.nus  of  tan^nt.,  .livicle  each  term 
of  m.n»er!ator  and  aonominator  by  cos  .1  cos  B 

^in  A      sinjH 
C09.A      cos  B     _ 
.-.   tan  (.1  +  /^  =■      gl,j  ^      Bin  ii  ' 

^  "  COS  2  *  cos  ^ 

tan  .4  +  tan  B 
that  is,  tan  (.4  +  /?)  =--  3^ tan  .4  tan  B " 

.  •     1        ^f  ..f  this  result  is  iiivon  in  (.'hap.  XXII. 
A  geometrical  yTooi  ot  tins  itsiut      .. 

Siniilarlv,  we  may  prove  that 

Un  .4  -  tan  B 
tan  (.4  -  B;  =  j-  ^^^  ^  tan  5 " 


£xan.l)/«.     Find  the  vahie  of  tan  75= 


tan45°  +  tan30^ 
tan  75-'  =  tan  (45^  +  30^)  =  jn^^^^an  30° 

1 

= 3_1  2 

=2  +  v/3. 


Xi.l  rUNCTIOXB  OF  COMPt^UND   ANfUFM.  ^ 

116.      To  rjjKinJ  c.t  (.4  -»-  U)  in  term$  of  cot  .1  <n,J  cot  /?. 

COS  (.1  +  /?)  _  coH  J  c..»  /^  -  sill  .1  ninji 
cot  (.4  +  /^)  =  gi„  ( .1  ^  /j)  -  sin  ,1  cos  //4-co.s  .Uin  /;" 

To  |..n.rcH.,  this  fniction  i»  ternm  of  ,•..^»^r"J^  aivide  ..vch 
term  of  imineriitor  and  denominator  l.y  «in  a  t»in  /- , 


cos  .1  con  B 


-1 


sin  A  sin/y        _  t"t  A  ^''t  /^ -  ' 

.-.  cot  (.!-»- 7?)=^., ,jj;,„^-j — =  ,.ot/M-rot.-j  ■ 

siiTZ/     sTn  .1 

Similarly,  wc  may  prove  that 

cot  A  o»t/i4- 1 
cot(.l-/?)=  cot  y/- tot  .4  • 

117.     To  find  the  expansion  t»/.sin  (.4  +  ^  +  ^  )• 

sin(4  +  5+t^)  =  8in{(.4  +  /?)  +  r} 

-.  sin  (.4  +  li)  cos  ( '+ coH  (.4  +  li)  sin  C 

=  (sin  ^  cos  B-\  cos  J  .'^in  li)  cos  6'  ^ 

+  (cos  A  cos  ZJ- sin  .4  sin  />)sn»  C 

=  sin  .1  ow  /icos  r+cos  A  sin  flcos  C 

+  COS  J  c«>»  "  <int'-  Hin.4  .Hin//smC. 

118.     To  find  the  expansion  of  tan  ( .4  +  Z?  + '  ')• 

tan(.4-|-//)ttau_ 
tan(il+/?+0  =  ^n((^  +  ^)  +  ^'^^l-tim(,4  +  /i;tanC' 

1  -  tan  A  tan  li 

1  -  tan  .4  tan  B 
tan  .4  +  tan  5  +  t^inC-  taii^an  Zi Jan  C_  _ 
=  l'::^Kir74  tan  ii  -  tan  Z^  tan  f  -  tan  ( '  tan  A 
Cor.     If  J+5  +  C=180°,thentan(J+Z?4-C)=0;  hence  the 
numerator  of  the  alnive  exprc«?ion  must  be  zero. 

•.  Un ^  +  tan  5  +  tan  C*=  tan  .4  tan  B tan  ('. 

7—2 


\ 


I: 


lOi) 


i 


Si 
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KI.KMKNTARY  TRIGONOMKTKY. 

EXAMPLES.    XI.  b. 


[CHAH. 


[/'Ac  vjiiiiijiliK  jiriitd'il  ill  iiitirc  firiKtiinint  tiii>c  are  inijxirtinit,  mul 
shiiiilii  l>i'  rcijitrdfd  lis  stiuidttrdfuniiulir.^ 

1.  Kind  till   ,1  +  A*'  when  t;iii  .1  -=_^,  tiiii  //=.  . 

2.  If  tan  A-  ]    aii.l  /;  =  4.'-.  ,  lind  tii!i(.l-/;. 

o 

3.  ll'<«>t  .1      '_ ,  i..t  /^    '  ,  fiiul  cot  (.1  +  li)  and  tau  (J    -  II). 

4.  If  lot  .1  -  _y  ,  tan  /;-   '     find  cot  (.1  -  //)  and  tan  {A+Ii). 

5.  tan  (45  +  A)     ,     .       .  . 

1  -  tan  A 


6.  tan  (45  -  A) 

7.  cot 


1  -  tan  A 
1  +  tan  A  ■ 

(n       \      i-ot^+1  W»-^^\      cot  (9-1 

9.    tanl5-2    s'3.  10.    cot  15"  =  2  +  s'3. 

11.  l-'ind  the  ox|»ansion;t  of 

cos  (,1  +A'4-('^  and  sin  (.1     li+rj. 

12.  K.\i>rfss  tan  (.1      /;  -  r  i  in  t»'rin.s  of  tan  .1,  tan  A',  tan  I '. 

13.  Kxpivss  iotf.l  +/;  +  (')  in  terms  of  cot  A,  cut  Ji,  cot  f. 

119.  BeginnciM  not  unfroquently  find  a  difticulty  in  the  con- 
verse vise  of  the  ,1-f/yand  .1  - /i  fonmilic ;  that  is,  they  fail  to 
recognise  when  an  exinession  is  merely  an  expansion  belonging  to 
one  of  the  standard  forms. 

ICscamiu       .     Suiiplifycos(o-/3)co8(o  +  /3)-Hin(a-^)8in(a  +  /3). 

This  exprcsBion  is  the  expausion  of  the  coRJiie  of  the  compound 
aii^'le  la  +  /i)  +  (a  -  fi),  and  is  therefore  equal  to  cos  {(a  +  /i)  +  (a  -  /i; !• ; 
that  is,  to  cos  *2a. 

T.  ,    .,      ,,,        ^,    ,    tan  J  +  tan  2.^ 

hxaniph-  2.     Shew  tliat  ,  -        ^^      „  ,  =  tau3^. 

1  -  tau  A  tau  2A 

By  Art.  11.''.,  tlio  fir^t  side  is  the  expansion  of  tan  (J  i  ■-'.(>,  mid  is 
tliereforu  equal  to  tau  3.4. 


I  i 
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CONVERSE   USE  OK   THE   AODITION    K()KMUI,.t:. 
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Kxample  3.     Prove  that  ct)t  2.^  +  tan  A  =cosec  '2A . 

cos  2.1  coa--l  +siii  2.(  win  .( 
sill  2.^  cos  .-1 
cos  (2.^  -  A )  cos  A 


a,,     ^     .    . ,        cos  iA      8in  .-1 
The  farst  side  =    .        ,  + 

bin  2A      cos  .1 


sill  2.^  cos  A 

1 
sin  2.-1 


sin  2.1  cos  A 
=  cost'o  2 A  . 


Example   i.     Provo  tliiit 

co8  4(>cos  tf +  siii  it)  sill  0  ~- i:oii  20  cha  t)  ~  si:i  20  sin  0. 

Tlie  first  side  =  cos  (Itf -e)=C08Hf?-cos  (20  +  0) 
=  cos  26  cos  0  -  sin  20  sin  0. 

EXAMPLES.    XI.  c. 

Prove  tlio  following  iilentitie.s  : 

1.  cos  (A +Ii}  con  Ii  +  n\n  (A  f/.')  sill //cos. I. 

2.  .sin  3.1  cos  A  -  cos  3..1  sin  A  ~)*'n\  2.1. 

3.  cos  2(1  cos  a  +  sin  2n  sin  a  =  co.s  «. 


4. 
5. 
6. 

7. 

8. 

9. 


CO.S  (30'4- J)  COS  [IVf  -  A )  -  sin  (30"  +  .1 )  .^in  ^30      .1 , 


2" 


sin (60" -  .1 ) COS (30°  +  A)  +  co.s (60" -  A )  sin (30"  +  .1 ) -  1 . 


cos  2a       sin  2a 
sec  a      cosec  a 

tan(a-^)  +  Un^_ 
1  -  tan  (a  -  fi)  tiin  ^ 

cot(a  +  /3)cota+l 
COta-cot(a  +  /3) 

tin  4.1  -tan  3.4 


cos  3a. 
=  tiiii  a. 
cotji. 
=  tan  A. 


I  +  tan  4.4  tan  3.1 

10.  cot  6  -  cot  26  =  cosec  20. 

11.  14-  tjin  20  tan  $  =  sec  2d. 

12.  1  +  cot  2d  cot  d  =  co.sec  2d  cot  d. 

13.  sin  2d  cos  d  +  cos  2d  sin  d=^sin  4d  cos  d  -  cos  4d  siii  t^. 

14.  cos  4€j  cos  o  -  sin  4a  sin  a  =  cos  3«i  cos  2u  -  sin  3a  sin  2u. 


^  il 


i 


«i 


i' 


^^2  EI,KMKNTAUV   TIlKJONO.ilXTHY.  [CHAP. 

Functions  of  Multiple  Angles. 

120.      7o  ,.  /-r-'.w  sill  -2.1  /;/  ^n;^t  ,(/sin  J  ami  ms.f. 
.sin  2. J  -siii(.l+J)=-siii.l  cos.l+co.sj  sin  J  ; 
tli'tt  is,  s\u'2A  =2. sin  .1  cs  J. 

Sin.j  J  may  l.;,v..  any  vain.-,  tl.i.s  i,s  a  po.f.rtly  Kn.eral  f.,nnu]a 
l.T  Iio  su.r.  „f  a„  an-I..  in  t.T.u.s  .,f  tl.o  .sinoan.l  c...sine<.f  the  half 
an-le.      J  hus  if  2.1  he  rt'pIaciHl  hy  ff,  wc  liave 

a         a 

i^'iu  0  =:  2  sin  -  CA)n  - . 
2        2 

Similarly,     .sin  4J   -2  .sin  2.1  cun  2J 

=  4sin.^  cii.s.l  (.•O.S2.I, 

121.      y.^  t'.r/.;-,w  ciKs  2.-1  i«  ^r?;?.?  of  cos  .1  «nrf  siu  A . 

(•4.S2.I  -fos(.l  +  J)  =  i.os.l  oos.l  -sin  A  .sin  .1  ; 

*J''i*'  '**.  fi)s2.l  =c(.h-'.|  -sin2  J (IX  — 

TlK-n-  are  two  otlu-r  useful  fonn«  in  which  cos  2J   niav  bo 
e-xprcKscMl,  one  involvnif,'  cos  .1  only,  the  other  sin  A  only.      ' 
Tims  from  ^^l), 

cos2.l=:co.s2.-l  -(1  -cos^.l); 

tJ'<''t  's,  cos2.1=^2cos-.l  -  1     (2^  — 

Again,  from  (1), 

cos2.1  =  (l-sin'-.l)-.sin2.1  ; 

*''''^t'«.  i<>s2.1  =  l-2sin-M    (3)._^ 

From  ft.rmula.  (2)  and  (n),  ^ve  obtain  l.y  tran.s,.osition 

l+cos2.U-2cos2.1    u\  <~— 

^'"'  1 -cos  2.1 -2  sin-'. I    (-,,'_ 

By  division,  !  T^"' 7I  =tan-".l    ....  (g) 

Examph:     Exj^ress  cos  4o  in  tcrius  of  sin  a. 

From  (3).  co84a=l  -  Osin22a  =  l- 2(4  sin=aco8«a) 
=  1-8  siii-a  (1  -  sin^a) 
=  l-86iu2a  +  8Bin*a. 
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122.  Tln>  six  furiiiuliu  of  tlie  last  articlo  dcscrvt'  sjicoial 
uttontion.  '''tu-y  ni-f  imivirsally  tni(>  .so  li'iig  as  mw  <it'  tlin 
.'uigle-s  iiiM.'ivrd  is  doulile  of  tlie  ctlu-r.     For  iiistanc«>. 


lUSd  — ens-   ^  —  sjli-    -  , 


oiis  ci  =  z  I'os- -  —  1 ,  ens  (1=1      :;  Sin-  -  , 


1  -fens  0  =  2  eos- '-,  1  -  ens^i^-j  sin-  -  . 


2' 


F.nimjil,'.      If  C(>s(?^'2f<,  find  the  vulue  of  fan     . 
„^  _  1  -  cos  ^  _  1  -  ^H       -Ti  _  72  _  9 

"^""'i  ~  1  +  cos <y  ~  1  -f-  -js '~  1-2H  ~  I'.'H  ~  ii; ' 


123.      To  cj-jiress  t;in  2.1  //t  ^T//;.*  o/'  tau  .-1. 

t.tn  .-1  +tan  .-I 


tliat  is, 


tan2.l  =  tan(;.f  +.1 
tan  2.1  = 


1  -  tan  .-1  tan  A 
2  t;in  .( 
1  -  tan-  .1  ■ 


124.      T"  ccjinss  sin  2.1  'tnd  ci^s-2A  in  hr)n,i  of  tan  A. 

«i  n  2 . 1  =  2  si n .  1  eos  .1  =  2  '       ' ,  eos-  A  =  2  tan  .1  et  is^  .-1  ; 

ci  is .  1 


.-.  sin  2.1 


2  tan. I         2tan.l 
set--  .1        1  4- tan- J 


Again, 


cos  2.1  —  i-ns-  ,1  -  sin-  .1  -   ei.N-  .1  (_!  -  tan-  .1  < ; 

,  ,      1  -tan^.l       1  -tan^J 

.'.  ens  2.1= .r~7---'    ,      .      .,   .  • 

see-  .1  1  +  tan-  A 

Examine.     Shew  tliat    ,  -.   . , — -      =8ni2.^. 

The  first  side-co82(4r)^-.-()  =  co8('.>(r-2J)  =  bin  2.-(. 
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KI.KMKNTAUY   THKiONOMKTUY. 


[tHAP. 


EXAMPLES.    XI.  d. 


[77(''  c.id iiijili'x  jirmt'il   III   iiiiiri'  priiitum  nt   tifpf^  arc  oiitan'tdnt. 
aiul  ,ilniu!>l  he  ri'iinnhil  as  ,ita nda rJ  formula\] 


1.      If  n».  .1  -         liiHi  cosriJ. 


2.      I'iiid  <-i)s  ■_'.!   aIicii  >iii  ,1 


3.      If  sin  .1  --'.  ,  liii.l  .■.liiii.l. 


4.      If  tiiii  f)-       ,  liml  t.iii  !'('. 


5.      IffaiifK-_,  fiinl  sill  :.'(^  and  cn.s:.'^. 


'    -!         i 


ii 


6.      If  cnsH^.  .  tiiiil  tall  .. 


7.      I'iml  tan  .1  wlicii  losri.!  -V*'t. 


I'rove  tlio  followiiii,'  idcntitii's 

-        sin2A       .       . 
8.    -  ,        _ .     tan  A. 
1  +  cos  2A 

.-     1    cos  A     .      A 
10.         .     .        tan  „  . 

sm  A  2 

12.  '2  fosrc  id  r=  see  a  cosog  a. 

13.  tan  a  +  cut  u   -  -2  cosoc  l'h. 

14.  cos'd     sin^(i  =  c'iis  :>(!. 
cot-A~l 


16.    cot2A- 


2  cot  A 


~  cot  vl 

ZU.  ,~  -^2  CCS''  ■  . 

.>i(>c  0  2 


Q        sin2A  .   . 

^-     l-cos2A  =  *^°*^- 

11.    l  +  '°l^=cot^. 
sin  A  2 


15.    cot  a    tan  a = 2  cot  2a. 

,  _      cot  J  -  tan  A 
17.  -  .  =-cos:iJ. 

cot  ^1  +  tanyl 

,_      cot2,l  +  l 

^^-     c,.t^j3i-«-^'t- 

21.     ^•^^•^-^=2sin^^. 
•sec  f^  2 


22. 


f-'f) 


sec"^ 


■  cos  2fJ. 


23. 


i'ns('c2  ^  -  2 


COSGC^  d 


^-^  =  co«2^. 


j^fi  TT^KSr^^ETi 


^KP^ 


I'.  I "' ■ 
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Prove  tlie  following  identities  : 

/      A  A  •  - 

24.    ( sin  „  4-  cos  ^  j  =  1  +  sin  A. 


2 

A 

2 


25.  ( sin  2  -  cos  ^ )  "1    sin  A. 

COS  2a        ^       ,  ,.  . 

26.  -=tan(4.)      u  . 
]+sn\'2a 

„_         I'l  >s  2'.i  .  - ,  -  > 

27.  -^o)t^-4;>    -II'. 
1      sm  I'a 

28.  ^iii  ^*-l  — >*«in  J  n>s.l  cos^.l  ti)s4.1. 

29.  n )s  4 . 1  -  S  cos '  .1-8  C()s2  . 1  +  ] . 


30. 


sin  .1-1  -'2s[u^Ui)''  -'\\ 

s-  (  T  -  n )  -  •'^'n'"  ( Y  -  <« )  =  >*in  2'i. 


31.  cos 

32.  tun  ( l.V  +  .n  -  tan  (4")''  -  A)  =  -2  tan  2.1. 

33.  tan  (4.'>''  +  J)  +  tr.n  (45"  -  .1)  ^  •_>  sec  -2.1. 


125.    Functions  of  3A. 

sin.3.1=sin(2.1+ J)=sin2.l  cos. 1+ cos 2.1  sin  .1 
=  2  sin  .1  cos'-i  vl  +  (1  -  2  siu2  A )  sin  .1 
=  2  sin  .1  (1  -  sin2  A)  +  (\  -  2  sin^  .1)  sin  A  ; 
=  ?  '   -4sin:M. 

Similarly  iv    .    ^    oe  proved  tt,  : 

cos  3.1  =  4  cos">  .1  -  3  cos  .1. 

,-.  .       .-.       tail  2.1  +tan  .1 
Agau.,        tan  3vl  =  tan  (2.1  +  ^ )  =  j  _  ^^^^^  ,^^  ^^^,,  ^^ 


by  putting 

we  obtain  on  reduction 


2  tan  A 
tan  2.4  =  ,     -       ,,-,  , 
1  -  tan^  A 


tan  '6A  ■■ 


'"l-3lanM" 


TKr 


■fj.  .,  ..iL«.W.    J 


r^n 


IR 


1()6 


KI.KMKNTAIty  TBIUONoMKTKV. 


m 

:» 

:   -i 

•4 


I  f. 


*|1       -' 


[chap. 


These  formula;  are  p'rfectly  general  aii<l  nmy  he  applied  to 
cases  of  any  two  aiii,H('s,  one  of  which  is  tliroe  times  tlie  other; 
til  us 

cos  0<i  =  4  cos''  2n  -  3  cos  2«  ; 

sin !).!  =  3  sin  :)J  -  4  sin''  3. 1 , 
126.      Tofnd  (!,>'  value  of  sin  18". 

Lot  A  --=18",  then  5 J  =  W,  so  that  2.1  -=90  -3.1. 
.-.  sin2.l-sin:0(r-3.r=cos3J  ; 
.•.  2  sin  J  cos  A  -  4  cos'' .(  -  3  cos  A . 
Divide  hy  cos  A  (wiiich  is  not  ocpuil  to  zero'i ; 

.•.  2din-l  -4  c(»s-.i  -3  =  4(1  -sin^^^)  -3; 
.-.    I  sin'- .-1+2  sin  .1-1=0; 

atv/^+il] _  -i±^/r) 

8  ~         4  ""• 


sin  .1  - 


Since  IH'  is  an  acute  angle,  we  tiike  the  positive  sign  • 

.-.  sin  18°  =  ^-^. 
4 

F.xamph.     Find  cos  IK^  and  sin  54°. 

cos  18''  =  J\  -  Mn»  18°=  V  A  -  *^  ~  ^^''"'  -  VlO  +  2 V5 
'V  k;  4  ~     • 

Since  54°  and  .•!G"  arc  coniplemontarr,  sin  54^  =  co8  36°. 

Now     cos  3(r  =  1  -  2  sinS  18" :=  1  -  ^~^  ^->^^  =  V^lt  ^ 

lit  4  ~  ' 


.'.    sin  51' 


v'')+l 
4 


EXAMPLES.    XL  e. 


1.  IfcwsJ  .._^,  find  COS  3.1. 

2.  Find  sin  .3.1  when  sin  .1  ^  ^  . 

.5  ' 

3.  Given  tan  .1  ^  ,3,  find  tan  2A. 
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Prove  the  following  identities  : 

.     «in  3.1      cos  3.1      -,  .  .  -  , 

4.       .      .   -  ,  =2.  5.     cot  3.1  - 

sin  A        ooa  A 


~3cot^.r- 1 


-     3cosa  +  cos3<i         ., 
6.  .       -  =  n)t^a. 

3«ina-.sin  3a 


_      sin  3«  +  sin^  a 

7.  ,  o  ^*'"^ 

Ct  IS-*  <i  —  C(  >s  3a 


t< >s^  a     cos  3a      8in^a  +  sin3a 

o.     — 4"  .  " — <> 

COS  a  sin  a 

9.     sinl8''  +  sin30°  =  8inr)4°.  10.     cos  3(r -sin  18  - 


1 


11.     cos2  3(r  +  sinMH''=  ,. 

4 


12.     4siu  l8"cos36°=l. 


127.     The  following  examples  fnrtluT  illustrate  the  fonnnliv 
proved  in  this  chapter. 

3 

Example  1.     Shew  tLiit  cos*a-<- sin*'a=  1  -     sin*2a. 

The  first  8i(le=(cos'-a  +  sin'a)  (cos*a  +  sia^a  -cos'asin'oi 
=  (eos-a  +  sin  'a)'  -  3  cos'^a  sin'o 

=  1  -  "  (4cos-a  sin'a) 
4 

=  l-%in2  2a. 

4 


■.-■          .    ..      T.          ...  cos  .-1  -sin^l  „  ,     ,      ..  , 

Example  2.     Prove  that  -. .  — ,  =sec2.i  -tan2.4. 


The  right  siJe  = 


cos  A  f  sin  A 

1  Bin  2.4      1  -  sin  2A 


COB  2.1      C()a2.4         CU8  2.^ 


and  since  coa2.^  :=cus'.l  -  sin^.<  =  (co8.-l +sin  .-IKcos.^  -  win.-J),  this 
suj^gests  that  wc  shoulil  multiply  the  numerator  and  denominator  of 
the  left  side  by  cos  A  -sin  A;  thus 


the  first  si  le  = 


(cos  A  -  sin  .-1 )  (cos  A  -  sin  .-1 ) 
(co8 .4  + sin  .4)  (cos  .5  -  sin.^) 

cos^.-l  +  sin'  A  -2  cos  A  sin  A 
cos-  A  -  sin''' J 

1  -  sin  2A 


cos  2.4 


■  =  Bcc2A  -tan 2^. 


BBRS^P^VimR 


/'■M  A  '  ^ntir,  ■ff 
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Kl.EMKSTAUV   TKlOOJiUMKTKY. 


[CHAr. 


If 

I''  • 


Example  'A.     Sliew  that 


1  ^l 

tan  3.1  -  tan  A      cot  'AA  -  cot  A 


=  cot  2/1. 


The  first  side: 


1 


Kill  'AA      Hid .(      cos  AA      COS  A 
cos  3.1      cos.l      sill  3.1      sin /I 

cos  3.^  COR  A  sin  3.4  sin  A 


sin  A  A  cos  A  -  cos  3.-1  sin  .1      cos  H.l  sin  .-1  -  sin  3.1  cos  A 

COS  3.1  cos  .-1  +sin  3.1  sin  .1 
sin  A  A  cos  A  -  cos  3.1  sin  A 

COS  (3.1  -  A)     cos 2.4 


sin(3.4-.-l)      sin  2.1 


:  cot  2.1. 


NoTK.  This  example  has  hocn  given  to  cmi)ha8ize  the  fact  that  in 
identities  Involvinj^  the  functions  of  2A  and  AA  it  is  sometimes  best 
not  to  substitute  their  equivalents  in  terms  of  functions  o{  A. 


■ 


EXAMPLES.    XI.  f. 

Prove  tho  following  identities  : 

1.  tail  2A  -  .sec  J  .sill  A  =t.iii  A  .sec  2.1. 

2.  tan  2.1  +  cos  A  coscc  .1  =  cot  .1  .sec  2 A. 
l-co.s2^+sin  2^ 


1  +  i-'os  6  +  cos 


0 


sin  ^  +  siii 


2  0 

m  =  cot  -  . 


5.  cos'  o  -  sin   a  —  cos  2a  (  1  -  -  .sin-  2a 

6.  4  (cos«  0  +  sin"  ^)  =  1  +  .3  c( )s2  20. 

_     cos.'ia  +  sin  .3(1     ,      .,    . 

7.  _      .  — =  l+2siu2a. 

cos  «  —  hill  a 

_     cos  .3(1  -  sin  ,3«     ,      „   .    „ 

8.  -         -    .       -  =  l-2sin2a. 

cos  a  +  SI  n  a 

-     cosa+.sina     ^      „ 

g.        ^_   =  tan  2a + sec  2a. 

cos  a  — sin  a 


XI.] 
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10. 


Prove  the  following  identitien  : 

cot g-  1  _  1  -  sin  -la 
cot  a  +  1  cos  2(1 


0 


u. 


.     .      1  +tan  ^ 
1  +  Hin^  2 


fOS  0 


12. 


cos  fl 


n>t^,+  l 


1  -  tan 


1-siiid  0        ' 

cot    .      1 


13.    SI 


;  .1  -  bin  .1  =  tun  (  A't"  -  'y  j 
14.     t;in  A  -f  SCO  .4  =-  cot  (  4a'  -  ;,  )  • 


1  +Hin^ 
1  -sind' 


15.  ;':;::^^-'(I^,)- 


16.     (2eos.i  +  l)(2cos.l-l)-2cos2.1  +  l. 

sin  2^1         cos /I  A 

17     .   -  -,  .tan   ,  . 

1+ cos  2/1    1+ cos.  1  2 

sin  2^-1       1-cos.l  .1 

^^'    1- cos  2/1'     cos  .4         "^"2" 

19.  4  sin^  u  cos  '.\a  +  4  cos-' «  sin  '.ia  -  3  sin  4(i. 

[Put  4  8in»a  -3siuo-.sin:{o  und  4cos-'a     ;{  cus  a  f  cosSo.] 

20.  cos'  a  cos  .3a  4-sin^  a  sin  '.in  =  cos '  2<i. 

21.  4  (cos3  20°  +co.s3  40°)  =  li  (cos  20"  +ios  40"). 

22.  4(co83  10°  +  sin'  20°:>  =  3  (cos  10°  +  sin  20°). 

23.  tan  3.4  -  tan  2,4  -  tan  ,4  =  tan  3.4  tan  2.4  tan  .1 . 

[Vne  tan  3.4  =  tan  {'2A  +  A).] 

cotd  tan  ^  , 

cot  0  -  cot  30     tan  0  -  tan  30 

25       ^  }  ^  =  cot4^. 

tan  3^ + tan  0     cot  3^ + cot  0 


immmm 


i 


1 : ' 
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CHAPTER   XII. 

TRANSFOUMATION    OF    I'KODUCTS    AND   SUMS. 

Transformation  of  products  into  sums  or  differences. 
128.     Jn  the  last  cliapter  we  have  proved  tliut 
.'in  A  od.s /i+c-os .-1  sin  B  =  s\u  {A-^li), 
and  sin  A  cos  Ji  -  cos  .1  .sin  H  _  sin  (.1  _  /;}. 

By  addition, 

2sin  J  cos/;  =  siu(.-l4./r  +  .si„(,.l  -7^)  -j). 

!)}■  subtraction 

2  cos  .1  sin  Z/-  sin  (.1  +/^)  -  sin  {A-B)  (2). 

These  forniulie  enable  us  to  cxjiross  the  protluct  of  a  sine  and 
cosni««  as  the  sum  t)r  liiHerenci*  of  two  sines. 

Again,        cos  .1  Of.  /'    .Aa  A  sin  Z?  =  cos  ( J  +  //), 
•"'J  wnA  cos//  +  sin  .1  sin/;    cosf.l     li). 

By  addition, 

2COS.4  cos  Z?  =  cos(4+/;)  +  co8(J  -/?) (3); 

by  subtraction, 

2  sin  A  sin  /?=cos  {A  -  /i)  -cos  {A  +  Ii)  (4), 

These  formula!  enable  us  to  express 

(i)     tlie  i>roduct  of  two  cosines  as  the  sum  of  two  cosines ; 
(ii)     tlie  i)rodu't  of  two   sines  as   the   difference   of  two 
cosines. 

129.  In  each  of  the  four  formuL-c  of  the  j)revious  article  it 
should  be  it,,tu-(i!  tluit  on  the  left  side  we  have  any  two  angles 
A  and  B,  and  on  the  right  side  the  sum  and  difference  of  these 
angles. 


TKANWKOKMATloN    oK    l'R()I>UCT8   INTO   HUMS. 


Ill 


For  practioil  purj>nseH  the  fallowing  vrrl«il  stutriiuiits  nf  the 
resiilts  care  more  useful. 

2  sin  A  ros  7?  =  sin  (.*«»))  +8in  {diferenie)  ; 
i  ros  .1  sin  /^  =  sin  (««m)  -  sin  (dijTpmire) ; 
2  i't)s  A  I'os  /i  =  cos  i' .<«;<))  +COS  (diJffiTttce) ; 
2  sin  J  sin  B  =  ct>s  (diference)  -  cos  (mm). 

N.B.     In  tlie  lust  of  those  for.     I.t,  ///*■  dif'n'tire  /inirdeg 
the  sum. 

Kxample  1.     2 sin  7.-1  cos  4.(  =  .lin  (stun)  +  sin  (difffifiice) 

=  Kin  11 /<  +Bin  3.-(. 

F.xamph-  '1.     2  cos  :!^  sin  f>e  -  sin  ( '^  +  6»)  -  sin  {3tf  -  i\9\ 

=  sin  9^  -  sin  ( -  3tf) 
=  sin  9tf  +  sin  3* . 

3.4         54      1  <        /34      5.4\  f^A      r,A\\ 

Example  3.     cos  .^  cos  ^   -  ^  ^eos  (^_  +  .^  j  +  tos  (^-  -   .^  jj 

—  -  {co8  4^  +coh(  -.•!)[ 

=  _  (cos  4.4  +COH  .4). 

Example  i.     2  sin  7'»"  sin  15''  =  cos  (75°  -  15")  -  cos  (75°  4  15) 

=  cos  C0°  -  cos  yo" 

1 

~2* 

130.     After  a  little  practice  the  .student  will  lie  ahle  to  oniit 
some  of  the  stejw  and  find  the  eijiiivalent  very  rapidly. 

Example  1.      2  cos  (   .  +  *  )  cos  ( 1  -  *  )  =  c<^"i  9  +  cos  26  =  cos  2* 
Example  2.     sin  (o  -  2/3)  cob  (a  +  2/3)  =^  ,  { sin  2a  +  sin  (  -  4^)  ] 

=    (sin  2o-  sin  4/3). 


m.,ll    „      «!Uli*L 


:'-jar:«rr'.jr' 
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112  Ki.    MKXTAItY   TUKHJXOMKTKV.  fi  IIAI'. 

EXAMPLES.    XILa. 

Kx|irf,ss  in  tlii>  l\>nii  of  a  ?<iiiii  or  diU'trriMi' 

1.     -2  »m  :W  c«H  ^.  2.     i'c().s(;^Kiiia<). 

3.     i'«-..s  7.1  i-os.l.l.  4.     L'sin  3.1  Hin^.l, 

5.     i'.osr.<?.siii4^.  6.     i'siii-l^n.s8^. 

7.     :i.siii!>^Miii36).  8.     l' tos  9^siu  T<). 

9.     ii  c-< .s  i>„  t( ,s  1 1  „.  10.     ij  si II  .■)«  .sin  1  o«. 

11.     Nin4,i.-...s7rt.  12.     Hill  .3,,  sin  n. 

13.     cos  _,  .sin    ,   .  14.     .sin  -;   .-...s  t^i . 

15.     2cos=!fcos?f.  16.     sin^in?^. 

.J  .5  4         4 

17.     :ico.sL>/icos(«-/i<).  18.     -JsinSrt.sinuj+yg). 

19.  2.siu(2^+    ^^•,,s(^     i'0). 

20.  2i-os(3(9  +  </))sin{(?-20). 

21.  o)s(»;(r+«)sin(t;o°-  a\ 

Transformation  of  sums  or  differences  into  products. 
131.     Simc     sin  I'A  +  /f)  =  siii  A  .os  A'+oos  J  sin  /;, 

a"'l  ^iit  (.1  -  />')-  sin  J  cos  /i-o,s  J  sin  /?; 

l>y  addition, 

.^in  (.l  +  /;;  +  sin  (.1  -7i)  =  L' .sin  .1  cohB  (1); 

hy  subtraction, 

«in  {A+B)-sm  (A  -  Z/)--2  cos.-l  sin  li  (2). 

Again,       cos  ( .1  +  /i)  =  cos  A  ccs  /?  ~  sin  .1  sin  B, 
and  cos  (A  -  /J)  =  cos  .-1  cos  Z? + si  n  .4  si  ii  B. 

By  addition, 

cos  (.1  +  B)  +  cos  (.-1  -B)  =  2  cos  J  ,-. ,s  /; (3) ; 

oy  subtraction, 

cos  (.1  +B)~  cos  (.1  -  B)  =  -  2  sin  A  sin  /; 

=  2  .sin  A  .sin  (  -  7/; (4), 


i 


-wawTinrTTr*^ 


'>*'4,,'i. 


ik^iak 


-.Hi'**  ti>  , 
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Lot  ,i  +  /;-r,  iiii.l   .!-/;-/>; 

then 


li:t 


^l  -=  -     ,      ,    and    /)  , 


By  Mulwtitutiiig  for  .1   aii.l  /;  in  tli.-  forniulM-    I  i,  (,-Ji,  (.H),  (4), 

wo  olituin 

(+/>       r-/> 


.sin  t'+sin />-  -J  sin  -   _,      ti'>      ,, 


win^'-.sn!/>     :2iu.s      ^      >ui       ^ 


( IS  (  '  +  l'(  )H   l>  —'1  t'l  » 


ri-/>       r  - /» 


co.sC -oi.H  y>     2  SHI      _^      sni       ^-. 


132.     In  practice,  it  is  nmro  ciiiivcniont  t<>  quotf  the  foinni- 
he  \v«^  have  ) list  ohtained  vorlially  as  lullows  : 

Sinn  of  two  sines  -  il  sin  {litilf-snw )  I'os  i/inft-((ijfr"'i>rr) ; 
diflVronco  of  two  sines  -=  -2  cos  (/Htfj-Kiini )s[n  [f,nlf-<fllj<-reni\  > 
sum  of  two  cosines  =-2  cos  {/t<iff-.iniii)vi>n.  {Intlj-ibfrrrurr 

diffei'onco  of  two  cosines 

=  2  sin  '  It'll  f-miii]^\\\  [Itiilt'-diffiri'iirr  ririrsnij 


11^ -i  Dit        HO     M 
Example  I.     sin  U<>  f  sin  »W  -   2  .■^ni        .,        <'os        ., 

--2  sin  lOf^cos-lS. 


Example  2.     sin  '.t.J  -  sin  "A  -2  cos 


<.U+7.<     .    0  1-7.1 


=  2cos8.'l  sin  A. 

O.-l  ,      lA 

Example  3.     cos  A  +  cos  H.-l  =  2  cos  —  cos  '   -  — 

\)A         lA 
=  2  cos  —  cos  -  -  . 


Example  4.     cos  70°  -  cos  10°  =  2  sin  40^'.in  (  -  30') 

^  -  2  sin  40°  sin  30°  =  -  sin  40". 


H.  K.  v..  r. 
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EXAMPLES.    XII.  b. 


-\|>iv.>.s  III  the  /;,i 
1.      >in  Sf}-f  .viii    If). 


JO  -f 


■■ui 


7.     .'-ill  ;•.„  f  >iii  |;>„. 

9.      ((IS  iM    f  co.^Uj. 

11.     ((IS  In  --  CIS  ."(() 


2.     sill  .'tO  ^  .sill  ^. 

4.       .MS!)!^  -COM  J  W). 

6.  fos  ;}(j-f-co,s  s„. 

8.  I'n.s  ,")«  -  ,|,.S(|. 

10.  .siii.'M     siti  ]  I.I. 


17 
18. 


i'r<>\c  fliat, 

sin  ;5'i     sill  (J 

ins   1^      cosf^ 

Mil  c'     ,siii  \f) 
sin  iCo  -f ,( 


13 


15 


t.iiii',,. 

-'' 
i.iii 
-> 

>iii    (,■() 


12. 

14. 
16. 


■■-iii7<»'  +  .sii,oo 


f 
< 'OS :.'«-,  OS ;}«     "'^.>' 


■I) 


Mil  2<i+siii  ;}„ 

'•<  >s :.'«-( OS ;}« 
(■().s2(9     COS  l-2() 
Mil  l-'^  +  .siii:.'^' 
ill  ,1. 


=  t.'iii  f)^. 


19. 
20. 
21. 


-'">-"-;{,:<,■  + sill  ;i,i"^'"^  "• 

sin  ,,;W4-f/>:  +SU.  ^^)_  ;50j  =^""  l^  +  i'0}. 


22.     ■^"'   "  +  '^  -^iii4,:< 

t'"^^ui+,!<W-c()s.i.i""   '"' 

133. 


'■■'til  til.  y  liave  bo..„  th,   :  ^  '^"'; Hf^'-  -»  '-  nmdo 

ti'.iiistoniiation  is  JV.u,.  niodu,. ts  t ?  ,    '-^  ^'"'^^  Si'«^''l''  ^''e 

-• 1  ,^'n.u,>,   fl..r.iVl       ;';'.;'"•''';'•  'hm;r.uc..;  in  the 

'nid.lifn>r.M...>sf i,„.       "^"^^'■^"  »'-n.sf„nnaf„.n  fnm.   suius 


aiul  .iiftbivii.cs  to  product 
Mai 


mtliuPss.  '      t'-iiiuihu   and   Hj,i,ly    then,    with    oqu 


'.se 

lit 

ual 
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134.     The  following  examples  sliouUl  ho  studied  with  gieat 
care. 

Example  1.     Prove  that 

.'iin  aA  +  fiin  2.t  -  ain  A  -  win  'lA  ('2  c"^  •"il  +  1  )■ 
The  first  side  -  (nin  iiA  -  sin  A )  +  sin  J.l 

-  2  cos  3.4  sin  '2.4  +  sin  2.4 
=  ain2.-lC2cos3.4  +  l). 

Example  2.     Prove  that 

cos  29  cos  Q  -  sin  \d  sin  <>  =  cos  30  cos  20. 

The  first  side  =  .^  (cos  'id  +  cos  «^)  -  .^  (cos  3(>  -  cos  ad) 

-  -  (COH  0  +  COS  5rf) 

-  COS  3tf  COS  20. 

Example  3.     Find  the  value  of 

cos  20'  +  cos  100  +  cos  140^. 
The  expression  =  cos  20'  +  (cos  100"  +  cos  \W) 
=r  cos  20"  +  2  cos  120^  cos  20" 


K-^) 


=  cos20^+2l  -V  1  cos 20' 
=  008  20      cos  20  =0. 

Example  4.     Express  as  the  product  of  three  sines 

Bin  (^+7-a)4-8in(7  +  a-,.'i)  f  sin(a  +  ,"J  -7)  -8in(o  +  /J  +  7). 
The  expression  =  2  sin  7  cos  (^  -  o)  +  2  cos  (a  +  /3)  sin  (  -  7) 

=  2  sin  7  {cos(/9-a)  -C()s(a  +  /J)} 

=;  2  sin  7  (2  sin /3  sin  a) 

=  4  sin  o  sin /5  sin  7. 

Example  5.    Express  4  cos  o  cos  /3  cos  7  as  the  sum  of  four  cosines. 
Th'    Kpression  =  2  cos  a  {cos  (^  +  7)  +  cos  |/j  -  7) } 

=  2  cos  a  cos  (/3  +  7)  4-  2  cos  a  cos  (/S  -  7) 
=  co8(o  +  /3  +  7)  +  cos(a-|3-7)+Cos(a  +  /3-7)  +  cos(a-/i  +  7) 
=  COB(a  +  ^  +  7)  +  c08(/3  +  7-a)+co8(7  +  a-/3)4-coB{a  +  /i-7). 

8—2 
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F.jnmpio  (J.     Prove  tliat  sinSy.r  -  fiin^Hj-  =  sin  8,r  sin  2r. 

Firnt  solution. 

sin-o.r     siii-.V  _.  (sin  :,.c  +  sin  ."  ••)  (sin  '>.;•  ~  sin  3.r) 

=  ("2  sin  -l-r  cos  t)  (2  cos  ix  sin  x) 

=  (2  sin  4.r  cos  4.r) (2  sin  .r  cosx) 

=-  sin  8.r  sin  2.r. 
Se-niid  Kohitioii. 

sin  H.r  sin  2.i-  =  _^  (cos  r».r     cos  lO.r) 

1  , 

-.J  11-2  siii-;ir  -  (1  -  2  siu»5T)} 

=-  sin-5.r  -  sin^.S-r. 
Third  nohition. 

By  nsinK  the  formula  of  Art.  Ill  wc  have  at  once 

sin^Mr  -  si„23.r  =:  sin  (5.r  +  lir)  sin  dx  -  3x)  =  sin  8.r  sin  2x. 

EXAMPLES.    XII.c. 

Provfi  tho  following  identities  ; 

1.  COS  3.1  +.si,.  2.1     sin  <  1  ...-OS  ;}.|  ^i ._  :,;  .sjn  j)_ 

2.  sin  3(9-sin  (3     sin  r)<9=.sin3^(l  -2c<.s2<?}. 

3.  ros  6  +  r„s-20  +  i: )s  5^ . -. (-oh  2^    I  -a.  2  c<i.s  3<9\ 

4.  sin,,  -sin  2«  ^sin  3..-    1  sin  "  oos«  os  -" 

2  2  * 

5.  sin  3n  +  sin  7c,  +  sin  ,  .)„  ..  4  .sj,,  o«  e<,s  ^-  cos  — 

2  2  * 

6.  sill  .1  +  2  sin  3.1  +  sin  r..l  =  4  sin  3.4  cos2  A. 
J     sin  2(1^+ sin  5,1 -sin  a 

cos  2a  +  cos  i^>a  +  cos  a 

g      sin  a  +  . sin  2«jfsin  4a4-sin  .Oa 

cos  a  +  cos  2a + cosla  -f-  c.  ,.s  Ha  ""  *'^"  ''^' '' 
g      cos  7^  +  cos  3^j-  cos  5^  -  cos  d 

sin  7^  -  sin  3^  -  sin~5^"+^i"^  =  '^"^^  -^• 
10.     cos  3.1  sin  2.4  -  cus  4^  sin  A  =co8  2.4  sin  A. 


=  tan  -Ja. 
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Prove  the  foUowinj^  identities  : 

11.  oos  5.-1  cos  2A  -  cos  4.1  cos  3.1  =^  -  sin  2.-1  sin  .1 . 

12.  sin  40  cos  d  -  .sin  '.id  cos  '2fl  -  sin  6  c.s  '2d. 

13.  cos  b'  -  sin  25'  =  sin  35'. 

[ r.«.' s^in  "i.'i  --cos  (■>•■)•.] 

14.  sin  (io"  +  (•< .s  ()5"  --=  ^'i"  cos  20\ 

15.  cos  80 '  +  c.  .s  40 '  -  ci  IS  20 '  =-  (J. 

16.  sin  78'     sin  18'  +  cos  132  =0. 

17.  sin-5vl-sin'- -^  1  =sin  7.1  sin3.l. 

,7-1        .   .,  3.1 

18.  cos  2.1  cos  5.1      cos-  -      -  sin-        . 

19.  .sin(ri  +  ,:i  +  7'+sin((i-,':i-  7  +sin(a  +  p<     y) 

-|-sill  ((I      /jj  +  y'l  =  I  sin  (H'l.s  ,-ji-osy. 

20.  c(M(,i  +  y     ir     COS (-y -f'l --/:<;+<-■< 's  (fi-t-/^     y) 

--  cos  (a  +  /:<  +  v)"4  sin  <ici's,:J  sin  y. 

21.  sin  2a  +  sin2j:J  +  sin  2y     sin  2  (<«  +  i34-yi 

=  4  sin  ("/S  +  yi  sin  (y  ^  <ii  sin  ui  f  /i\ 

22.  cos  a  +  CI  IS  ,i  -h  <  ■<  "S  -y  -|-  ( •<  IS  (a  +  ^  +  >.) 

ti  +  y        y  I  u        a  +  ii 
=  4  cos      ,     cos       ■     ciis  -        . 

23.  4  sin  .1  Hin(<;(»''  +  J)sin(G0''-J)-sin3.l. 

24.  4  cos  (9  cos  (~^-  +  d\  cos  ('.^  -d\  =  cos  3^. 

25.  cos  0  +  cos  (^^ -0\+  cos  ('^1"  +  ^"j  =  0. 

26.  cos'-i  J  +  cos2  ((30 '  :-  ^1 )  +  cos2  (60"  -  ^-1 )  =  '2 . 

[Put  'icos-.l   .l4cos2.).] 

3 

27.  sill"  A  +sin-(120'4-.l)  +  sin-  (12(r  -  .1)-  ^^. 

28.  cos  20"  cos  40"  cos  80"  =  -^  . 

29.  sin  20"  sin  4  J"  sin  80"  =  -^3. 


MJM'k-.- 


tfT  jL-v.'^aini 


h 


118 


II 


ji 


•.  i 


ELKMKNTAKY  TRIGONOMETRY. 


[chap. 


135.  ^fany  intcmstins  identities  cm  \<o  estabii.she<l  connect- 
iiij,'  tlio  fmKfi..ns  of  the  throe  aii.i,'lo.s  A,  /i,  C,  wliieh  suti.sfv  the 
rohiti..!.  A  +  /l+r  1H(J .  In  pr..vin,i,'  these  it  will  he  necessary 
to  k("('i>  clearly  in  view  the  i)r()iierties  of  complementary  and 
supplementary  angles.     [Arts.  ;j<j  and  *)f>.] 

From  the  given  iclatinn,  the  sum  of  anv  two  ..f  the  an-'les  is 
tlie  sui)pk'ment  of  tlio  third;  tiiiis  "  '"^ 

sin(/i  +  rj.-sin.l,  cos(.l+/i)^  -cosC, 

tan  {C+  A)      -  tan  JJ,         cos  /J=  -cos(r+.l), 

sin  r=sin  (.(+//),  cot  J  ..  -cot(n  +  C). 

.    .    A    n    (' 

Again,  ^^  +  ^  +  o  ^^"  '  ^*'  that  each  lialf  angle  is  the  comple- 
ment of  the  sum  <»f  the  other  two;  thus 


i(.s       _    -  -sin 


•> ' 


sin 


C+A 


cos 


n 


c 


C()s   .^ -sill 


-1  +  /'      .  .1        n+c 

,     sin  cos     - 


tan     _^      =-tot-, 


,      n  C+A 

tan      »r  cot 


J-:.r,imi>l,-  1.      If  .1  f  /;  J  (■     IHO  ,  i)n.ve  that 

sin  2A  +  sin  2Jl  i  sin  26'-  4  sin  A  sin  li  sin  (/. 

The  first  side  =  2  sin  {A  +  li)  cos  [A  -  /.')  +  2  sin  C  cos  C 
=  2  sin  G  cos  (A  -  Ii}  +  2  sin  C  cos  C 
=  2  sin  C  {cos  (A  -D)+  coa  C'} 
=  2  sin  C  { cos  (.4  -  iJ)  -  cos  (^  +  li)  ] 
:=:2sinC'x2  8iu^  8in7J 
~4sin^  sin/isint'. 

Example  2.     If  A  +  Ji  +  C=.  180°,  prove  that 

tan  A  +  tan  tt  +  tan  C  =  tan  A  tan  /;  tan  C. 
Since  A  +  //  is  the  supplement  of  C,  wc  have 
tan{.-I  +  /<)^  -tanC; 

.      tan  .4  +  tan  B 
"   l-tan~^tiHi?"~*''"^'' 
whence  by  multiplying  up  and  rearranging, 

tan  A  +  tan  B  +  tan  C'^  tan  A  tan  B  tan  C. 


XII.] 


UKLATION8   WHKN    .1  +  B  +  V -^  IHO^ 


Hi) 


FuampUi  3.      If  A  +  /.'  +  (' -=  1«0  ,  prove  that 

A     .     /.'    .     <' 
cos  A  +  cos  /;  -i  cos  ('  ^  1  -i  I  sm  .,  siu  .,  mh  ., 

A  .  II         A-li 

Tlio  lirst  Kiilf^'iois       J      cos       ^       f  cos  ( 


.    r       .1     /; 


hill      -  COS 


^-+1     :>siM-., 


:l  +  '2  SIU  .J    I    COS         ^ Sill    .^ 


1  i-  "2  Sill  ,,   I  ••us      _^      -COS-  .,-  -  I 

('  /     .././■•> 

■If  "J  sill  .J    (  -isiii  _^  sill.,    I 


1    (     J  sill     ^    Mil     ,    sill    ^ 


EXAMPLES.     XII.  d. 

[f  .!+//  +  <'  :  ISO",  prove  tliiit 

1.  sill  2.1  -sin  ^Z^  +  siiiSC-  I  ros  ,1  sin  A'csT'. 

2.  sin2.1 -sill  :i/< -sill  :i('=^^  -  I  sin  .f  cos /'cus  r. 

ABC 

3.  sinA  +  8inB  +  sinC=-4cos  ^  cos  g  cos  ^. 

.    A    .    J!       (' 

4.  sill  .1  +siii  JS     sill  ^      4  .xiii      (Sin  -  cos  _, . 

5.  CDS  ,1  -COS  /i    M  OS  C      4  cos  —  .sin  -,--  cos       -  1. 

-I  •/  V 


sin /?  +  Min  C- sin  J      ,       />',       <' 
6  .        .      ,     tin  — till!  -   . 

■     sin  J  +  sui/i  +  smr  -2         -2 

BO  C        A  A        B 

7.    tan  2  tan  2  +  tan  ^  tan  g  +  tan  ^  tan  2  =  1- 

[U»e  tan  — "^—  =  cot  ^  ,  and  therefore  tan  "   ^^  '  tan  .,     1.  ] 
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H 


lit 


i:i 


N^ 


Jf  J  +JJ+<'      ISif,  J.I-OVO  f  I  lilt 

_     i4-c>isj    ,( IS />■{-(•( )s r        /;      c 

1  •••nts  .1 +C.IS  A--(();s  (  :i  i' 

9.     cos  :.'J  -i  ,'us  :.'/;  +  ios:.V'-f  U-osJ  cms /;.-n.s  f'-f  1  ^^o. 

10.  tdt.  A'ldt  r-i-cot  Tcot  .1  -f  tut  J  cot /;=i. 

11.  M(.t  A'  +  cotC  ,cot  r -(-(■(  (t  J)  (cot  ,1  +cot  />'; 

^  cosec  ,1  ii.sfc  y>  I'oscc  C. 

12.  CI  IS-  J    f  C(  IS-  y>  -f-  C(  IS-  (  '.!-  li  cos  J   COS  /J  COS  (  '=  1 . 

[^^•,'    2  fOS-.l  .:  l  +  COS'J./.] 

13.  sill- ',  -j-  sin-  _^  -f  ,sii,-  _^      1  -  :2  sill  ^^  sin  -^^  .sju  -'. 

14.  cos-  -2.1  fi'o.s-L'/;  +  cos-  L>r-  I  -l-::>cos  2A  cos  2/7 cos  2C. 


15. 


16. 


cot  /;  i  cot  r       cot  C-j-cot  J         iviit  J-t-cot/i 
tail  />•  +  tan  r  ■ "  f ,, ,1  r  +  tan  .1  "^  taVi7iTtTm7>' "  ' ' 


(sin  J  +.sii,  /;  +  .sin  <  ■;-'    ':.'cosJ  cos  7;  cos  (' 


136.     The  followiii-r  examples  further  ilhistnite  the  formula} 
proved  m  this  iiiul  the  preceding  chajiter. 

Kxample  1 .     Prove  that  cot  (.(  +  lo  )  -  tan  (  J  -  15  )  ■-    "*  '^°''  ^ 

'     2  sin  2.^+1' 

The  first  si.le  =.  ^"l^--"  +  ' "'')      ^'^  (-^  -  1^') 
wn(.'l-t-ir,  )      cos  (J -15°) 

coa(v<-(-15°)cos(.(^5-')  -  sin  (.<  +  L^)  sin  (.-J  -  15=) 
sin  (A  + 15'-)  cos  (A  -  15")  ~  ~ 

^casl{A  +  Vr)-i(A-irf)} 
sin(,-l-fl5  )cos(.^  -15) 

2  cos  2.^  2  cos  2A 

2 siu  (.-1  +  15  ) cos  (.-1^5') ""  sin2.j  +  sin 30° 
_    4  cos  2.-/ 
~  2sin  2  A  -f  1  ' 

it  i^'ilh". 'te''!"."  T'^Vf "'''""'  '^■'"'-'^^  '""^"^^-^  numerical  angles 
It  iH  nsnall.x  a,  ..i.ahl(=  to  cfTeet  ^om,;  sinipiiiicHti,.n  b.^fore  substitntine 

contairsiU"'""  "'  ''"  '"'""""  "'  ^''^  ^"«'-'  especian;  A'^ihes? 


XII.] 
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Example  2.     It  A+li  +  C  =  ir,  prove  that 


A  H  C        .  TT-  A  W       11  TT       C 

cos     "+ cos      -+008     -=:4C08  COS  COS  . 

2  2  2  4-1  J 

,    .,                 v-Af        27r-(/;+C')  /.'     O 

The  si'coml  side  =  2 cos  -  cos      --,- 4- cos      ^-1 

w-A         -K  :  A     .,        TT-.I         y.'-C 
2  COS       .      cos-    ,       !  2  COS  cos 

•1  1  1  4 

:(  COS -+ cos- |-l-2cos  COS      ^ 

^         i>        (■ 

--COS   -    +  COS— ■  +  Cos  ,j  . 
2  2-' 


EXAMPLES.    XlI.e. 

Prove  tlio  foilowini;  ideiititii-s  : 

1.     cos  (a  +  /il)  siti  (<i  -  /:})  +  cos  (,-i  +  y)  siii  (3  -  y) 

+  COS  (7  +  ^)^111  (y  -  c'i)  +  C08  (fi  +  ('!*  sin  ('5--<i)=0. 

sin  (/3 -_y )      sin  (y-«)  ,  ^'"  («'"^*)^q 
sin /3  sin  y      sin  y  sin  a      sinnsin/:i 

sina+sin/3-sin  (n-f /3)  2        2 

4.  sin  a  cos  (/3  +  y)  -  sin  /3  cos  (a  +  y)  =  cos  y  sin  (a  -  ,■<> 

5.  cosacos(;3  +  y)  -<-'os^c()s(a  +  y)— sin  y  sin  (a-  fi). 

6.  (cos  .1  -  sin  .4)  (cos  2.1  --  sin  2-1)  ==  cos  A  -  sin  3-1 . 

7.  If  tan^  =  -  ,  prove  that  a  cos  2^  +  /'  sin  20=^-((. 

a    ' 

[See  Art.  124." 

(l+tanJj--2tan-.l 


8.  Prove  tliat  sin  2.1 -i-cos2.1 

9.  Prove  that  sin  4.1  = 


l  +  tan-.I 
4  tan  A  (l-tan-J) 


(1+tan^.iy-^ 

10.     1  f  --1  +  />  =  4r>'',  prove  that 

(l  +  tan^)(l+tan/?)  =  2. 


, 


^?^2fr?!*^^ 


\  ■    I 

I':  [ 

!:-■■ 


ir  f 


'**  KI-EMENTARY  TRIOONOMBTRT.  [iHAP.  XII. 

Provt!  tho  following  identities  : 

11.  cot(l.r_J)  +  tan(15°  +  J)=   .i^"'^.2^„\. 

I  -  2  urn  2A 

12.  '•..t(i.->^  +  .-j)  +  t.iii(ir,°-f.i)^ —     -1  ^ 

co.s2.-I+x/3siii2.C 

13.  t,u,  (.J  +a<r)  t.a..  f.f  -30')=  .^— -  ^''^l-'^ 

14.  .;:.'  n..s  J  +  1)  (On,s  J  -!)(:>  cos 2.1  -  l)  =  2cos4.1  +1. 

15.  tan  {li     y)  +  tan  (y  -  „)  +  tan  (a  -  yS) 

=  tan  (,i-y)  tan  (y     «^  tan  («  -  /3). 

16.  siri(,!/     y)-f-.><iniy     „)fsin(«-;3) 

+-4sin^^ysin>7sin«/  =  0. 

17.  Kiis-,fi      yifc<is'-\y      <()  +  C'OS-;^fj  ■   /i) 

■   I   f  2  t'<  .s  (,i  -  y)  COS  (y  -  „)  cos  (n     ji). 

18.  .•o.s^«  +  co.s^'^-  ;>fos«cos/:Jcos(a  i  ^)  =  sin-'(„  +  ^). 

19.  .sin-'  a  +  sin-'/i-+  2  sin  «  siii  ,y  cos  (,,  +/S)  -  sin-  (n  f^,. 

20.  I- >s  1 2"  +  cos »!()"  +  cos 84" - c-( )s  2    '  f  cos  4« '. 
If  J-f-/i  +  ('-lS(r,  .shewthat 

J 
2 


21 


Vi  IS 


22.      COS  ^  -  cos  ^  4  cos  ^L  4  cos  '^+-^-  cos  ^  "  ^  .oh  ^  +  <^ 


2 


•OS  — ^^ —  cos  cos 

4  4  4 


23.     '^m^+sin^+sinJ==l+4sin'^7'siH'^^«in'^=i^ 
-  -  4  4  4     * 

If  «-!-/!< +y  =  |,  shew  that 

24     ^'"^«  +  sin2/j-(-sin  2y 

a- n  2a  +  si n  2^ -  sirr2y  " '^*'**^  ° '^''^^ '^• 
25.     tan;3  tan  y-|-tan  y  tan  a  +  tan  «  tan  ,:<.    ]. 


CHAITKK    XUl. 


RELATIONS    BKTWEEN    THE   SIDES    AM»   ANCI.KS    OK 
A    Till  ANGLE. 

137.     In  itny  triatit/fe  tin'  sides  are  pn>j>orti<>tt(il  to  t/if  siufs  of 
the  opposite  anyh's;  that  is, 

a  ''     „     "^ 

.sin  J      sin  />      .sin  ('' 

(1)    Lot  the  triangle  AJiC  be  acute-angleil. 

From  A  draw  AD  periiendicular  to 
the  opposite  side ;  then 

.4/>=.l/?sin.l/y/>=  ..sin  li, 
anil       .1 D  =--  A  V  .sin  .4  ( '/)  -  t  sin  r ;  * 

.•.  bnin  C— csin  li, 
h     _     c 
fiinB     .sin  V 


that  is, 


(2)    Let  the  triangle  .1  ISO  have  an  <>l)tu.se  angle  B 

Draw   A  I)   i>erpendicnlar   to    Cli 
produced ;  then 

AJ>= AC  Mil  ACD  =  hHh\  C, 

and      A  D  =  A  B  Mil  ABD 

=  csin(180°-7?)  =  csin7?; 

.•.  6  sin  C=c  sin  B; 

h  c 

that  i.s,  - — f,  =  —. — T,. 

'  sin  B     sin  6 

In  like  manner  it  may  be  proved  that  either  of  the.se  ratios 

is  equal  to  ~.—  .  . 
^  sin  A 

Thus 


C     •      a 


a 


sin  A      sinB     sin  C 


■ 
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138.      To  find  an  crprfiiMiim  for  one  gi,h-  of  a  trlan,}h-  in  terms 
of  the  other  tiru  .<i</,it  mid  the  ineladed  >in<jle.  ' 

(1)      Lit    A/W   1k!   ,ui   a.iite-jingled 

tri;iii<,'l('. 

Draw  /J/i  iifi|>fii(li(iilar  t<»  AC; 
t'lfii  Uy  Km-.  II.  i;{, 

A/r^/K-^  +  CA-  ('.(7); 

•  '•  (•- =  (/-  +  /,--  :>/, .  ,,  cos  (' 

(•2)    Let  tliu  triiuiglo  A/U '  have  an  (il)tiise  angle  C. 

Draw   lU)  itorpondiciilar   lo  AC 
ItrtHlucfd ;  tlicn  by  Kiic.  ii.  li', 

.l//-'=/;r^'+r.j-'  +  :.Mr.r/>; 

•  ■  •  '•- ^ ""'  +  /'-  +  '2b.a c( )s  m  I) 

-- a-  + 1)' -f  :i,//,  CO.S  ( I M< r  -  (') 
-~=u'-  +  b-~2id>eo»t'.  A  /, 

Heneo  in  each  case,  '-=.,/-'  +  //-'- o^ifos  6'. 
Similarly  it  may  be  shewn  that 

"-  =  />-  +  f2-2/>oe..s  J, 
*°<^  /'-  =  c--  +  «-'-2mcos/y. 

139.     From  the  formuUe  of  the  hist  article,  we  obtain 

^'"■''"^^'^   .»/<='^r-".    oo^r.-'+^-rf! 

^(>L  ^1...  2^^ 


Tlie.se  results  enable  us  to  find  the  ccsines  ..f  the  angle.s  when 
the  numerical  values  of  the  sides  are  given. 

140.      Toexpre.<s  one  side  of  a  iriamjh  in  terms  of  th  e  ad  lucent 
<m(jles  and  the  other  two  sides.  "^      ^  aujacini 

(1)     Let   ABC  be   an   acute-angled 
triangle. 

Draw  J 7)  perpendicular  to  /;(';  then 
nC=JiD+Cl)  r 

= A  li  c.  w  A  ni) + A  C  cos  A  ( 7) ; 
that  is,        a  ^ccoaJJ+b  cos  C. 


•T^T '-  VH»'Sr^=''f- 


an.] 


HKIATIONS    BETWKKX    THK    MIDKS    ANP    AN<iI.K.S. 
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(I'l     Lot  tlio  triaiii^lo  A  BC  have  an  oUtUHo  aiii^k'  ('. 

Draw   .!/>   pcriwMulicular    to    liC 
prodiuxd ;  thon 

==AncusA/i/tA('ci>H  AC/};  ^ 

.• .   (i  —  i-  cos  //  -  /'  COM  ( 1 80'  -  r ) 
=  ccos  I!-^  It  OS  C. 

Tims  in  cacli  casi^     n  -- 1>  ci\s  <'-\  ,■  ct>s  II. 
Similarly  it  may  l>c  shown  that 

/)=cc(>s  J +fM'(»s  r,  and  r  =  a  cos /<  +  />((>s  .1. 

Note.  Tlie  fonnulic  wo  liave  proved  in  this  c-hapter  are  quite 
Rencral  and  may  be  nfiarded  ns  the  fundamental  relations  subsisting 
between  the  sides  and  angles  of  a  trian^'le.  The  mcKlilitd  forms 
which  they  assume  in  the  ca>-e  of  ri-,'ht-anKl<'d  triangle.-*  have  nlready 
been  considered  in  Cliap.  V. ;  it  will  therefore  be  unnecessary  in  the 
present  chapter  to  make  any  direct  reference  to  right-angled  triangles. 

141.  The  sets  of  formnhe  in  Arts.  137,  138,  and  140  have 
been  estahlishetl  independently  of  one  another  ;  they  arc  how- 
ever not  inde]M>ndrnt,  for  from  ajiy  one  sot  the  other  two  may 
be  derived  by  the  help  of  the  relation  A  +B+C=  IS0\ 

For  in.stance,  sup|K).se  we  have  proved  a.s  in  Art.  137  that 
a  b  c 

sin  A      sin  li     sin  (' ' 
then  since  sin  -1  =8in  (Ii+  (O^^i'i  J^  f^f's  ^'+sin  <  'ens  //  ; 

,     sin  B        , ,     sin  C        „ 
.  • .    1  =  '.-  '.  cos  <  +  - .- — 7  cos  B : 
sin  .4  Km.l 

^         /-»      c         „ 
.*.    1=-cosCH — cos  B ; 
a  a 

.'.   a  —  h  coaC+ccos  B. 

Similarly,  we  may  prove  that 

6=ccos^-f  acos  C,  and  c  —  n  cos  B  +  b  co.s  A. 

Multiplying  these  last  three  equations  by  a,  b,  -r  re,spec- 
tively  and  adding,  we  have 

a'-'^t2_c2  =  2a6cos(7; 

.-.  c2=a2-|-62_2a6co3C. 
Similarly  the  other  relations  of  Art.  1 38  may  be  deduce<^ 
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142.  W  \ini  ariv  t  ir.-(>  p.irts  of  a  triaiiKlo  iiro  jfivcMi,  provided 
that  (.110  at  Irast  ot  tlics*.  iH  a  side,  the  relations  wc  liavo  proved 
iM.ahlo  u.s  to  (in.l  tlio  ii.muTi.al  values  of  tl„.  ui.kii..\vu  parts 
Hor  from  any  eqiiatmn  wl.uh  connect.^  f.mr  .piantitio.s  tliroc  of 
wliidi  aro  kirnvvn  tlu-  fi.iirth  may  ho  found.  Tims  if  c  o  li  are 
given,  we  laii  tin<i  /.  from  tlio  formula  '     ' 

and  if  //,  (\  h  aro  given,  wo  find  c  from  the  formuLv 

c  ^__ 

win  ('^  .sin  /;' 

AVo  may  remark  that  if  the  throe  angles  alone  aro  uiven    the 
fonnula  °        ' 

n  h  e 

t<\\\  A      sin  //     .sin  (/ 

enal.los  us  to  find  tho  ratio.  (,f  tho  sides  hut  n,.t  their  actual 
hn,J^h.^<,  and  thus  tho  triangle  .-annot  b<.  completely  solved  In 
such  a  ease  there  n.-.v  ho  an  intimte  numl«r  of  equiangular 
triangles  all  .satisfying  tho  data  of  the  question.  [See  Sue.  n  4!] 

T„  Mdi'i'.  a  tr'amjh  having  given  the  three 


143.     Cask  I. 
niilrn. 


11ie  angles  A  and  //  may  ho  found  from  tho  formula.- 


2/x' 


•Zra 


then  the  angle  ^  is  known  from  the  equation  C-=  mf  -  A  -5. 

Example  1.     If  «^7   6  =  5,  c  =  8.  ti,.d  the  angles  A  and  B,  having 

given  that  cos  88' 11'  =  ! 
14" 

cos.^=^'^^-"'^f  +  «i.-7^,       40 1 

26c  2x5x8      ■  2  X  ,>  y  8  ~  2  ' 


.-.  J  =  60". 

-.,      «~'  +  fl!-/;2       S2a.72_    .-,3 

2<'a  2x8x7 

•.  .8  =  38°  11' 


.strt 


11 


2x8x7      14  • 
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Ksampli-  '2.     liinl  tl»e  Krt'titrst  aiu'!c  of  tht>  tri:iMt,'lt>  wliowf  nitleH 
aro  it,  IH,  11,  ImvinK'  ^ivcn  tluu  conHi    17'  . 

Ltit  (I  -(>,  /)     ].'{,  (•     II,     SiiK'c  tlip  ^'l•l>at^'st  aiij,''  ">j,usiti'  to 

tlif  grfiit»'sl  Kid*',  ilif  rt'iiiiin'il  liiij-le  is  /;. 


Ainl        cos  /• 


'•'-+■«■■'    /(-     11-'  )  ('.•-'     i:j-! 


!•_> 


•2i-ii  2      11  xC.  '2  ■  11  •  »i  ' 

.-.  cos  //=  =:  -  COS  HV  17'; 

.■    /}=:.1H0      H4"  17'     '.)',"  IX. 
Thus  the  rpquircd  angle  is  l»r)°  IH'. 

144.     r'ASK  II.      7')  no/ri'  <i  triitiiiffr  h'iiiii<f  (fi)rn  ttm  .tiili:'<  ,i,iif 

tin'    I  lichl<li(t  IDt.jl.'. 

l-t't  />,  <\  A  111'  t;iv«"ii ;  Mien  n  can  Im?  found  from  thf  furniiila 

W't^  niiiv  now  olitiiin  //  from  ntlu-r  of  tlie  formulji* 

,'-'-f /^/■i-//-  />Hin  .1 

cos  /j—  ,  or  .SMI  /}=  ; 

then  ('  is  known  from  +ho  equation  C=  180^-  .1  -  B. 

Example.      If  n^W,  b=.7,  ('=:  1)8^3',  solve  the  trianglr,  liavin^ 
given  coa8P  47'=    . 

=  9 1-  49  -  2  X  3  ■  7  cos  9ft"  13'. 
But  98' 13'  is  the  supplement  of  81  "47'; 

.-.  c«  =  58  +  (2  X  3  X  7  cos  81=  47') 


=  .58  4-  f  2  X  3  X  7  X      j      .".8  -i- »;  =  (U  ; 


cob/?: 


.-.  f  =  8. 
c^  +  a--h-     64  +  9-49 


24 


1 


2ca  2  X  -  ■  ;>       2  X  b  X  ;>  ~  2  ' 

(7  =  180  -60"^     'J8°l!      21°  »7'. 
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^h 


[i* . 


Let  //,  (\  a  1)0  givon. 

,     aain/i  asiiiC 

''  =  -. — ,     and  €  =  —. —    . 

A>«,«;,/,..     If  .^  ^  105°,  C=  (Kr,  ft  -.  4,  solve  tl.e  triangle. 
7;^lM»-10o°- 60^=1.-,', 

sinii        sin  15°"        2     \/3-l-;/3-i 

^    S     r     -2^6(^3  +  1); 

.-.  <-  =  6^/2  +  2^6. 

n  =.  —1°  '"^  =,  1  «i"  105°     -1 «"  75^^ 
sin/f         sin  15      "    slnl5^ 

2^/2       ^/:}~1-     ^3-1? 
■■.  rt-4(2  +  ^.H). 

EXAMPLES.    XIII.  a. 

1.  If(/      ir.,  i'>==7,  r=^1.3,  Had  r. 

2.  lf'/-7,/>=.;i,, •-..'■,,  find  J. 

3.  If  «  -.  0,  /,  ^  .-,  ^/.3,  ,,.  ^  5^  find  the  angles. 

4.  lf«  =  25,  6  =  .31,,.  =  7^'J,  find  J. 

5.  The  sides  of  a  triauiric  an>  •'  "Q    ii    fii,ri  ♦!,«         i.    ^ 

o     •"'-  -'  -3>  •'.}>  "'Id  the  greatest  angle. 

6.  '"^olvetho  triangle  wlien  a  =  ^/,3  +  l,  6  =  2,  c=   /fi. 

7.  Solve  the  triangle  wiicn  ^  =  ^'2,  />  =  2  c=  /;3-  1 

8.  If  a  -=  8,  6  =  -,,  r  =  ^/l!»,  find  C;  giv.-n  ou.s  28%%-'  =  1 

8" 

9.  If  the  sides  are  as  4  :  7  :  5,  find  tlie  gr.-atest  angle ; 

given  cos  78°  27'=  ^. 
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10.  1  f «« =  2,  6  =  ^/3  + 1 ,  ('=(>(),  Hiid  <•. 

11.  (iiven  «  =  3,  o  =  5,  Ji==  120",  find  b. 

12.  Ciiven  6  =  7,  <•  =  (!,  ^1  =  7.")"  31',  find  (/ ;  given  cos  75°  3r  =  -2'). 

13.  1  f  />  =  8,  r  =  1 1 ,  .  1  =  93°  35',  find  a  ;  gi  vcn  c< >s  8(5 '  2:.'  =  •(X»2r). 

14.  I  f  (/  -  7,  f  =  3,  n  =  1 23°  1 2',  find  h  ;  given  cos  5« '  48'  =  "' ■  . 

15.  Solve  the  triangle  when  a  =  2  v'G,  f= 6  -  2  ^'3,  /i  =  7r»°. 

16.  Solve  the  triangle  when  ^4  =  72",  6  =  2,  f  =  ^f't  + 1. 

17.  Given  .1  =  75°,  yi= 30",  b  =  ^fH,  solve  the  triangle. 

18.  If  i?  =  CO',  C=  15',  6  =  ^6,  solve  the  triangle, 

19.  If  .1  =  45°,  B  =  105°,  e  ==  ^'2,  solve  the  triangle. 

20.  ( Jiven  A  =  45°,  B  =  60°,  shew  that  c:  a  =  ^/3  +  1:2. 

21.  If  C^=  120',  f  =  2v'3,  (1  =  2,  find  6. 

22.  IfZ?  =  60%rt  =  3,  6  =  3  V3,  find  0. 

23.  Given  (a  +  6 +c) (6 +<?-«)  =  . 36c,  find  .4. 

24.  Find  the  angles  of  the  triangle  whose  sides  are 

3  +  ^/3,    2v'3,    ^/6. 

25.  Find  the  angles  of  the  triangle  whose  sides  are 

^/3^  1      v^3-l      J3 


2^2  '      2^/2   '     2 
1 


1 


26.     Two  sides  of  a  triangle  are    .        ,    and    ,   —  * , ,  * 
includtd  angle  is  60° :  solve  the  triangle. 


aiHi 


1  the 


146.  When  an  angle  of  a  triangle  is  obtained  through  the 
medium  of  the  sine  there  may  Ixi  amhiguity,  for  the  sines  of 
supplementary  angles  are  eipial  in  magnitude  and  are  of  the 
same  sign,  so  that  there  are  two  angles  less  than  180°  which 
have  the  same  sine.  When  an  angle  is  obtained  through  the 
medium  of  the  cosine  there  is  no  ambiguity,  for  there  is  only 
one  angle  less  than  180°  whose  cosine  is  equal  to  a  given 
quantity. 

Thus  if  sin  A  =i,  then  A  =.30°  or  150° ; 

if  cos/l=^,  then  J  =60°. 


H.  K.  E.  x. 


8 
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Kxamph.     lfc'=r,0\  b:^2J-A,  c  =  ?i^l2,  find  ^. 
From  the  equation        sin7>'=' 


we  have 


sin  /)  =    ^  -  .  >--  =  —  : 

:K'2      2     V'-J 


.-.  ii  =  ir)'  ov  135". 

The  vahie  !.-\'^o°  is  inadmissible,  for  in  this  case  the  sum  of 
/)'  an  1  C  would  be  greater  than  i80°. 

Thus  A  =  180"  -  (iO'^ -  45°  =  75°, 

147.     (  'ask  IV.     To  sofre  a  triainjh  /mving  gireii  tiro  siilrg  and 
OH  anijlc  oppoKi'te  to  one  of  thvm. 

Let  (^  h,  A  lie  given  ;  then  li  is  to  be  found  from  the  equation 

.sin  />'=  -  sin  J. 
a 

(ij  \i  a<h sin  J ,  then  ' "*'"  '  >  1,  s„  that  sin /i >  1,  whieh 
is  iinpossiMe.     Thus  there  is  no  sohition. 

{\\\  If  r,-^6sin  J,  then  *^'  ^1,  so  that  sin/?-l,  and  B 
lias  only  tiic  value  DO". 

(iii)    If  </  >  h sin  .(,  then  '"'"''  <  |,  a„d  two  values  for  /;  may 

Ih-  found  from  sin  liJ^''^  ^' .  These  values  are  supplementary, 
so  that  one  angle  is  aeutc,  the  otiier  obtuse. 

(1)  \ia<h,  then  1  </?,  and  therefore  U  maj  either  W  acute 
or  obtusv,  so  that  butli  values  are  admissible.  This  is  known  as 
the  ambiguous  case. 

•SI  '^  "  7 !''  *''w  -'  =  ^ \  ^"^  ''' "  >  ^''  t'^^'»  '^  >  ^' ;  •»  f it I't-r 
.  ase  /^cannot  be  obtuse,  and  therefore  only  the  smalh>r  value  of 
Vj  is  admissible. 

When  n  is  found,  V  is  determined  from  C=mr     A^Ji. 

a  sin  (' 


sin  A 


Finally,  ,-  may  be  found  Irom  t'ne  equation  c  = 

From  the  foregoing  investigation  it  appears  that  th.-.  anh-i  r.^^ 
in  Man  amhiguon.  xolution  can  ari.e  is  when  tho  small.r  of 
the  two  given  xi,f>s  u,  ojjposite  to  the  >,u'en  aiajb'  ^ 
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148.      To  iUfcuM  th>'  AmhiguituK  Cajtv  tjeomftn'raU i/. 

Let  a,  h,  A  be  tlie  given  parts.  Take  a  line  .lA'  unliniitc'd 
towards  A';  make  l  AM  <.' equal  to  A,  and  .IT  equal  t<>  h.  Oravv 
CD  i>er})endifular  to  A  A',  then  ('/>=/»  .sin  .1. 

AVitli  centre  f'and  radius  equal  to  <i  de.serilie  a  eircio. 


(i)  If  «</'sin.l,  the  eircle  will 
not  meet  .lA';  thus  jio  triangle 
can  1h3  constructed  with  the  given 
parts. 


toiii-'' 
1'     ^" 


If  a~/)>^hiA,  the  circle  will 

A'    at    /> ;    thus    there   is   a 

ed  triangle  with  the  given 


X^ 

a 

/ 

^- 

A 

D 

X 

(iii^  If  It  :>b  >iiu  A,  the  circle 
will  cut  AX  in  two  j)oints  /i,,  /L. 

(1)  These  points  will  Ik?  both 
on  the  same  siife  of  A,  when  a<h, 
in  wiiich  case  there  are  two  so- 
lutioi\s,  namely  the  trianj^Ies 

ab[c,  AIU'. 

'I'his  is  the  Amhit/i/Dim  ('d.tc. 

('2)     The  points  />', ,  //.,  will  Ite  on  opposite  sides  of  A  when 
''  ^  b. 

In  this  case  then'  is  ■nily  oiu! 
solution,  for  the  angle  CAB.,  is 
tin:  mip/^loiirnt  of  t/ir  iji'ven  <n»ff/<\ 
and  thus  the  triande  vlZf/'does 
not  satisfy  the  data. 

(3)     If  ''  =  /..   the   i>oint    «,      B; 
coincides  with  .1,  so  that  there 
is  onlv  one  solution. 


9—2 
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Kxiiwph-.     Given  li=^\r,\  c^-n^ll'i,  Ij=:^/S,  solve  the  triangle. 
\Ve  have 


,     f  bin />'      '2JH      1        ./, 
sin  r=  —    _  ^    ^     .         :;  y_ 

:.  C  -iW  or  120  , 


ajul  Mv.vi^b',\  l)oth  these  values  are  admissible.     The  two  triangles 
whieli  ;  .itisfy  the  data  are  shewn  in  tlie  figure. 

D.T.ote  the  sides  1H\  ,  /.'(",  by  a^,  a.„  and  the  angles  11A(\    7?  IC 
by .(,,  J^  res]H;ctively.  '  '^ 


(i)    In  the  aAHCj,         lA^=z75°; 

hence  „,.!'^'"   '.  =.£i^    ^^^1+ 1  _   /.w  ,,  .  ,, 

^       sin  7/  1      •    2^/2  -V-^lV^+l)- 

(ii)    In  the  aABC..,  i  A.,=  ir,'; 

hence  „    _      "'-^--     rA^    \ -^        ^    /2^/«     1^ 

v'2 

j<'^»;<r,   or  12(r; 
Thus  the  complete  '  ,     _.^         ,  .. 
solutionis  -.^-.0,  or  1;>^ 

("-s'f.f^/2,  or  ^A)-^/2. 


EXAMPLES.    Xin.  b. 

1.     Civen  -^-1.  /.=^^/;i,  .-1    -;{(»,  solve  the  triangle. 
„.     .  .,v,  n  (.     „^^^  '  =J^  ,i,  f  _4.>  ,  soivo  the  triangle. 
3.     I f  6'=  Gu",  a  =  2,  r = ^'G,  solve  the  triangle. 
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4.  If  A  =  30°,  a  =  2,  c  =  5,  s»  >!  ve  tl  le  trianglo. 

5.  If  i?  =  30%  /'  =  v'«,  (•  =  2^'3,  solve  tlie  triiiiigle. 

6.  If  n     m\  h  =  2y,'2,  o-3  +  v'3,  «<>lvo  the  triangle. 

7.  If  a=3  +  s/3,  c=3-^/3,  C=1.V,  solve  the  triangle. 

8.  If  -1  -18%  <f  =  4,  />  =  4  +  s'B0,  M.lve  the  triangle. 

9.  I f  7i  =  1 35 ',  o  ==  3  V2,  ''  --  2  ^'3,  «.  .1  ve  tl u-  triangle. 

149.  Many  relations  eonn<>cting  the  sides  and  angles  of  a 
triangle  may  be  proved  hy  means  of  the  f(.rmulie  we  havo 
established. 

A  .    i:    C 

Example  \.     Prove  that  (<;- 1) cos -  =  a  bhi     .^     . 


Let 
then 


a     _     ^  _  _  <■     . 
^siu  A  ~  sin  />  ~  sin  ( ' ' 

«  =  fcsin.-l,     h  =  ksinl),     f  =  fcsinC'; 


A  ^ 

(b  -  c)  cos  -  =  ^-  (sin  B  -  siu  C)  cos  - 

B+C    .    B-C       A 
=2fc  cos  ^         sm  -y    cos  - 

,    .    ^         A    .    li-V 
=  2k  Bin  —  cos  -  sm  -g— 

.    .  .  n-c 

=  k  sm  ii  sm  -  ,j— 


=a8m 


7?-C' 


Example  2.     If  acos^  J-  +ccos2^-  ^'[^  ,  shew  that  the  sides   of 


the  triangle  are  in  a.  p. 
Since 


V  A 

2a  cos^  ^  +  2c  cos'-  =  »/', 


.-.    (l(l  +  C0SC)+c(l  +  C08.<)-36, 

.'.  a  +  c  +  (a  cos  C  +  c  cos  A)  ~  3t, 
.-.  a^rC^-h-'^h, 
:.  a-t-c  =  2/<. 
Thus  the  sides  a,  t,  c  are  in  a.  p. 
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I' 


r 


■  ^  - 

I' i 

H  I. 


Vt 


It 
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Example  3.     Trove  that 

(/>«  -  c-')  cot  A  +  (<•■-  ^  ,|2)  cot  y;  +  (a«  -  i2)  cot  C^=0, 

Let         *  =  -."=   .''=.'',;  then 
Hill  -^      Hin  li     Kill  C 


^ f 


the  first  Hide 

=  k-  U»m- li  -  urn- C)   .        f- 

(  8111.1 

=  A--'  {sin(«+C')6iu(/;  -  (;)^|;^' j  + + |.   [Art.  114]. 

But  sin  (/;  +  r ')  =  sill  A ,  and  cos  A=  -  cos  (H  +  c') ; 
.'.  tlic  first  side 

-:-*=  {sin  (//-(')  cos  (/?+(•)+ f } 

A"-' 
=  -  jj  { (sin  2U  -  sin  2<^)  +  (sin  2C  -  sin  2.4)  +  (sin  2.-1  -  sin  2Ii)} 

=0. 


EXAMPLES.    Xm.  c. 

Prove  the  following  identities  : 

1.  a(Hmn-sma)  +  b{m\C-HmA)+c{HmA-smn)=0. 

2.  2(ftcc().s  J  +,vM'o.s  B+ahcoHC)  =  a^  +  b^  +  c-. 

3.  a{b  cos  C  -  c  cos  /i) = b'^  -  cK 

4.  (ft  +  r)  cos  .1  +  (<•  +  «)  cos  n  +  (a  +  ft)  cos  r=  a  +  ft  +  ,•. 

5.  2(«sin2|'  +  osin2  0  =  ^  +  rt-ft. 


6. 


cos  //r- ft  cos, J 


7.     tan  .1  = 


a  sin  (^^ 
ft-acosC 


8.  (ft  +  f)siu'|=aco8^~^\ 

2  2 

9.  ""'"^^'in'^^-*^"''^''^"^^"'^^ 


10.     «  sin  [li  -  60  +  ft  8in  {€-  J)  +  csin  {A-B)=0. 


sin(.^4-'i5)~     c2 


12    ^J?HL^''ji^)_«^-^^ 
6 sin  (6"- J)  "c'i-aa" 


mam^d^ijm^. 
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[All  articleg  and  examples  marked  with  an  ast'-risl:   m<n/  h- 
omitted  on  the  first  reading  of  the  auhjeet.'] 

♦150.     The  amhiifuous  case  may  also  1k>  ilisi-uss.>.l  l.y  lirst. 
finding  the  third  side. 

As  before,  let  a,  h,  A  Ik5  given,  then 

b-i  +  f^-a"^ 

.-.   ,:'-'2hco>^A.c  +  h'^-a'^-^(). 
By  solving  this  quadratic  equation  in  r,  we  obtain 
e=b  cos  .1  ±  V/'-'  cos2  A+a^-  h- 
---6cosJ±\A<2_t2sin2J. 

(i)  When  rt</>sin.l,  the  quantity  inider  the  radical  is 
negative,  and  the  values  of  c  are  imi^ossihle ;  so  that  there  is 
no  solution. 

(ii)  When  a  =  />siii  A,  the  quantity  under  the  radical  is  zero, 
and  c -=  b  cos  A.  Since  sin  ,1  <  1,  it  follows  that  a  <  h,  and  there- 
fore ^  <  i?.  Hence  the  triangle  is  impossible  imless  the  given 
angle  .1  is  acute,  in  which  ca.se  c  is  i»ositive  and  there  is  *.ne 
solution. 

(iii)     When  a>h  sin  .1,  there  are  throe  cases  to  consider. 

(1)  Supijose  a  <  h,  then  .1  <  B,  and  as  before  the  triaiii^de  is 
impossible  unless  A  is  acute.     In  this  ca.se  b  cos  .1  is  positive. 

Also  \/«^-6"''sin'^T4    is   real   and    <  \/ b'^  -  b'^  sin^i  ; 

that  is  V«- -  ^'■^  si"^^  <  *  ^"^  '^  ' 

hence  lioth  values  of  c  are  real  and  positive,  so  that  there  are 

two  solutions. 

(2)  Suppose  a>b,  then  V""^^'«i"- •'  >  v'»'^"- ^''''«"»'' ^1 : 
that  is  V"''  -  ^''  sin'^^  >  ^  cos  A  ; 

hence  one  value  of  c  is  positive  and  one  value  i.s  lugative, 
whether  A  ts  acute  or  obtuse,  and  in  each  case  there  is  only 
one  solution. 

(3)  Suppose  a  =  b,  then  ^a^  -  b'^  sin-  .1  =  b  cos  .1 ; 

.•.  c=26cos.-l  or  0; 
Jience  there  is  only  one  .solution  when  A  i.s  at  ute,  and  w'uen  .1  is 
obtuse  the  triangle  is  impossible. 
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Example.    If  b,  c,  B  are  given,  and  if  fc<:<T,  shew  that 
ifl,  -  flj)*  +  ("i  +  flj)-  tan*/?  =  4i», 
where  n,,  a,  are  the  two  vahies  of  the  third  side. 


From  the  formula        c<)s/?  =  - 


2ca 


we  have 


■2ccoili.a  +  c--h^=0. 


But  the  roots  of  this  equation  are  a,  and  a.,\  hence  hy  the  theory  of 
quadratic  equations  ^  ./  j 

«j +  «._,  =  2c  cos  7)  and  a^a-.  —  c^-b-. 
:.  («,-<i,.f-(«, +«,)s-4rt,rt„ 

=  4<2eos-7;-4(f2-//-'). 
••■  («i  -  <ii)-  +  («i  +  «o)-  tau-'/y  =  4f2  cos^*;*  -  4  (f2  -  i-)  +  4c2  cos»i?  tan^ J5 

=  4f2  (cos*  Z?  +  sin«  2?)  -  4<;» + 463 
=.4c2-4f>  +  4i* 
=  46^. 

♦EXAMPLES.    Xin.d. 

thiil  n/"i  -yf^^ngle  in  Which  each  base  angle  is  double  of  the 
third  angle  the  base  is  2  :  solve  the  triangle. 

is  A„l!i^.Tf°'  ^'r '•'"'"'  '''"'^  *''''  Peri)endicular  from  J  on  BC 
IS  .J,  solve  the  triangle. 

3.  If  </  =  2,  /.^4-2^'3,  ..  =  3^/2-V6,  solve  the  triangle. 

4.  if  .1  =  18°,  i  -  «  =  2,  ai  =  4,  find  the  other  angles, 
trittles  w^W  l^^'^f  ^==150,   />  =  50V3,  shew  that  of  the  two 
oS'l^hlaligler^        *'"  ''^'^  ""  ^^-'^  ^  '•^^'^«'^'-  -'d  the 

th« !' l"^. ^'''^  1*^''"''  "t^""  "'  *^^  g''^^*'*  o^  t^ie«e  triangles.     Would 
tlie^solution  be  ambiguous  if  the  data  had  been  B=ZO\  c^l50 


%     Y  ^^1  M^°'  ".Z  ^'  *"'^,  ^''^^  Peil)endicular  from  C  upon  .4  /i 
V«>  -  1,  niid  the  other  angles. 

,M,.//o  ^'f  •''"Sles  adjacent  to  the  base  of  a  triangle  are  22^ 
d  11 2i  ,  shew  that  the  altitude  is  half  the  base.  ^ 

terms  of  a."" ^^''  ^"''  "^^^"'  ^"'^  *^'"  ''^"S'*^'^  ■'^"'*  ^^P''^^^  ^  i" 
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9.     The  »iil«^rt  of  a  triangle  are  ix  +  'A,  .i-^  +  3x  +  :i,  j-  +  2.f: 
shew  that  the  greatest  angle  is  120'. 

Show  that  in  any  triangle 

10.  (/»-a)cosC+f(cos/i-o)s.l)=-fsin'    ^^      cosee '    ^^      . 

11.  a  sin  (ij+B\=  (h+c)  sin  \^  . 
r     a-\-h        A         li-C 

cos     r  cos         _, 


12.     «i"(^  +  ^)^'"«o  =  fc  + 


13. 


1  4-  cos  (.1  -  />')  cos  C  ^  ><"  +  ?'^ 

r+^;os"(7r- 6*)  cos  y;    a-^-^-c^' 


14.  If  f«  -  2  («2  +  62)  c^  +  a*  +  a-b-  +  h*  =  0,  prove  that  C  is  <)0" 
or  120°. 

15.  If  a,  h,  A  are  given,  and  if  Cp  '••,  arc  the  values  of  the 
third  side  in  the  ambiguous  case,  prove  that  if  c-i>f., 

(1)  c,-c.2  =  2acosZ?i. 

C,-Cq     h  sin  A 

(2)  cos  ^--      a      ■ 

(3)  f\'  +  c.^  -  2fif% cos  2-4  =  4rt2  co-s^  .1 . 

(4)  sin  ^'  +  ^^  sin  ^''  ~-i'^  =  cos  A  cos  /i^. 

16.  If  A  =  A:^%  and  fi,  c^  he  the  two  values  of  the  ambiguous 
side,  shew  that 

17.  If  co8J  +  2cos(7  :  cos.H-2cos5-siu /?  :  sin  T,  prove 
that  the  triangle  is  either  isosceles  or  right-angled. 

18.  If  a,  h,  f  are  in  A.  i'.,  shew  that 

ABC 
cot  ~,   cot  - ,   cot  -  are  also  in  A.  v. 

19.  Shew  that 

a2  sin  {B  -  C)     V  sin  (C^-  .1)      c'  sin  (4  "  ^)  =  o. 
sin  B  +  sin  V      siu  C+ siu  A     sin  J.  +  sin  i; 


m 


it 


■'1 
■  i 
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MISOELLANEOUS  EXAMPLES.    D. 

1.     I'rovo  tliiit  ( 1 )  t.'in  '2ff  lot  ^  -  1  =  soc  2S  ; 

(-)  sin  (I  -  cot  6  o)S  «  =  -  coscc-  ^  cos  ('a  f  $). 

O  If- 

3.     If  cos  «       _  Hiul  COS  /i  =   '      find 


1 


i: 


I  It 

t'lli  (n  +  ld)  Jinil  cosec  (a  +  /i). 


TT 


^      If        "(1*1         1        /.  sin  23(1  -  sin  7« 

4.  It  («      ,,  ,  find  tlio  Viiliie  of   . 

-I  sin2a  +  sinl4a 

5.  Trove  thiit  sin  ^iC()s2<?+cos  4^  +  cosG^;)-  sin  :j^oos4d. 

6.  If/>-^/2,  (•  =  ^';i+l,  .|=4.r,  solve  the  triangle. 

7.  Prove  that 

(1)   2sin^3G°  =  ^/r).sinl«';     (-2)   4  sin  3G°  cos  18^  =  ^6. 

8i>... ,  >  (.1    i  '*•'*  3a      cos  .3a 
.     Trove  that  h -= 4  cos  2a 

sum        cos  a 

9.     If  b=c=2,  «  =  s'G-^/:i,  solve  tlie  triangle. 

10.  Shew  that 

(1)  cos  2a  -  cot  3a  sin  2a  =  tan  a  (sin  2,.  +  cot  .3a  cos  2a). 

(2)  cos  a  +  cos  2a  +  C( )s  3a  =  4  cos  a  cos  -  cos  *^"  -  1 . 

11.  In  any  triangle,  prove  tliat 

( 1 )  b-  sin  2C+ C-'  sin  2/?=  2bc  sin  A  ; 

(2)  "'•^"j/?-/')     //-isinCr-.f)     f-'.sin(J-yy) 

«in.l         "^        sin//        "^        sine        ~^- 

tlnt^*     '^  ^^'  ''^'  ^''  '^  '"^'^  *^'"''  *"=^*^""^  "'"  ''^  quadrilateral,  prove 


t;in  J  +  tan  A'  +  tan  6'+ tan  /) 


=  tan  J  tan  Ji  tan  C'tan  J). 


cot  A  +  cot  //  +  cot  t'+ cot  JJ 

[Ufe  tan  (A  +  li)  =  tun  (3«U^ -  C'  -  />).] 


CHAPTER  XIV. 


UXJAUITHMS. 


151.  Dkkimtion.  The  logarithm  <>f  iUiy  immUn- 1..  a  <;iveii 
base  is'tlio  iiidox  of  tlu>  i>()wcr  to  wliirh  llio  haso  imist.  l>e  r.iis.tl 
ill  onlor  to  o<in;il  tlio  i,'iven  huiuIht.  Thus  if  «'  =  .V,  .v  is  cmHlhI 
the  l()}?,irithui  of  -V  to  the  hase  a. 

Example  1.     Hiuce  3*  =  «1,  the  lo),'arithiii  of  H\  to  baso  3  is  i. 

Example  2.     Since  10'  =  10,  102  =  100,  Itf'-lOOO, 

tlie  natural  numbers  1,  2,  3,...  arc  respectively  the  logarithms  of  10, 
10<),  1000 to  base  10. 

Example  3.     Find  the  logarithm  of  -OOS  to  base  2r>. 
Let  X  be  the  reiiuired  logaritl-;  ^ :  then  by  definition, 

8  1^1. 

'lOOO      l'2r,      iV 


25'^ -008: 


that  is, 


(5r 


-.-3 


or  u 


■  r.-s. 


whence,  by  equating  indifos,  '2x=  -  3,  and  x—  -  1-5. 

152.     The  logarithm  of  .V  to  l.;use  a  is  usually  written  log,,  X, 
so  that  the  same  meaning  is  expressed  hy  the  two  equations 
a^=\,         .r  =  log„.V. 
From  these  ciiuations  it  is  evident  that  (/i'*.  •V  =  .V. 

Example.    Find  the  value  of  log  .„, -00001. 
Let  log  .y,  -00001  =  X  ;  then  (  01)'  =  -00001 ; 

1         1 


•  ■  VlO-/    ~  100000 ' 


or 


10-'    io«  ■ 


.-.  2x  =  5,  and  x  =  2-r». 

153.     AVhen  it  is  understood  that  a  particular  system  of  log- 
arithms is  in  use,  the  sutfix  denoting  the  ha^c  is  omitted. 


.1^1 
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'I'lms  ill  aritliUM'tir.i  ■  .i  •ul;ii:..,.  <  in  \\\'n-]i  loin  t\u\  h.iso  ,ve 
UHUJilly  writ«!  lo;.'  2,  Inj;.-} inst-     ]  .f  lo^' ,,  i,  I'>..r,y3, ' 

Logaritliiiis  to  tin-  l.a.s»;  h,  juv  '  ...wn  .is  Common  Log- 
arithms; tills  Nv.stciii  was  first  iiitr..uiicc.l  in  KJi;,  l,y  Uhygs, 
a  iuiit«MiijM)rary  of  Nai)iii  tlin  invciitnr  of  Logaritlims. 

Itcforc  dist'iissiiii,'  tlic  pn.piTtie.s  ol  nuinon  loj:  irii  inns  \vc 
wliall  |(nivt!  some  yi'iicral  |>r(i|Misiti(,iis  ujiioh  are  tri;t;  for  all 
Ingaritliiu.s  iii.lei>eii«leritiy  of  any  particular  huso. 

154.  T/'f  fiiijarithti)   7  I  in  {). 

For  a"  I  tor  all  values  of  .^ ;  tluTefnr.'  i  -  I  (»,  ul  ,i,.\,.r  t!i(> 
i>;ise  may  Ix', 

155.  Tin:  b«i,iri(li},i  of  the  Ihikc  iltuff  i;<  1. 
l'.ir(/'-«;  tlicroforc  loga </=-=!. 

156.  To Jind  tii^  Utynr'thui  of  a pro<Jii<  t. 

Le.  .V    •  be  the  pmhict ;    let  a  he  tl.e  Uise  of  the  systoiu 
ami  suppo.si;  •'  ' 

.r-log„J/,  y  =  \a>^^^\. 

NO  that  <t'==Jf,  ilO-^.V. 

Thus  the  product    MX^  •i'' Xit"  -n^  ^y ; 

whence,  by  dotiniti.ai,   log„  MA    .r+y 

-log„J/+l„.„X 

Similarly,  lo;4„  J/.\7'=  lug..  J/^  lug..  .\'+log„  I' . 
and  .so  ou  for  any  number  'f  factors. 

F.xample.     lujr  42=  lo-  ('1  x  3  x  ^^  -=  Jog  •>  +  K,g3  + 1,,.  7. 
157.      To  find  the  lagan ,         //■  a  fraction. 
Let  -.  be  tli(!  fnu'tioii,  ami  suppose 

.r-log„.!.^         .V=Iog„.V; 
so  that  (f'-J/;  ,/^-.V' 


M     a' 

X     ay 


Thus  the  fractioii 
whence,  by  delinition,    log„  '^^^x-y 
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'.Xlllllj 


7,' 


1..     '21)  ^h 


z=  l'»}»  '"5  X  •>/ 


158.       '■ .""" '  '''"    ",'/"'■"  ' 

ill!    /ml  I  irtiort' 

then  ^-  -("^  "='""; 

wheiHf,  in  .!      'litiiui.  .(''/''  =/'•'■; 


1.  I..«7. 


fxV  rm-'i/   (i>         ;l  foirrr. 


Siaiilarlv. 


.^'„  (.1-       =  „  l"Ka  -^l- 


159.     Tt         nvH  f;     u  tho  rcHults  we  have  i>rove«i  tliat 
(1         lie       ;;iiithm  of  a  prinliict  is  equal  to  the  sum  of  tlie 
.^iiriti^    IS  of  i"  -1  t'actors  ; 

■lie  1<>.'  >hiu  'f  ii  rni<-ti()ii  is  e(iu.  1  •  >  the  l.M^arithin 
uf  tie  i.unir"'.  (In.  -lished  by  the  logarithm  <>f  the  de- 
imi'  iiiutor : 

,-X)     the  loj;a.      ..n  of  the  /)th  i)ower  of  a  imiuher  is  /-  tuues 
t  -  e  h»g.'irithni  of  tlie  n umber  ; 

4)     the  logarithm  of  the  rth  root  .>f  a  number  is    .  -.f  the 

;arithm  of  the  numl)er. 
Thus  by  the  use  of  logarithms  the  o,K«rations  «,f  multipli- 
cation and  divi.sion  may  1h>  replactMl  by  those  "f  f:^'>'V"l/":;;, 
subtraction;  the  operations  of  involution  and  evolution  by  those 
of  multiplication  and  division. 

Ex.imple.     Express  Ior  "'j^^'!'  in  terms  of  Ior  ,*,  h  n  /',  log .-. 

The  expression  =  loK  («">  >,'/>)  -  1<>^'  \^<^- 

2 

=  loga'  +  i.-.^'^7i      .^1"S' 

=  51ogrt  +  2log?'-  jjlogc. 
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160.  From  the  eciuation  10'=. V,  it  is  evident  that  coniiuoii 
louanthins  will  not  in  genorul  l>e  intogrul,  and  that  they  will  not 
ahvay.s  Im  puisitive. 

;il.J4>l(>'  and   <1(H; 

.-.  lo','.*nr>4  =  3  +  a  fraction. 


For  in^stan^•o 
.\,i,Min, 


■(»()>  10--  and  <1()-'; 
log-0()=  -2-f-a  fraction. 


161.  Pkkimtk.x.    The  integral  part  ofa  logarithm  i.s  called 
the  charactenstic,  and  the  decimal  jiart  is  called  the  mantissa. 

The  characteristic  of  the  logarithm  of  any  nmnbcr  to  the 
l.aso  10  ran  he  found  hy  insiMJction,  as  we  shall  now  shew. 

162.  To  iletennhie  the  characteristic  „f  the  logarithm  of  ami 
inimlxr  f/rcater  than  nnif//.  ■  ^  .        j 

It  is  clejir  that  a  ninnlKjr  with  two  digits  in  its  integral  part 
hos  k-tween  0'  and  10^;  a  numhcr  with  three  digits  in  its 
nitegral  i.;irt  hes  hetween  10^  and  ID"' ;  and  so  on.  Hen.e  a 
nmn her  witli  n  digits  in  its  integral  part  lies  between  10"-i 
and  10". 

thci!''*  *''  '*"  ^  """'•*»■  ^^■'"••'^«  intogra!  part  contains  n  digits; 

.V  ;-  10'"'  ll  +  arr«.tii,n  . 

.-.  log.V-  (w-  l)  +  a  fraction. 

Hence  the  characteristic  is  n-\-  that  is,  the  chnrncteristi,-  of 
the  Uu,ar,th,not  n  ,»nn,cr  ,,rc„t,'r  th<tn  vnit^/  i,  f,;,  b>,  on.-  than 
the  number  of  ,l>,jits  ni  ttx  intcjrol part,  ami  />  immtire. 

163.  To  determine  the  charaeteristle  „f  the  lonarithm  of  a 
ileeimaf  /raction.  ' 

A  decimal  with  one  cipher  immediately  after  the  .h^cinial 
jH.mt,  such  as  oim,  being  greater  tlian  Ol  and  less  than  -1,  Hes 
Letween  10  -  and  10  .;  ^  number  with  tw<.  ciphers  after  the 
.lecin.al  point  lies  U^tween  10  ■'  and  10  2.  ,„,a'so  on.  Hence 
a  deciinal  fraction  with  «  ciphers  imnuMlialely  after  the  decimal 
point  hes  between  10   f"^')  and  lo   ». 

bit  /}  be  a  decimal  beginning  with  w  ciphers;  then 
.-.   log  />-      -(/;-(-i!  +  .,  fraction. 
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Hoiico  the  chiiracti'i-istic  is  -(/i  +  1);  that  is,  the  chuiuictvrixtic 
of  the  lojarithm  of  a  dednutl  frartion  is  greater  btf  inn'fi/  thmi.  the 
iiumhrr  of  clp/<ers  immediately  after  the  deeiitial  point  and  m 
veijative. 

164.  The  logarithms  to  haxe  10  of  all  intef^t'i-s  from  1  to 
2()()0(K)  have  been  fotrul  and  tabulated  ;  in  most  Tables  tliey 
are  given  to  seven  phiu-r-  of  decimals. 

The  base  10  is  chosen  on  accouii*^  of  two  great  advantages. 

(1)  From  the  results  alreatly  proved  it  is  evident  that  the 
characteristics  can  be  written  down  by  inspection,  so  that  only 
the  mantissa)  have  to  bo  registered  in  the  Tables. 

(2)  The  mantissa)  are  the  same  for  the  logarithms  of  all 
numbers  which  have  the  same  signiHcant  tligits  ;  so  that  it  is 
suthcient  to  tabulate  the  mantissa)  of  the  logarithms  of  integers. 

This  prcjposition  we  proceed  to  prove. 

165.  Let  ^V  be  any  number,  then  since  multiplying  or  dividing 
by  a  power  of  10  merely  {liters  the  position  of  the  decimal  iM)int 
without  changing  the  sequence  of  figures,  it  follows  that  Xx  KM', 
and  .V-flO'',  where  p  and  y  are  any  integers,  are  numbers  whose 
sisiniticant  diyits  are  the  same  as  those  of  ,V. 


Now 


Again, 


log  (X  X  10")  =  log  X+p  log  10 

-log.V+yr< {\). 


log(.V-f-l(>')-h)giV 
-log.V 


og  10 


.{■2). 


In  (1)  an  integer  is  added  to  log -V,  and  in  (2)  an  integer  is 
subtracted  from  log  .V ;  that  is,  the  mantissa  or  decimal  j»ortion 
of  the  logarithm  remains  unaltered. 

In  this  and  the  throe  preceding  articles  the  mantissiv)  have 
been  supixtseti  positive.  In  onler  to  secure  the  advantages  of 
Briggs'  system,  we  arrange  our  work  so  as  alwiti/n  to  k" i>  the 
mantissa  positive,  so  that  when  the  mantissa  oi  any  logarithm 
has  been  taken  from  the  Tables  the  characteristic  is  prcfixetl 
with  its  appropriate  sign,  according  to  the  rules  already  given. 

166.  In  the  case  of  a  negative  logarithm  the  minus  sign  is 
written  over  the  eharaeteristv;  and  not  before  it,  to  indicate  that 
the  characteristic  alone  is  negative,  and  not  the  whole  expression. 


■■■i 
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ThuM  4'i()103,  the  logarithm  of  •0(K)2,  is  ec[uivalontto  -  4  +  -SOKKJ, 
and  must  he  distiiii,Miishod  from  -  4-3Ul():3,  an  expression  in  which 
iH.th  the  integer  and  tlie  decimal  are  negative.  In  working  with 
ne<'ative  logaritiirns  an  arithmetical  artifice  will  sometimes  be 
necessary  in  order  to  make  the  mantissa  positive.  For  instance, 
a  result  such  us  -3-0I)W)7,  in  which  the  whole  expression  is 
ne"ativc,  may  he  transformed  by  subtracting  1  from  the  integral 
l)art  and'adiling  1  to  the  decimal  part.     Thus 

-  :}-G!»«S)7  =  -  4  +  (1  -  -01)897;  =  4-30103. 
F.Tumple  1.     Required  the  logarithms  of  •000ti432. 

In  tlie  Tables  we  find  that  3859t)36  is  the  mantissa  of  log  2432 
(the  decimal  noint  as  well  as  the  characteristic  beins  omitted);  and, 
by  Art.  l(>:i,  the  characteristic  of  the  logarithm  of  the  given  number 
18-4; 

.-.  log  0002432=  4-3859636. 

A.,  iwpir  2.     Find  the  cube  root  of  "0007,  having  given 

log  ;  =  •8450:)H0,     log  887904  =  5-9483660. 
Let  .r  be  the  required  cube  root;  then 

log  x-l  li.f?  (-0007)  ^--    (4-8450980)  - ..  (6  +  2-8450980) ; 

if  O  O 

that  is,  log  .r  =  2-9483660 ; 

but  log  887904  =  5-9483660 ; 

.-.  .r  = -0887904. 


I 

( 

5     I 


167.     'I'he  logaritlim  of  '>  and  its  powers  can  easily  I     obtained 
from  log  2  ;  for 

log  ;■)  =  log  "    =  log  10  -  log  2  =  I      log  2. 

K.rumph'.     Find  the  value  of  tlie  logarithm  of  the  reciprocal  of 
3244/125,  having  Riven  log  2  =  -3010300,  log  3= -4771213. 


Since  log  =  -  logfj,  the  required  value 
=  -  log  (324^/125)  =  -  log  (2-  x  3*  x  5?) 
=  -  (21og2  +  41og3  +  -log5  j 


=  -  2-9299272 
=  3-07007 -28. 


2lo)r2=    •(!O206(K) 
4lo(?."«  =  l-»(«48.)2 


10 


log  5=  -na-jsao 
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EXAMPLES.    XIV.  a. 

1.        I'iiul  the  logarithms  respoctively 
of  the  mnnlKTs       1(>24,     HI,     liT),       (»!,    -A,    100, 
to  the  bfuses  '2,    ^':\         I,    -(MM,     I,     -01. 

2.  Kiiul  tlie  vahu's  of 

loSsK),     log,,-!:^     l"o'-m  10,     1o.v'4,,34:K'7. 

3.  Find  tho  nuinlH-rs  whoso  logurithius  rosiKTtively 
tothel.ases     4!l,    -^'i,      (C?,         1,     -(It,    KM).  1, 


I 


are 


h        ..,    l-^ 


4.  Find  the  respective  chaiacteristics 

of  the  logarithms  of    312'),    1603,   2400,    KXRX),    19, 
to  the  bases  3,        11,  7,  9,   21. 

5.  AVrite  down  the  characteristics  of  tho  connuon  logarithms 
of  3-2G,   523-1,    -03,    1-5,    •(KK)2,   3000-1,    -1. 

6.  The  mantissa  (vf  log  64439  is  -8091488,  write  d(nvn   the 
logarithms  rf  -64439,  (5443900;  -(XX)()4439. 

7.  Tl.      '.    irithm   of    32-5   is    1  5118834,   write    down   the 
numbers  >  1    '     logarithms  are 

-5118834,    2-5118834,    4-5118834. 

[W/ien  required  the  following  logarithms  may  he  i,sed 
I()g2  =  -30103(K),    log3= -4771213,    Iog7  =  -H»:)098().] 

Find  the  value  of 

8.     log  7G8.  9.  log  2352. 

11.     logN'6804.  12.  log  4^^162. 

14.     log  cos  60°.  15.  log  sin' 60". 

Find  the  numerical  value  of 


10.  log  35-28. 
13.  log -0217. 
16.     log  v'sec  4.")" 


17.     2log'^'-log-|^  +  3log^, 


n.  K.  E.  T. 
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,      10     .,     25     ^,80 

18.  Evaluate  1  (J  log  ^  -  4  log  ^-^  -  t  log  -  j- . 

19.  Find  the  seventh  root  of  7, 

given  log  l-3204o9  -  -1207283. 

20.  Find  the  cube  root  of  -00001704, 

given  log  260315  =  5-4154995. 

21.  Given  l.)g  3571  =  3-5527899,  thid  the  logarithm  of 

3-571  X  03571  X  4^3571. 

22.  tiiven  log  il  =  1-0413927,  find  the  logarithm  of 

(-0(X)ll)'x  (1-21)^  X  (13-31)*-  12100000. 

23.  Find  the  number  of  digits  in  the  integral  parts  of 

126X1000 


(r •  Q' 


24.     How  many  positive  integers  have  chai-aoteristic  3  when 
the  base  is  7  ? 

168.     Supi»ose  that  we  have  a  table  of  logarithms  of  uiunbers 
to  base  a  and  require  to  find  the  logarithms  to  base  b. 

Let  iV  be  one  of  the  number.s,  then  log^  .V  is  required. 

Let  b"  =  iT,  so  that  ?/ = log ,,  .V. 

.-.  log„(i'')=iog«3'; 

that  is,  i^l<>ga^>  =  log„.V; 


or 


.(1). 


No^v  since  J  and  />  are  given,  log^.V  and  l<>g„/>  are  known 
from  the  Tables,  and  tlius  log;,  ^V  may  lie  found. 

Hence  it  appears  that  to  transform  logarithms  from  base  a 

to  base  b  wo  have  only  to  nmltiply  them  all  V»y  .—    ,  ;  this  is  a 

constant  quantity  and  is  given  by  the  Tables  ;  it  is  known  as 
the  modulus. 
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If  in  equation  (1)  we  put  o  for  X,  we  obtain 

loj;,. />  log,./* 

.-.    logi«x  logo  6=^1. 

169.     Tlio  following  examples  further  illustrate  the  great  use 
of  logarithms  in  arithmetical  work. 

Example  1.     Given  lo^ 2 ^ •;U)10:{()0  and  l<)j;4HJ4rin  -f)tWrr2'>30, 
find  tluj  value  of  (0-1) »'«  x  {ij-2iHiy-^jH0. 


Let  X  be  the  value  of  the  exi)ression ;  then 

1  ,      Gl 
10     ''lO 

1 
10 


1  ,      Gl      .{  ,       2.JG       1  ,      ^,, 
log  X  -  vi.  1"K  ,  <>  1  4  loK  11,00  "  2  ^"'''  ^'^ 

^-j  (log  '^"  -  1)  +  4  (log  *^»  -  3)  - 1  (log  2«  +  ll 


Thus 
But 


=  l-5051o00  +  -0301030  -  2-8."). 

logx  =  2'(JH52530. 

log  4844544  =  6-6H52530, 

.-.  .r -. -04844544. 


Example  2.   Find  how  many  ciphers  there  are  between  the  decimal 
point  and  the  first  significant  digit  in  (•0504)"';   having  given 

log  2  =-301,  log  3  =  -477,  log  7  =  -845. 


Denote  the  expression  by  E ;  then 

504 
log  A' =  10  log  j^^^^ 

=  10  (log  504  -  4) 
=  10  {log  (23x32x7) -4} 
=  10  {3  log  2  +  2  log  3  +  log  7  -  4 1 
..  10  (2-702 -4)-- 10  ( 2-702) 
-=20  +  7-02  =  1302. 
Thus  the  number  of  ci|)hers  is  12.     [Art.  103.J 


.'»1()K2=   -903 
1ok7  '  ■Mr> 


10—2 


.j/BSi^-} 
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Exponential  equations. 

170      If  in  u»  eciuation  the  unknown  quantity  appears  as  un 
exiK.ncnt,  the  solution  n.ay  he  eflected  by  the  help  ot  loganth.ns. 

K,a,„pte  1.     Solve  the  elation  8»--^=  12^  •^.  having  given 

Iog2^-a0103,  and  log3  =  -4771'2. 
From  the  given  duation,  by  taking  logarithms,  we  have 
(5     -Ax)  log  8  =  (4  -  '2x)  log  1 2 ; 

.•    3(r>-3x)log2 

-^(i-2x)(2iog'2  +  log3); 

•    ir,  log'i     8  log  2     4  log  3 

=  .(•  (U  log  2-4  log  2   -  2  log  3) ; 

71og2-41og3_-19H73 


7  loR  2  =  2  10721 

41«>k;«   rvK»sw 

19873 

niona-i'soras 

210K3        '■'•'■>  Wt 
•JSOiU 


•^-yl.)g2-21og3      -SSO'.)! 


Tims  x= -30  nearly. 


K>oitl )  19S7.«t  ( S6 
H'..->27S 

3aw>7i) 


Example  2.    Given  log2  =  -30103,  solve  the  si.uultaneous  equations 
2'.o''^l,       5'+>.2''  =  2. 

Take  logarithms  of  the  given  wiuationa ; 

.-.  xlog2  +  ylog5-o.        (J- +  1)  log  5  + ./log  2  =  log  2. 

For  shortness,  put  log  2  =  <i,  log  o  =  ''• 
Thus  <j.r  +  /';/  =  0, 

and  b(x  +  l)  +  ay  =  a,  or  bx  + ay -=a  -  l>. 

By  eliminating  y,      x  (a-  -  V^)  ^  -h  («  -  ^< 

J    ^  log  5       ^      log  5  ^  _  log  5^  _.  .G'.)8li7. 

•  •  ^  ~      a  +  b        log  2  +  log  5         log  10 


And 


„  =  -  "  -  =  "  log  i>  =  a^  lug  2  _  -30103. 
*  b        b 


."■.»-»T':i 
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[  IV/ien  required  the  atlnig  <>/  Inij  2,  log  3,  log  7  yinn  im  p.  14.'; 
711111/  he  used.] 


Fiuil  the  value  of 
/147x37rA? 
\12«xl6J   ' 


given  log  !)-076226  ^  •!).")7!Kri3. 


2.     'i/37«  X  v' 1 08 -r  ( v' 1  (J<  )H  X  v'48()), 

given  log  :i( )  1 824  =  5-47!)753G. 

a     (108())ix(-24ji»x81(), 

given  log  2Ar,7-2m  =  (J-.3!)22ino. 
Calcul.ite  to  two  decimal  places  the  values  of 

4.     l«)g.,o80().  5.     log.,  49.  6.     Iog,,_j5  4000. 

7.  Find  how  many  ciphers  there  are  lK?foro  the  first  signifi- 
cant digits  in 

(•(K)378)"'>"  and  {mr->uy*\ 

8.  To  what  hase  is  3  the  logarithm  of  IKKtO  / 

given  log  11  =  1-04] 3927    and   log  222398  =  5  3471309. 
Solve  to  two  det;imal  places  the  eijuations  : 
9.     2'  »  =  5.  10.     3'  *  =  7.  11.     5'  '  =  G»=  •■'. 

12.  r)'  =  2-«'and  .V-  +  i'  =  22  '. 

13.  2'= 3"  and  2f^'-=3'-». 

14.  (iiven    log28     ,,,   log  21-/;,    log2.^  =  f<,    find    log  27   and 
log  224  in  ti'rms  of  a,  A,  c. 

15.  (Jiveii   log242  =  rr,   log^O-/*,   loi'4r..-r,   find   log3f;  and 
log(i(>  in  terms  (<f  n,  f>,  <\ 


loO 
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J'i 

Lis 


MISCELLANEOUS  EXAMPLES.    E. 

1      I'rovo  that  , 

sin  -lA  +  ^-in  ?/i  +  ^*'"  2^*  ^  „  j^j,,  ^^  sin  f,  sin  .1 . 
sin.l+sin/^  +  «'"^'  ^         2 

3.  If  ,,^.2,  c=^^%  B=U>\  «olvc  the  triangle. 

4.  Slunv  that  c..sn  +  t;i..  ^  sin  «  =  cot  ^«in«  -cosa. 

5.  If  /.  COM  A  =  u  cos  11,  shew  that  the  triangle  is  is^-sceles. 

6      Prove  that  . 

(1)     „in^(sin3d  +  sinr.d  +  sin7^+sin9^)  =  sm0^sm45. 

sin  «  +  sin  3a  +  si"  -'>«  +  sin  In 


^^^     cos  a  +  cos  3(1  +  cos  f>a  +  c<  >s  7a 


=  tan  4a. 


.      ui        ,1,,..  ^"^^  +  ^'"  ^-  =  2  cot  2a. 

7.  Shew  that    ^j,-+  eosa 

8.  Ifft=«U/»-»,  C=30%find.land7?. 

4  tan  a  -  4  tan'  a 

9.  Slv)W  tliat  tan  4a  =  ^—  ^.^  ^^,^2  „  +tan*  a ' 

10.     In  a  triangle,  shew  tliat 

(1 )  a^  cos  -2li  +  6-  C..S  2.1  =  a^  +  b'  -  4«fe  sin  A  sin  Ji  ; 

(2)  4  (/.•  cos'^  ■^+r.,  cos-^  ^  +<W, cos"^ '^)  =  ("  +'>  +  '0-^- 

11      TfaH/>*  +  .'^  =  ^''-H"'^  ,  ^^M'rovethatC^^45°orl35'. 
•  [Solve  ("i  'I  quadratic  in  c-.J 

12.     If  i..  a  triangle  cos3.. +cos  3/i  +  cos3r=l,  shew   that 
<jnc  angle  must  be  120'. 


CHAPTER   XV. 


THE   USE  OF   L()(JARITHMIC   TABLES. 


171.  Wo  shall  now  explain  the  u.sc  of  lofrarithniic  'P.ihlt'H  to 
which  referenco  has  been  made  in  the  previ<»u.s  chapter. 

ly  a  book  of  Tfibles  there  will  usually  be  fouiul  the  muntimie 
of  the  logarithms  of  all  {nterferH  from  I  to  KXMMK);  the  e/xintc- 
t''r>stics  can  be  written  down  by  insjHjction  and  are  therefore 
(nuitted.     [Art.  1(52.] 

The  logarithm  of  any  mmiber  consisting  of  not  more  than 
5  significant  digits  can  be  obtained  directly  from  these  Tables. 
For  instance,  suppose  the  logarithm  of  .3.3(J-34  is  required. 
Opposite  to  .33().34  we  find  the  figures  5267785;  this,  with  the 
decimal  iwiint  prefixed,  is  the  mauti^sii,  for  the  logarithms  of  all 
numbers  whoso  significant  digits  arc  the  same  as  33634.  We 
have  therefore  only  to  prefix  the  characteristic  2,  and  we  obtain 


Similarly, 


and 


log  336-34  =  2-526778.5. 

log  33634  =  4-526778.% 
log  -003.36.34  =  3-5267785. 


172.     Sui)pose  now  that  we  required  log  33634-3!)2. 

Since  this  numlxT  contains  rsDre  than  5  significant  digits  it 
catmot  be  obtained  directly  from  the  tables ;  but  it  lies  between 
the  twu  cnnsocutive  numbers  33634  and  33635,  and  therefore  its 
logarivhm  lias  between  the  logarithms  of  these  two  numlxsrs. 
If  we  pass  from  33634  to  33635,  making  an  increase  of  1  in  the 
niunber,  the  corresponding  incroa»se  in  the  logarithm  as  obtained 
from  the  tables  is  -0000129.  If  now  wo  |mi8s  from  33634  to 
.3.3634-392,  making  an  incrcfise  of  "392  in  the  munber,  the  in- 
crease in  the  logarithm  will  be  -392  x  0(XK)I29,  provided  that  the 
iiici-ejuse  in  thj  logarithm  is  proportional  to  the  increase  in  the 
niuuber. 
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Similarly,  log  3;«55 1  -  4r.2GS)D80, 

(u  id  1<  >«  33(552  =  4  -rrl-Q  1  ( K), 

tlio  transition  in  the  niantissjo  fri>ni  rr26..,  to  frn...  Ihmmj^  nln-wn 
liy  the  l)ar  drawn  over  01(M>.  This  har  is  roiHattnl  over  ra<'h  of 
tlic  sul>He»iuont  logarithius  a.s  far  as  the  end  of  the  lino,  and  in 
tl',0  next  line  the  nuxntissiu  begin  with  r)-27. 

I:j-<i mjih'.     Find  Ior 33r)34-:i'.»-J. 

I'roni  tlie  Tables,       lu^  SMVii't  =  4-")2«)71>14 

Ion  3Ht>:{  1  .4-5'2<;77H5 

difference  for  1  =-    -OOOOl'iy 

Now  by  the  Rule  of  Proportional  Part*, 
lo^,' ;{:j(!34-'392  will  be  greater  than  loK3:ir):J4 
by  •'M2  times  the  dilTerence  for  1 ;  hence  to 
7  places  of  decimals,  we  have 

1ok33»),S4        =i-r>2r.77H-> 

proportional  difference  tor  •302=   •0()"UM)r)l 

.-.  lof,' 33C.34-392  =  f52t;7H3(5 

Tn  practice,  the  difference  for  1  is  usually  <iuotel  without  the 
ciphers;  if  therefuie  we  treiit  the  difference  I'iO  -n  a  whole  number, 
on  multiplying  by  •31(2  wo  obtain  tlie  product  .lO'dW,  and  we  take 
the  digits  given  by  its  integral  part  ('»1  approximately)  as  the  propor- 
tional increase  for  •392. 


(MHMIiUD 

•»!ta 

n't-.i 

:t.s7 
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175.  The  method  of  calculating  tlic  proportional  difforonco 
for  '392  which  we  liave  exjdainoil  is  that  which  must  he  adopted 
wlien  we  have  nothing  given  but  the  logarithms  of  two  con- 
.seciitive  nuniU-rs  between  which  lies  the  nund)er  whose  logarithm 
we  are  seeking. 

P>ut  wlien  the  Tables  are  used  the  calculation  is  fai-ilitated 
by  means  of  the  jjroportnonn^  difl'erences  standing  in  the  column 
to  the  right.     This  gives  the  differences  for  tcnt/ts  of  unity. 

The  difference  for  "S!)-  is  obtained  as  follows. 


•;5'.»2x  1-2U 


a 


+  ioo''"iooo)''^-'^^ 


^3!)  +  U-6  +  -2G-r.0-Hfi. 


The  ditTereiice  fur  '.»  <|Uoted  In  the  Juargin  (really  9  fmi/in)  is 
ll(i,  and  tlicre fore  the  differeiu  e  for  1)  hundred t) is  is  ll-tJ;  and 
similarly  the  difference  for  2  tliou.sandtlis  is  'lit!. 


iw 
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In  i.racticul  work,  tho  f..ll..w.n«  arnin^omcnt  is  .ulnptccl. 
l..g33<W4  4-r)2H778:)| 

add  for  ^  f'l 

2  20 

17R      -n.o  followin-'  oxaiui-lc  is  solved  in..ro  coiici.selv  hh  ft 

l\  l\  of  Iho.i.iostion;  in  tho  coUiinn  en  tl.o  nnht  we  ohUu. 
Z  lot-iUun  y  tho  u«e  of  th  -  TaUe.  indci^ndcntly  of  the  two 
given  logivrithnis. 

]-:xami>le.     Find  lo«  33-056208,  having  given 

log  3365(1- 4- 5270r.2.-,  and  log  33657  =  4  •5270754. 


log  33-657  = 
log  33-656  = 

diff.  for -001  = 


1-5270754 
1-5270625 

129 

•208 

1J032 

25180 
26:832 


From  tho  TdblfH,  '  i  have 

1-5270625 

26 

0  0 


log  33-656 
add  for  2 


8  1,03 

log  33-656208  =  15270652 


ililT.  for  -000208  = 

log  3:5-656       =1-5270625, 
log  33-656208  =  1-5270652 

177      The  Rnle  of  Proiwrtional  Parts  also  enables  us  to  find 
the  ninnber  corresponding  to  a  given  logarithm. 

Kaan,,e  1.    Find  the  number  -ho- loK""^-^^^  ^"^'^^^ 

given  log  3-3683  =  -5-274108  and  log  3  3682  =  -5273079. 

Let  X  be  the  required  number;  then 

log  X  =  2-5274023  log  -033683  =  2'5274108 

loK  -033682=  2 •5273079  W  -033682=  -2:5273979 

diff.= 44  diff.  for -000001=  129 

hence  x  lies  between  -033682  and  -033683, 
and  is  greater  than  -033682  by  j^^  x  -000001, 
that  is  by  -00000034. 

.-.  «= -03368234. 


129  )  4W  (  34 

Mil 
51i'> 
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In  workiriK  from  the  Tiiblos,  we  pnM'wd  an  follows. 


lonT  2';V27t023 

loK  -oHatWi    =  'i  •.".•J7;{'.i7'.» 

41 

3  3'.t 


i'.0 


.•.  x  =  -033f>8*234. 

We  arc  Bavi  the  trouble  of  the  divit  ;  ,  ,i  ♦ho  raiiltipU-H  of  1'-'^ 
wliich  oci-'ir  auring  the  work  are  niven  i  .  Ov  a).;  •■  \iiimt.»  forms  :V.l 
and  52  in  t)ie  difference  column  opposite  t.   ■!      .nuiil"  's  .\  imd  -1. 

F.xampU  2.     Find  the  fifth  root  of  •002/  !  .i. uig  given 

!<,«  2-5t>r2=  •408443.'-),  log 3-()317  =  •4iH4r.H()2,  log  ;;-0318=:  •48l7tMt.-.. 

Letx  =  (-0O2r.612)i;  then 

log  x  =  ^  log  (•0025612)  =  \  (3-408443.-))  .=  J  (')  +  2-408443.'')) ; 
5  o  •> 


=  r481»)887. 

logx  =1-4816887 

log -30317      r481fiH<)2 

diff.=   ^  25 


log -30318-  i'4817i)0.j 

log  •30317-  1M81<><02 

diff.  for  00001=  143 


.-.  proportional  increase  =  '     x  -00001  =00000175. 
Thus  x= -30317175. 


lW)2.">n(  17.1 

iws 

KtTO 

KKIl 
t>!H) 
716 


EXAMPLES.    XV.  a. 

1.  Find  till'  vdluo  of  loj,'  45).")U):U,  given  tli,\t 

log  49.'->16  =  4-6n474.'')r),     log  4U.")  1 7  -  4-6L»47.-.4;i. 

2.  Find  log 3-4713026,  having  given  that 

log  347-13  =  2-5404921 ,     log  3471 4  =  4^.')40.-)a47 

3.  Find  log  2849614,  having  given  that 

log  2-8496  =  -4547839,     log  2^8497  =  -454799  i . 


ii,: 
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lEMKNTAKY  TRUIONOMETBY. 


[chap. 


4.     Fiml  1<>K r)7<)3:V2r),  haviiiK  Kiveii 


thiit 


log  f)7(i:i3  =  2-7G(X57 


12      l()irrj7();i4  =  ;V7(>'Mi7HM. 


5.     (JiviMi  log 


loir«;(>814  =  4-784(H):Ki,  .lift".  f<'i-  1  -  7-2,  fiml 


logG0814( 


>;>. 


6.     Kiiul  the  mmil'or  w 


hose  logarithm  w  4-74(il7:ir),  given 


loir .);)« 


4(»  = 


4-7  KUChO,     lt>g  55741  =4"4(il  748. 


7.     Fi.ul  the  nun.her  whose  lo^aritlun  i^^^^^^JI'^'  «'-" 
log  C.^aoJ       h^KUm,     log  (; ,  3..;.  =  4-828,i(,«)8. 

8  Fin.l  the  inuuUT  who.se  logarithm  i.  :i-():J88435,  given 

l„j,  1  ( (CSO  =  3-():288 1 5-2,     log  1  -(^87  -  -O:;.  58558. 

9  Find  the  numU^r  whose  logarithm  is  3-9184:177,  given 

log  8-2877  = -9  >H43l(»,     log  8287-8  =  3-9184:iJ)-2. 

10.  (Jiven  log2.^:V19  =  2-4():U405,  diff.  for   1  =  172,  find  the 
nunilHT  whose  logarithm  is  1-4034508. 

11.  (Jiven  log  2-0313  = -3077741,     h)g  20314^-3077954, 
.i,„l    *  l<.g  1-4271-  -1544544, 

find  the  seventh  root  of  142-71. 

12      Find  the  eighth  root  of  1389492,  given 

log  13894  =  4-1428273,     log  138-95  --  2-1428586. 

13.  Find  the  value  of  1^/ -242447,  given 

log  2-4244  =-  3846043,  dirt",  for  1  -  179. 

14.  Fiml  the  twentieth  root  of  2069138,  given 

log  20691  --4-315781.\  difV.  .'"or  1  =210. 


Tables  of  Natural  and  Logarithmic  Functions. 

178  Tables  have  heen  construetwl  giving  the  values  of  the 
trigoMo'metriral  fun.tions  of  all  angles  »K'tween  0"  an.l  90'  at 
int" ivals  of  10".  These  af.^  ealled  the  '1  ahle.s  of  natural  Sines, 
cosines,  tangents,...  lu  the  smaller  Tables,  sueh  as  (  hanil.ers  , 
the  intin-val  is  l'. 

Th,  logarithms  of  the  funetions  have  also  In'en  calculated. 
Since  maiii'  of  the  trigonometrical  functions  are  less  than  umty 
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tii<>ir  logarithiHH  are  ii««i;ative,  and  as  the  cliararttTisticM  ai-f 
iH>t  always  ovidoiit  on  insinvtiuti  tliry  oamiot  l>o  otiiittc*!.  To 
avoid  the  incoiiveiiu'iiro  of  printing  tin-  ltar«  over  tin-  cliararter- 
istics,  tlin  logaritluiiH  are  all  inrreast-d  Ity  10  and  are  then 
rei^iistered  inider  the  name  of  tabular  logarithmic  sines, 
cosines,.  •• 

The  notation  used  is  A  cos  .1,  L  tin  0  ;  thus 

A  sin  A     log  sin  A  +  10. 
For  instance, 

Asin4."»       lo  +  Iogsin  4;")'  =  l(»-|-l<)g   ' 

I 


I 


lo 


lo.r"J-    J)-8J!>4H.'')0. 


179.  With  certain  exeeptions  tiiat  need  not  l>o  here  i.  >ticed, 
the  rule  of  jiroixirtional  parts  holds  for  the  natural  sines,  co- 
sines,...   of    all   angles,   and   also   for    their    logarithmic   sines, 

cosines In  ai)plying  this  rule  it  must  l>e  renieml)ered  that  as 

the  angle  iniioises  from  O"  to  1K)°  the  functions  sine,  tangent, 
secant  increase,  while  tlu;  co-functions  cosine,  cotangent, cosecant 
decr«ise. 

Example  1.     Kind  the  value  of  kIu  20"  37'  4'2". 


From  the  Tables, 


Bin2()°38'=--t'.t4417(5 
sin  2'.»"a7'=-4'.)41'.l4H 

(liff.  for  G0"=      ^2r)2« 


.".  prop' 


42 
i'  increase  fur  42"  -  .    x  2.')2S  = 


fid 


1770 


8in2'»":t7'  -■4n41'.t4K 
.-.  sin 20° 37' 42"=  -49 J:i7lH, 

Kxitmple  2.     Find  the  an^^lc  whose  cosine  is  •728()h43. 
lict  .(  he  thfl  required  an^Ie ;  then  from  the  Tables, 


cos43°l('.'  =  -72H171f. 

cos  43^  17' -^•7270722 

diff.  for  f>0"  lOoT 

liut  cos ,4  is  U'm  than  cos  43'  1()'; 
I't'Mce  .(  must  l<e  iiri'dter  than  4;r'  10' 

by  j,^' j^  X  CO",  that  is  by  2(1"  nearly. 
Thus  tl      .ngle  is  43°  16'  20". 


CO8  4.3M0'  - -7281710 
cos  A  -r  •72HOH43 

liroji'  part  K73 

00 
lO'.U  )  .V>3N(|  (2f, 

\V.\HH 

1 106 1 
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ELEMKNTAllV    TRUloNOV.F-TRY. 


[cHAr. 


ler  to  illustrate  the  use  of  the  talmkr  loi;aritlnnic 


180.     n.  oracr  «•-";';.,,;  ^..^ract  from  tl.o  tal.l 


tiil)ie  of  lo<;- 
'ithlcs. 


11  DcK. 

Sino        IHJT.       Coscc. 


iC-iTOIOrt 
I(m7-2'.»40 
)(ir;7.'.l'23 
rt)577H;H 
)C5H(W71 


•217H 
'2477 
'217.') 
•2»7H 


10-3'l'29r.3'2 
lo:iV270'.4 
1():14'2  i."»77 
10:U'2'2102 
lo:;4i'.tiJ'2U 


Secant 

ioo.")(»n!ii 

10O50-2179 
100r)031'24 
10-0503770 


<.tfi70<)r)7t> 

i((iVOH<.»r>s 

<IC,71K«H 
',C()713716 
9-()7 10093 


•2:18'2 
23H0 
•2378 
•2377 


10-3*29:U'24 
10-3'2'.)104'2 
l()-32^*8(>()^2 
10-3-2H(;-2H4 
10-3'283y07 


Cosine       Diff.      Hecant 


1>. 

644 
(.44 
(Vt'i 
G40 


Cosino 

9-949HKIV.) 
9-91'.tHl(j5 
9-9497.V21 
9-949(>H7fi 
9-949G-230 


100:)379r.8 
10-t>')3Ht)38 
l()0r.39308 
l()-0:>3<t979 

io()r.io<Mi 

Cosec. 


(170 
(-.70 
(171 
(172 

D. 


9-9402032 
9-94013(12 
9-9400(192 
9-940(tO21 
y-«j4.V.»349 

Sino 


(10 
39 
58 
57 
60 


4 
3 
2 

1 

0 


(12  Dt' 


Ifil      We  have  quoted  liere  the  l.v^arithmic  sines,  ^^oaecants 

and  'IT  4',  and  also   Ix^twoeu  }-^J^J''\  [,^  couq-lenunts  of 

extract  ^ives  the  l''n''\>'tl''';>^-/'"'f  %\''    /V  '  u;.,^',  and  those 
Ihese  au^s,  namely  tlu)se  hctween  G2   0   -uul  (.-   4, 

t)et\vceuG2°  5U' and  Gii   C<». 

iucioases  upwards. 

The  nan>es  of  the  functions  vri.vU-d  '^^  t^e  t.,,  refV^r  b>  the 
an.de  27",  the  names  i.nnte.l  at  the  foot  refer  to  the  .u.„lc 

''"\.os27^3'=i)-.4.(;8T(i.  ^7-;^;:^;;:=;;;«;'' 

A  sin  (12"  2'  -=  i<'.>4t;(»<;!»2,         L  cos  irl    oU  - !» (.••  /  -J4«>- 
T'   .  Cu-st  J/rfVnwR-c  ,'ohnnn    'ives  the  ditic'ren-es  in  the  lo-- 
u.,t  UPS  oMw'v^e    uml  Iomh^u-Is,  the  second  ./^Vm..-  cohnna 
S    !     hc;di;h';-e.;:es  in  tl.  lo,a,ith,ns  of  the eos.,K.  and  se^jnts, 
cLh  ditlere,,.  ,■  ..-rresi.oudin:;  to  a  dilh-renee  ..f  1   m  the  auj,!. . 
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KxiimpU  1.     Find  /- cos  t'i"2  '  57' 12". 


From  the  Tables, 


I.  cos  «)2"  :,T  -  ;t(;:,77M<.t8 

L  COS  «)2"  S.S'  =  '.I  t;.-,7.",  123 

cliff,  fur  t)i»"  247.'. 

1"' 
.•.  luoportional  dei'iyanf  for  12"--  ,    ^  2470-11)0. 

L  cos  62°r)7':-  !t-r..-,77H;lH 

Subtract  for  12"  4!).') 

.-.  L  Cos  <>2  .'.7'  12"^  Hiwi77  1ii:j 

j:.ntmph'  2.     (livon  L  sec  27   ;V.I'^  10-1)')2(>(j4H,  ililT.  fur   l(l"--110, 
fiud  A  when  /.  Bt'C  A  ^  100.">272oa. 

/.  sec.^  1()-().127J.W 

/. «  c  27 '  ^^'J'  =-  lOnrrJCcjH 
dUT.  (jor. 

t;or> 


Thus 


.•.  proportional  incr<ast  =  , ,,>  ^  l(t".^r»5". 
A  =21° 'A'X  tii," . 


EXAMPLES.    ZV.b. 

1.     Find  ^^iIl  :{s'  3'  3") ',  hiivinuj  given  that 

win  3S   4'  =  -ni  f!r)78<),     sin  38"  3'  ^  •(>  1  <J34M<). 

Finil  tan  3s    -li'  37'")",  having'  jiivcn  tlwit 
tiui38'  :i.V  .^  •7'.)3()(;  4(  >,     tan  38'  2 1-  ^Itii.V.X)^. 


Find  ODscf  .">.")'  21'  28",  having  givm  tliat 
cosoc  5:.'  22'  =^1-21 53r)35,     c(.«ec  5.-1    21'      121 .5.^078. 

Finti  the  angle  whose  secant  is  2i8(»',)l(;<).  given 
see«;2°  43' --21 81, '■.43.'),      see  (!2°  42'     2  18(131.3!). 

Find  the  ;ingle  whose  eosine  is  •8»i(Mi!)31,  given 
.■(.s3(r  4  r  -  ■8G(X)(J07,     e<.,s3<r  40' -^ -M*,!)!  I'.U. 


6.  Find  the  angle  wlioso  cot.mgent  is  ■fs7<><!<Xi3,  givm 

eot  48°  4(i'  --=  •H7()4(;20,     c^.t  48    4.-/  -  ■87G'J7r,.-.. 

7.  Find  A  .sin  It    17  33",  given 

A.sin44-  lM'-!cs441137,     Z<>iiu44    17  -  U  sJ3!>K42. 


h\ 


iriO 
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[(MIA  I'. 


It.' 


8      Kiiul  Ao.t:«i'i'«i' 1(1",  ^'iven 

Acot:i(r:i7'    i.H3ir.M..,    A.ut:^r....i'. -10-1:^8483. 

9.     Kiiul  A «'.>si-i ■'•:»"'--'"'-'•  ^'^"  ,       -.,,,,„ 

10  lMn.1    the    an,l-    ^vbns..    Ul.ul.r    ^..uriU.nn.    sine    is 
U-MUMHH,  iisii.-,'  tl..'  ilatH  of  oxaliil'l«!    '• 

11  Ki.ul    th..    .m-^l."    wl.oM'   tabular   lu.,arithw.i.-    .-..sine    is 
«>-T:,:VH)7r.,  usiiij,'  tl.o  data  ..roxiiiui.l.'  '.>• 

12  civon  Ata„2i'  r.u'    ..•«;«i;^:i(M!:i,  aia:  inr  1'    :wi:i,  n.Hl 

A  tail -J  t  :.(»'. -.^-.V'. 

13.     Civn.  A.os,rm   r,-     lol!MlS08,aitr.f..r  l'      i:.<.2,  tin.l 
A((..s(Mr4o    r  l7-.">". 

182      C.n^i.loraM-'  prartiro  it.  tho  use  of  l<.^raritlnnie  TaMos 

1  ,  .Vt  iHUulat.nnH  can  ho  attainc.l.  Kxi.cMn...uo  shows 
;  ..t  ;  -^t  k  >.  ■..uontlv  arise  from  inoorrort  .,untat,.ou  Innu  he 
Ta   1  s     i  a  fro  n  l•h^ns^■  arnu.gon.ont.    The  st-ulont  ,s  re,.n„dj^ 

i;!::;!,;';:!'t;vr;n;rii;'i;oo;uoss  s.,.,  ,nawing  his  soiut..>ns  as 

cmciso  as  i).)ssihlo  .•..iisistoiit  with  at-ouraoy. 

Example  1.    i>ivido  (VO fi.-..,'j;»  by  -ahi-mm 


I'Vom  the  Tables, 


C,  40 

y  ''>  '•> 

3  i-20 

loK<)f,l'2.".(".'.i:;       ■>^12:yM\'2 

log  •;w7:J007  -^  1  •r)S8()4H;{ 

I'.v  subtraction,  wo  obtain 
Trom  the  TabloH,  lo«  171">0 


T\»u«  thu  (piotitMit  is  17-150'.t3. 


b)"-:5H73t)    - 1  •.-.MH047r, 
o  0 

7  7  8 

l..gHs7:U»07:-::  1-.>880183 


l-2:M287y 

I'Jltl-JIJll 

•2:jm 

•i'iil 

DO 
76 


^^■]  J'"-'    '  '<►;   •»►'   I.CXiAltITHMIC   T.\HI,K.S.  KJl 

Example  2.    Tlio  li.v}H)t.  miso  of  a  i  ijjhtanK'l.d  triiiiij,-!.'  is  U  1 1  lO'J  I 
unci  oii.!  Hido  IS  2-.V,»:n(i7;  liiid  the  otlu-r  miv. 

Let  c  be  tLe  liypottnnsc,  „  the  Kivci  «i,l,,  and  ..  tlir  side  iv.i.iiicl- 
tlii'n  ' 


J---(--0'   r:(,-f  ,()(,•        ,1);  ., 

.:  *21..g.r-log(c^ '*)  +  1ok(.--.i).  I 

From  the  Tablf8,  Iok'j-THII        ,,    •7r,HU\r,:i 

1  JH 
loK  •.".478r.     =  17;J.sC.(U7i 

7     _        r,r,\ 

By  addition,  •l!»713'JI 

DividiiiK  by  "J,  we  have 

loRx  -•yiH,-,(;<.>7 

log  1 -772  i       =--24H5r.l7 

HO 
3  74 

2  4«( 

TlniH  tiie  icqnind  sidv  is  1-772482. 


EXAMPLES.    XV.  c. 

\/ti    thig   c.irr<-!w   tli,'    foffarif/nnx    are    to   /.-■    t,ihn    fn.m    fl,e 
Till  if  fit.] 

1.  Multiply  .3()(»-2f;iM  liy  •()07Syir)liM. 

2.  Find  tilt"  piVKJiU't  of  :j;r)(i78.3  iind  .3r)7M4:iS. 

3.  Find  the  rontiiiuod  |»r<Khitt  of 

ir).3-24l!»,  -J-Sfia^aO:},  an.l   •(t7:.SJ(;4(!. 

4.  l»ivi(i(!   1(K{()40:)1    liy  27(ni;i."):i4. 

5.  Divide  M."i7h:J(;4  l.y  •(h»;hs!>7;j. 

6.  Find  .V  fioni  the  equation 

•()i78:i4ru--2i-8r)f;.32. 

7.  1'  ind  the  value  of 

:v7Hy-)G  X  •or):}(!H724--<K»729i«;. 

H.  K.  K.  T.  J  J 
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KI.KMKNTAin    TIlKiKNOMKTKY. 

8.  Kin.l  tlu- cube  of -KUKKKV.). 

9.  Ki„,l  th.' fifth  root  ..n.VM;.'V01 8. 
10      Kvaluiitr  \:iH4T:il    ,n.l  \  i>>t:Ti'4. 

11.  Kina  the  ,.nHhut  of  the  square  root  of  ln:u:V..O.  a.nl  tho 
iuIh-  root  of  :i'uV2\(>. 

12.  Suhtraet   the   square    ..f   •7r..)a:i.J.    fn.n.    ih-    square   ..f 

iu:j:>(i:i7. 

13.  Kind  the  vahie  of 

V'4-39C.82 

Example  3.     Find  a  thi.a  proportional  to  the  cube  of    JUT-iSCi 
an<l  the  eiihc  root  of  '23-32873. 

Let  x  he  the  reiiuired  tliiid  propi.rtioniil ;  then 

^•;U72r,(U)'  :  (2.V32873i^=-(23-3287:m'>  :  -r  ; 
^henee  .r=.(23-32873)^:  (-317250.  ,- 

.-.  lot;..-  /^  log 23-32873     3  lo- •3172:.n4. 

From  the  Tallies, 
Iol;  -3172.'i      :-^ 


1-501 401t) 

82 
5  5 

1-.-.014103  5 

i                             '. 

j 

130 

5  r, 
i-3t>78'.nor) 

2 

3 

3   2-7357H21 

•»-5(U2311 

1 

1 

-'.(ll'.fJ74 
■2 -.->(»  12:!  U 

loj.'  .(■ 

li>^  2'>">-t>7 

11 

.  2-407<''.M)3 

2-  107<')7'.W 

105 

153 

120 

r.".» 

Thus  the  third  proportionul  i^i  2'i5  C7'.iT. 


xv 


•] 


THK    rsK    (IK    I.Ofi.MilTM.MK;   TAIU.KS. 


]r,:\ 


14.     Kind  ii  iiio.'ui  proiiortioiial  hctw 


•'t'li 


••►.):r-'")M(J!>  himI   •.')(>:$() lOTs. 


15.  Kiiiil  a  tliird  inoportional  1u  tin-  s<|uan«  of    latluT.-.i's  and 
the  ,s(Hi.'irc  root  nC  •(»;{7r)17s(;. 

16.  Kind  a  fnurth  im)j)orti<inal  to 


17.     Kind  tlu>  g(M!iu'(rii'  moan  \>vi 


wot-n 


(•O350H<ri^  aiid  (2H7!M:J-'7 


18.      Kind  a  fmirtli  propoit 


10.         to 


v;i:;-7sl:i,      .'a'7'^l-J 


r'7s:j(;i:}. 


19.      Kind  the  valn.>  of 


Mn-21-  i:r  I: 


20.     Kind  tli(>  valuo  of 


.t!»7'  14'  l(i 


ens  ur  -2'  1; 


i:V 


21.      Kvahiatt 


sin  !'<»'  l.T  lid' X  cot  47    r,:V  \. 
22.     Kind  till-  value  of  .//<sin  ('.  \vl 


XMT  i-i    j.-i'  ;{(t" 


ini 


',  ^'ivesi 


'/    3:iii;{(;8,    /.^4i7i>i:5i,    r    n.-j   u  it; 

23.  If  a  :  /<-=sin  .(  :  sin  fi,  find 

24.  Kin<l  tlu'  sniallcst  values  of  ^  wliich  satisfy  tl 


K'  eijuitlDUs 


(n     tan-'^  = 


lii 


(2)     ;{sin''^+  ^s'lnfi     1. 


25.     Kind  .'•  from  tiie  oi|u.ition 


.rx.so.-2H    I 


■2:>"    sin  2:r  IS'  :,"x.,.t:iH  1:,  i;r 


26.     I''iiid  /^  finiii  flic  I'liuat 


ion 


s!li    i'      ros- H  ciir  ,■<, 


wluro  (I 


:{:.'    47    .md  J-    ir  Ii)'. 


11—2 


M; 


II, 

hi- . 

y,  ■ 


CHAPTKH   XVI. 

SOI  ''TION    OF    riUANOLKS   WITH    LOnAlUTHMS. 

183       ri.o  oN.ix.n.l.'s  ..„  tlM>  solution  of  triangles  in  ( 'hny.  XIII. 
furnS  a  UM-na  .ini.o  on  tl.o  ibnnubu  conn.ct.n,  the  ^uls 


,'ttT      tna    'C>;    >.ut  n.   ,,aet.cul  wc.rk   uuuh  of  tho 
"li;;';!;-   ;;nUn!^;ual   ;aUulati..t;  .    avoided   by   tl.o   u^   ot 
ogaritliiiis. 

Wo  shall  now  .show  how  the  fonnuhf  of  Chap.   X''>.   '"^ 
,0    ;;H'.r  oi    a<lai.tcd   for    uso    in    connect.on    w.th    logantlun.c 


1 

Tal.ies. 

184. 


To  Hud  tlo-  janrtiun.^  of  the  haff-auji.s  in  terms  of  the 


Wo  have     :isin-  ,,  --l-co,s.l 


1  - 


■Ihc 


l.«-t 
then 
tuid 


.sui- 


,,•2    ^i  -  ,•/-  ^  ^,»  +  h  -  <•)  ^'f  -/>+'■) 

,(+/>  +  <•==  lit; 
„  +  /,-.■-:!.-( -:i''- -2  (.t-'' I, 

.,  .1      4  (.■»  -  '■)  i»  -  h]      '2  v^  - '',    ■''  ■_'■)  . 

A8-i)(«"c) 

=  V  he 


A 


^\\\ 


'mr^^ 


SOLUTION   OK  TRIANUI.KM   WITH    I.OUAHITHM- 


[g: 


A 


Again,     2 coss ':  -  1  +  .(.s  . 1 .  1  +  ''■■  +  '■' '^ "' 

-  2'"! 

26c "      "  26c 

.     .  2tH>>,-  =  \  '     =;  '     . 

2  'Ibc  be       ' 


cos 


2        V        A.; 


Also     tan  —  -^  sni   .  -j-  cos   - 
2  2  2 

2       V       «(^-«)      ■ 
185.     Similarly  it  may  be  proved  that 

^        >  '■'«  2       \  ah 

/h  is  -  <•) 


2       \'        ,//> 


-i         V         ft 

Til  (Moli  of  tlio.se  forniuliu  tin-  positiv."  value  of  ttio  .-niiar.' 
rout  mi'.st  1ki  taken,  for  eaeli  luilf  angle  is  less  than  [H),  .so  tiiat 
all  its  tiiiictions  an;  positive. 

186.     Tn  thill  sin  .1  j"/(  tcnim  of  the  sidn. 


sinyl  =  2sin'    cos" 


y  —  • 

be    ' 


sm  J    :      \ii{A-it)in-f>](s  ->■  . 


Se  ni.iy  also  ol.tain  this  formula  in  anotluT  \vav   »vliiili   is 
uisii-uetive. 


\m 


I' 


lli 


i(u; 


ki.kmi;n'i'ahv  •I•lu•;"^•»>^^^•l  "V- 


[»HAF. 


\V.'  hiiv.- 

sin-. I      I      .•..sM-n+n.s.ljO      .•.>H.^) 


K' 


(/'  +  '•/--"%"'• 


46-A'- 

•  >ii.  .1   r  v'--"*  ")v''-''/v''  *■> 

Tl,o  .....itivc  val.u'  of  the  squaro  i;n..t  imist  Lc  takon,  since 
,lu,  ,.,,„.  of  an  angl.r  ..f  any  triangU-  i.s  always  positive. 

EXAMPLES.    XVI.  a. 


Prove  tlu>  toll<.wing  fonuula-  in  any  triangle  : 

1,     i,.,.;;+.,eo>^^....  2.     .t.n^tan,^.-.«. 

veis.I      ai-L  +  c-h)  ^      /,„i„jd  +  „,sin-     -   a-c. 

**•     vers/;      /'>>  +  '■     ";■  - 

I  .  li  ^       '^ 

5.     (s-,Otan^   .(.-/Ot;iM  ^    :(;<-.Mtan  ^. 

.3.      Fiial  the  v.ilue  of  tan  j  ,  when  «  =  1<),  />     IT,  <■  -  ■1\. 
7.      Find  eot  -  ,  wlan  ,<^-i;j,  /^^--l-l,  (=1.".. 

8       i'rove  that 

1         ..1       I         ./''I        .•.^'_    •^' 
,.,,sJ       4-      f  .s-       +  "  ""^     1  /     • 

,*  -1        I-  -       '•  -       "'" 

9.      I'rove  tliat 


XVI  ] 


M)I.UTION    OK   THtANdl.KS    WH  It    MMtAltlTIIMH. 


10] 


187.      To  foli'i'  ti  tnmi'jff  ir/irn  t/ie  thro'  sidix  an  tjiren 
From  tho  fornnila 

.1        I 


S  {M  -  ll) 


.1 


,  (^"o  '*  ~  '')  +  loj,'  (•■*  -<•''•-  lt>j,'/«  -  loj;  (.■<  -  (t)J- ; 


wliciu'i!  '—  iiiiiv  U;  oldaiiird  liy  tlic  help  nftlu'  ThIiIcs. 
Siiiiilarlv  /'  (an  1>»'  lonnd  from  tlu!  foriiiuUi  for  tan 


kud 


tlH'ii  6' from  llii>  ('t|Uatioii  r     INO'-  .1   -  /i. 

\\\  tho  al)ovt!  solution,  \vc  shall  it'qniri!  <o  liMik  out  from  tlir 
tallies  Jour  hM^arithms  oulv,  namely  those  of  ,^,s-a,  n  -  l>,  n-c; 
whereas  if  wo  were  to  soUe  from  the  sine  or  eosine  formuhu  wt- 
should  require  si,v  hij^'arithms  ;  for 

.1           A  '.1  -  ,i)         ,           />•          /.,..■,-/. 
eo.s--=:  »/  — ; aiK      cos      ^-  ./ , 

.so  that  wc  should  have  to  look  out  the  logarithms  of  the  ■<i.t 
(juaiitities  .«,  .<-  a,  s  -  b,  <>,  l>,  <: 

If  therefore  nil  tho  angles  havij  to  he  found  i.y  the  witt-  of  the 
tallies  it  is  l.<.st  to  solve  fi'om  the  tangent  formuLe  ;  l)ut  if  ont> 
angle  only  is  re(iuired  it  is  immaterial  whether  the  siin!,  losine, 
or  tangent  formula  is  used. 

In  eiuses  where  a  solution  has  to  l>e  ohtainetl  from  eertain 
given  logarithms,  the  ulioieo  of  foruuilu)  must  dei)end  on  the 
data. 

Note.  Wo  shall  always  find  the  angles  to  the  nearest  Bccond,  so 
that,  on  uccoimt  ofthe  nuiltii>lication  by  2,  the  half-angles*  should  be 
foiirul  to  tho  nearest  tenth  of  a  second. 

188.  In  Art.  178  we  have  mentioned  that  10  is  added  to  each 
of  tlie  logarithmic  functions  before  they  arc  rcgistereil  as  tuhulur 
logarithms  ;  Imt  this  device  is  intnMluiH'd  oidy  as  a  convenience 
for  the  ])uri>uses  of  tiKul.ilion,  and  in  practice  it  will  he  found 
that  tiic  work  is  more  exjteditious  if  the  talmlar  logarithms  are 
not  used.  The  10  shoidd  he  sid>tracted  mentally  in  copying 
down  the  logarithms.     Thus  we  should  write 

logsin  fi4°  ir.'^.  1  •!»:>  Mum,     log  eot  IS'  ,■}■>' ^^  ^T.'irJH.'iO, 

Hud  in  the  arnuigemcnt  of  the  work  care  must  he  taken  to  keop 
the  mantis.sie  positive. 
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KsfimpU-  1.  Tlic  sides  of  ii  tniiiiRl(>  are  3.'..  I'.t,  <".;{;  lin.l  the 
grcaU'Ht  aiiRle;  kIvcu  lo},' '2 --=-8010800,   lnj,'H  =  -477121H, 

L  co«  47  58'  =  OB'iC)  JltlO,  diff.  for  (50"=  181)7. 

Since  tlie  aiinlfn  of  a  triangle  depend  only  on  the  ratios  of  the 
sides  and  not  on  tlieir  actual  magnitudes,  we  may  sul.stitute  for  tlie 
sides  any  ItiiKths  proportional  to  tin  ni.  Tims  in  the  present  case 
we  may  take  (»=^5,  b~l,  c  =  '.>;  then  ('  is  the  greatest  angle,  and 

c      /.<(.--<•)       /2i   8 "  1       /ir 

''''  2  =  V       Ob      ^   V    2    '  i  "^  5ir7  -  V  -20  • 


log  cos  .y  ==  .,  ('2  log  3  -  log  '2  -  1). 


Thus  log  cos  -  =  l-8-2f.fi0<>3 

log  cos  47   58'  =^  i-H'2<'.4!»10 
ditr.  1158 

.-.  proportional  <}erriii.t<'—        '  x  00"  — 4'.»*5''; 
..  \  =47   5-2' 10-5'. 


1  :t(in>:{(>n 


no 

l.'KI?)  tailSO  (  tt)T, 

!:;."•■{ 
7270 


Thus  the  greatest  angle  is  '.(5   44'  "2 1". 

Example  '2.     If  a  =  288,  /*  =:  8 1 7,  <•  =  4'2H,  find  all  the  angles. 

^     .1         /(7-7,)(s-,-)         /i;t7xstr 

*'*"2    W     7(s   „r    ^^514. 281  = 


lot^tan  ;,  rrr  _^  (log  l!)7  +  logS(;-log514-log281). 
From  the  Tables, 


2H.{ 

317 
i-js 

•211     .V- a 

V.t7=^  »-A 

!«)  =  »- f 


log  l<,»7  =  2-2!)41(!r,2 
log    HG=l-!)8441»sr) 

4-22H',l(;47 
50745751 

2)  1  •15438% 

log  tan 'j  =  1-5771948 

log  tan  2(t   41'  =  1  •57t')",»585 
ditr.  ~2^\:i 


log  514  =  2 -71 00081 

log  281  =2  .{(•)8(;i20 

5  074'575l 


it 
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ttOi.UTIoN   OK   TKIAMIl.KS   WITH    I.oiiAlUTllMS. 


lfi!> 


But  dill  for  ()0"  is  3H22, 

,   .  '2:{t'.H      „  ,„ 

.'.  i)n)i)'.  uR're!isi!=       ,.  ■  h{)       .\rl   ; 
lis '22 

A 


■  2     " 

Again, 


!0   ll':{7  1"  and  .( -  H   -IX  H". 


II      1 


.-,  log  tun  .^  =  .,  (loK  H()  +  log  2:$1  -  lo-  r.l4     log  197). 


log   H<)-3l-<.);U4".tH.-, 
log2Hl  -2;j(i;{(U2t> 

1 '21781  lori 

->00.">t2!i;{ 

2  )  r'2<.t2r.,sr2 

logtan.^*  =  rCl(".340() 

log  tan  23°  r>:v  ^  1  ■(;4<>1(»«H 
ditT.  14 IH 

r.iit  diff.  for  t;0"  is  HI  12; 


log;'.14     2-7lO'.tC>:U 

loglit7  =  2  2;t44t;(;2 

5-00r.42'.l3 


prop' 


incrt'ase  = 


141H 
;Mf2 


r.0"  =  '24<.f 


li 


=:  23°  .".r  •24-9"  and  /.'  =  47   4tl',-,0' 


Thus  .1  =  4 1   23'  1 4",  li  =  47"  4(5'  50",  C  =  90"  49'  5(>' 


ins 

no 
:ur2)s.'Misii(  -iiK 


EXAMPLES.    XVI,  b. 

1.  Tln>  sides  of  a  triaiii,'lo  arc   .">,  S,   11;    fiisd  tlu'  ,i,'n'at.fsc 
aiiglo  ;  jjivon  l.>,i:7  =  -81."(>!)8(V, 

/,  sill  :.(!'  4 , '  --  Jt!)22r)-20r),     A  sin  'ifr  4S'  ^  <.)!»-2:i()(J3 

2.  Tf  a=-lU,  /<-r)l,  <^  =  4;},  find  .1  ;  j,mv«>ii 

/.tan 24"  14'  i;r=9()(i:uit;4, 

]().,'  1 28  -=  2-l(  »72  HM\     lojr  003  =  2-7H0.31 73. 

3.  The  nidos  <r,  I>,  <■  aro  as  4  :  ">  :  0,  tind  /<;  i^'ivni  leu' -2, 

A  curt  27    .'»:$■  -  91)404040,     diff.  for  1 '     <■,(;:*. 


i! 


JH   , 


in 


,'■  I, 
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4.     Find  the  greatest  angle  of  the  triangle  in  which  the  m.lcs 
are  f),  G,  "" ;  given  l()gG=-77«l-")13, 

Aco.s3!r  l4'  =  'J-88n004l,     di'     ...r  l'--=103± 

t  =  3,  />-l-7-i,  (  =2-7r.,  find  (';  given  log 2, 
L  tan  3-2°  18'  =  9-8fX)8:JGr),     difl".  for  1'  =  279G. 

6.  If  the  sides  are  24,  22,  14,  find  the  least  angle;  given 

L  tan  1 7°  3:V  =  9-50  )042,     .lift",  for  1'  =  439. 

7.  Fin.l  the  greatest  angle  when  the  sides  are  4,   10,  11; 
given  log  2,  log  3, 

L  cos  4G°  47'-9-83.-sn378,     ditf.  for  1  - 134.. 

8.  U(i  -.h  :  '■=10  :  13  :  14,  find  the  angles ; 
given  log  2,  iog  3,  log  7, 

L  tan  2G°  33'  =  9-0986847,     ditf.  for  l'  =  31.)9, 
A  tan  29^  44' =  9-7567^87,     dirt",  for  l'  =  2933. 

9.  If  «  :  ?>  :  (^  =  3  :  4  :  2,  find  the  angles  ;  given  log  2,  log  3, 

/>tanl4°  28'=   9-411G146,     diff.  for  10"  =  870, 
lta«52^  14'=:  10-1108395,     ditt".  for  10"  =  435. 

189.     To  golcc  a  triangle  having  gicen  two  siiles  and  the  in- 
cluded angle. 

Let  the  given  parts  be  b,  c,  A,  and  let 

sin  li     sin  C 


then 


0  e 

sin  n  -  bin  0  ^  kit-  ke  ^  Z*^  , 
sin  B  +  sin  C  ~  kb  ^-kc     6  +  c  ' 

B+G  .    B-C 

2  cos     ,^     sm   -^     ^^_,. 

'■  TiTc     W^'    ii'+c 

2  sin      -,      cos- — ^ 
2  J> 


tan 


B-C 


h-c 


tan 


"TTf"     />  +  < 
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n+c  A 

siiuo       ^      =90        ^. 

.-.    logtan   ■'g--  =  log(/>  -  cj  -  log  (,/>  +  <•)  + log  r()t'_^  , 
from  which  e<iU!ition  we  can  find  . 

Also  =!>()'  -  '-  ,  and  is  therefore  known. 

hy  addition  and  subtraction  we  obtiiin  li  and  ('. 

,  6  sin. I 

rroiu  the  eu  nation         n~  ,,  , 

^  sni  /> 

log  «  =  1(  >g  6  +  log  si  n  vl  -  log  si  n  />' ; 
whence  a  may  be  founil. 

Kj-ample  1.     If  the  sides  a  and  />  are  in  the  ratio  of  7  to  3,  and 
the  included  angle  C  is  G0°,  find  A  and  7i;  given 

log  2  =  -3010300,     logs  =  •4771213, 
Ltan34  42'  =  9-8t0377C,  diff.  f.'i-  l'-:2(;y9. 

A-B     a-b     ,C      7-3  o      4 

*^»      2      =„+7>^'^'2--7-+3^"*'"   =10-'-^' 


.-.  log  tan  '■*  2  ^'  -  ^  1%'  -  -  1  ^  2  '"^' '' ' 

.-.  logtan  ^^2^  =  1-8406207 
logtan34^42'=I-H403776 


1  l()x2=«020t>tK) 


diff. 


prop',  increase: 
A-B 


2431 


2431 

'•ioyy 


x60 


jf       .-  I'f . 


=--34''42'54 


And 


A  +  B 


C 


2 


-=90°-  ^  =  60 


;,Ion3--23«5»H)7 
•8kWa07 


24S1 

'iiMt'.t  )  fi')St,(»  (  5-1 

KtJJiO 
1()7!'« 


an( 


By 

Iby 


addition, 
subtraction, 


.4  ==04   42' 54' 
7i  =  2.V  17'«r. 


ln< 


m 


i; 
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Example  2.     If  a^C>n,  r  =  248,  7J  =  50^4-2'.  solve  the  triangle,  by 
the  use  of  Tables. 

tan      .^     -avc''^^^'^^  ' 


.:  log  tan --^^,^'- log 438 -log 924 
+  log  cot  25"  21' 

.-.  logtan"*  5  ^'=0002383 

log  tan  4;-.^  =  -0000000 
diff.  2383 

And  diff.  for  GO"  is  2527 ; 

■    •  2383         ,,  _  ._„  _ 

.-.  prop',  increase  =  -..,_xoo  —  •>'    i 


2 

A  +  C 


=  45=0' 57". 


loR438  =  2-64147n 
log  cot  25°  21'=  ^3241362 

2-9659103 
log  924=2-9656720 

•0002383 


2527  )  14-2U.S0  (  56-6 
It'rfiSO 
14680 


li 


Also"2^='*0°-i  =  *^^°^'''- 


liy  addition, 
and  by  subtraction, 

c  sin  /{ 
AL'ain,        o=    .    ,,  ', 
^      '  sm  C 

.-.  log  i  =  log  c  +  log  sin  B  -  log  sin  C 
=  log  243  + log  sin  50=  42' 

-  log  sin  lO'^  38'  3" 

.-.  log6     •2-7l7'.'iil2 
log55'J-63       2-7479010 


A  =  109°  39'  57", 
C=   19°  38' 3", 


.-.  ?,::.  559-63. 
Thus  A  - 109-  39'  57",   C'  =  19°  38'  3",  /-  =  559-63. 

190.     Fi'oin  tlic  formula 

iiin       --^  .  ,     t-ot  - , 


log  sin  19°  38' =  1-5263387 

Ax  3540=            177 
60  

log  sin  19°  38'  3'  =1-5263564 

log  243  =  2-3856003 

lo<]:  sin  50°  42'=  1-8886513 

2-274-2576 

log  sin  19°  38'  3"=  r526a5(Vl 

2-7479012 


^v^] 
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it  will  be  seen  that  if  />,  '•,  ami  li-C  are  known  .1  <an  1h.  found  ; 
that  is,  the  triangle  can  be  s.rfv(ii  wlu'i.  the  given  i»arts  are  two 
side .  and  the  dittereru^e  of  the  angles  oinnisite  to  them. 


EXAMPLES.    XVI.  c. 

1.  If  a^J),  6  =  6,  ('=()(/,  tind  .1  and  /*;  given  l<'g2,  log:^ 
L  tan  1!)°  fi'  ---  !)r)3!)4:  '>7,     L  tan  lij   7'  -  !)T):{i>M:{7 1 . 

2.  If  "  =  1,  '•  =  '•»,  />'  =  0r)°,  find  J  and  (';  given  l()g2, 
7.  cot  32"  30'  =  10-1!):)S127, 
AtanT)!"  2H'=- 10-()J>W7():5,     •lifF.  for  r--'.')02. 

3.  If  17'<  =  76,  C'=60^  tind  .1  a-.nl  11 ;  given  log  2,  log 3, 
L  tan  35"  49'  =  t>-858:53r>7,     diff.  for  10"=:  -im-l. 

4.  If  6  =  27,  «-=23,  .1  =44°  30',  tind  B  am'  C  ;  given  log  2, 
A  cot  22'  l.V  =  10-.3S8iri;>l, 
/.  tan  1  r    3'  =   9  ■2!X)07 1 3,     d  ift'.  for  1 '  -=  07 1 1 . 

5.  If  c  =  210,  <f-  110,  /i=34°  42'  30",  tind  T  and  J  ; 
log  2, 

Z  cot  17°  21'  1;-)"=  10-5051  :)00. 

Two  sides  of  a  triangle  are  as  5  :  3  and  include  an  angle 
30' :  find  the  other  angles  ;  given  log  2, 
Z  cot  30°  15' =  10-2.3420, 
Ztan2.3M 3'-   9-03240,     dift".  for  l'  =  35. 

7.  If  'r  =  327,  <=25fi,  /?  =  56°  28',  find  .1  and  (' ;  given 

log  7-1  =  -8512583,     log  5-83  -  •7G5(;<;m;, 
ZtanGl'  46'=  10-2700705, 
Ztanl2°4()'=   9-35522()7,     .liff.  for  1'  =  5859. 

8.  If  6  =  4c,  .1=05',  tind  11  and  C ;  given  log2,  log 3, 

Z  tan  57^  30' =- 10- 1958  i  27, 

L  tun  43°  1 8'  =  9-9742 1 33,     d iff.  f,  ,r  1 '  =  253 1 . 

9.  If  «  =  23031,  6  =  7077,  ('=30'  10'  5  ",  hnd  .1  and  li  ; 
given  log  2, 

L  tan  15°    5'  =  9-4305727,     diff.  for  10"  -  838, 
L  cot  61"  41'  =  9-7314436,     diff.  for  IC  =  504. 


given 
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191.      To  Kofvt'  <i  tri'iiiiffr  hiiririfj  (jirrn  fu-o  mujles  and  <i  fide. 

Let  the  given  i)art.s  Ui  tlciiotod  l.y  /?,  (\a;  then  the  tliird 
(Uigle  A  is  fodiid  from  tlie  pquatioii  A  =  IWV-  /i-  T, 

ff  sin  W 
'""1  ''=  sin  J    ' 

.-.    l(>g/>  =  l()g<f +  logsin  II  -  litg.sin  J  ; 

wlu'mr  h  ni.iy  l>n  fount!. 

Siuiilarly,  /•  may  l)e  olitaiiied  from  tho  etniatioii 
l,,gc  =  ]og<^  +  logsin  ('-log .sin  J. 

K.nimplr.     If  h  =  100(»,  .(  ^  15°,  C  =  OS"  17'  40",  find  tho  least  side, 
having  given 

log 2 .=  •:^010300,  h)g7r)98r)  = -88041 18,  diff.  for  1  =  57, 
LsinO(r42'  =  9-'.>r».30.j.38,  diff.  for  l'-^r,44. 

li  =  IHO  -  4.V  -  66°  17'  40"  =  66°  42'  20". 

b  sin  .1        1000  sin  45° 
The  least  B.de  =  «  =  -^.^  ^^  =  ^.^  ^.,.,  ^.^,  .^,,„ ; 

.-.  log</  =  3  f  log  ^7,  -  log  sin  66°  42' 20"         log  sin  66"  42' =  1-1)630538 
^ "  20      . 

=  3-~log2-log8in66°42'20"       I  60  ^  "^     " 


:3-113586'.» 


log  2  :^   -1505150 
•1135869 


..  log  rt  =2-8864131 

log  769-86  =  2-880^118 

diff.  13 

.-.  prop',  increase  =       --Ji. 


Thus  the  least  side  is  769-8622. 


EXAMPLES.    XVI.  d. 

1.     If  /i=60"  15',  ('=54°  30',  a  =  \00,  find  c- ;  given 

A  sin  54"  :j()'  =  U-l)lUU«<iU,     log8-!)li4t;i<)2  =  -i>5253I7, 
ZsiuG5^  15' =  99581543. 


XV 


SOLUTION    OF    TKIANiJI.KH    WITH    I.CMIAIUTIIMS. 


2.  If  A  --:);V,  /;=()")',  c=-2H\  Jiinl  <i  ;  givni  lo,i,"J,  lot;:!, 

I()g2r..'>:i9=-  1-4()7:2():V.>. 

3.  If  .1  --4.")°  41',  ^=02"  iV,  i=--l(H),  tiiul  (•;  givfii 

lo<,'!)-27fSH -•!)«? 4i>,     ZsiiiC-J    .V  =  9-'.)4(;:27, 
/.sin  72'  14'=-=*.t!t7>^78. 

4.  If  /;     70    ;}(>',   ('=7«"  H>',  ,i^.\0-2.   find  /.  .ind  -^Kivt'ii 

log  1  •02  =  •()<)!>,  l()gl-8.-.     -^cr,  l..gl!»2  -  -i-'SM, 
/.sin70°  30'=t)-;)74,     /,sin78    lo'=.!)-!»!K», 
Asin.-n'  20'  =  !»-71(i. 

5.  If '/-1 23,  />'  =  2S)    17',  ('=  i:^)  ,  thai  <      '^vn\  l(),u'2, 

1(.'4    123  =  2-0899051,     Asinl'/-^:  -777, 

log  32110  =  4-.j(X)(>10;j,     J)=  135. 

6.  If  .1  =  44',  ('=70',  h=  1(X)6(!2,  fimi  </  ..na  »• ;  given 

Asin44  =9M17713,  logl(K)()(;2  =5-0028(;5(), 
A  sin  0(r  =  9-9G07302,  log  103543  =  5-0151 2 1 2, 
A  sin  70  =9-9729858,     log  7654321  =f)-8839O07. 

7.  If  <f=l(!52,  /?-=2G    3,"',  <'=47'  15',  find  />  and  c  ; 
L  sin  73"  45'  =  9-9-22!)38,     log  1  •()52    =  -218010^). 
/.sin26''30'  =  9-fi4:)5274,     log  7-()780  = -8852481,      />     57, 
Z  sin  47"  15'  =  9-8f)588f)8,     log  1-2()3G  =  -1()1(;09(;,      />-  344. 


192.      To  solre  a  trinmfh'  trhrn  tiro  .--iffi'SoiiJ  lh<-  unijle  opponlff 


to  vif  <'fthem  are  given. 


li 


li<>t  (/,  6,  A  Ik!  given.     TIk'h  from  sin  11—  -  sin  -I,  wo  liav* 


log  sin  /}—hy^h  -  log  M  +  log  sin  A  ; 
whence  /!  nuiv  l>e  found  ; 
then  ('  is  found  from  the  iMiuation  ('=  180    -  .1  -  /J 


Again, 


asm  ' 
''"  sinvl  ' 

logr  =  log(/  +  log  sin  ('-  log  sin  ^1. 


If  a<h,  tand  ..-l  is  acute  the  solution  is  ambiguous  and  there 
will  l>e  two  values  of  li  supfiloiisentary  to  c^xcii  other,  and  also 
two  values  of  C  and  c.     [Art.  147.] 


i7t; 


Kl.KSI  KNTAHY   TKIOUNOMKTKY. 


[iHAl', 


Kxamph.     If  h=i\'A,  <--^;«>,  C^'Jjr  'iW  \W\  lind  U  ;  ^'i\^■ll 
loK  2  =  nOlOSOO,  loK  7  ^  •H450980. 
LHin'i'.r2;r  =  !>-tV.>077'21,  Jifl.  for  l'  =  2243, 
Lsin.V.t   10'  =  9yH3«222,  diff.  fur  l'=7'.o. 


h    .    ^     <'3    .      . 
sill  /.'  =    sin  C  = :,..  sin  ( 
(•  M> 

=='[sin2'.i   2:ri5"; 
4 

.-.  log  sin  7i  -  log  7-2  log  2 

+  logHin29  2:ri;>"; 

.-.  I(>gsin/J  =  l''.l338fi62 

log  sill  iV.r  10'= ntH:w22^ 

dill.      '         440 
.  -1^0     rn"     -4-". 

.-.  /}  =  ,J!r'10'35". 

Also  since  c  <  />  there  is  another  value 
of  li  Biii>j)lenientiiry  to  the  ahove, 
naiuely7.'n^l20"4'.»'25". 


log  sin  20^23'=:  l-(i'.M»7721 
15 


00 


x2243  = 


5«il 


log  7=   •84r)0980 

•')3.jy2ti2 

2  log  2=   -(5020600 

1-<J33<(;C2 

440 
GO 

i",  )  2ii4()0(  3. 

22Gu_ 

"TrfoO 

3775 


I       :. 


'if 


EXAMPLES.    XVI.  e. 

1.  If  «  =  14r),  ^  =  178,  li  =  Ar  10',  find  J  ;  given 
lo<,'17S  =  2-.25042(M),  X  sin  4r  10'  =  J)-8 18391!), 
loJJ  145  =  21013(580,     /.  sin  32'  2.V  3r."  =  9-72933!)!). 

2.  I f  .1  =  20"  20',  h  =  1 27,  o  =  85,  find  Jl ;  givon 

lug  1  27     •1038037,  A. sin  20"  2(5' =  9(5 185 124, 

loj^r  ,S'5    .= -9294 18!),      A  sin  41  '  41'  28"  =  9-S228!>72. 

3.  If  ('  =  5,  h  =  4,  r=45°,  find  .1  and  B;  given 
log  2  ==  -30103,     A  sin  34°  20'  =  9-7525750. 

4.  1  f  r/  =  1 405,  />  =  1 706,  J  =  40",  find  Ji  ;  gi von 

log  1  -405  =  -1476703,     log  1  -706  =  -23197yj, 

L  sin  4O'"=9-HO80675,     L  sin  51°  18'=9  8923342, 

diff.  for  l'  =  1012. 
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5.  If  yi=ll2^  4',  i  =  .'i73,  t--.:J!)4,  fiii.l  A  and  C,  given 

log  rj7.'J  =  2-7.''i8  ir»4G,     Idg  3;»i  -^  i'ul».')4!»(i:^, 

A  .sin  au'  3;V  =  !}-8()427r)7,     ditK  for  UU"-  15:J7, 

L  cos  22^  4'  =  y!)()()L«»  1 4. 

6.  If/>  =  84,  c—  1-2,  y;-=37'  3<;',  Hnd  .1  ;  giviMi 

log  7  =  •H4.'*<  »!»St ),     A  sin  37    IMi'  ^^'  !>-7Mr.  1332, 
L  sin  <J0   3i)'  =  !>■!>  JU3381,     dlH'.  f..r  I  ^  711. 

7.  SuppoMing  the  dut  for  the  .solution  of  a  triim-;]f  t(.  he  as 
in  the  three  following  ca.ses,  noint  out  whetlier  the  sohition  will 
he  anihiguou.s  or  not,  and  find  the  third  .side  in  the  ol.tuso  angled 
triangle  in  tiie  an»i>iguou.s  e.i.se  : 

(i)  . I  -  30  ,  ,(=l  2.)  feet,  <•  =  2:>()  feet, 

(ii)  .l=3(r,  r*  =-.  2<  K)  feet,  <=2r)()  feet. 

(iii)  A^liO',  a  =  2CX)fcet,  <•- 125  feet. 

<iiven  log  2, 

log  0-0380  =--  -7809578,     L  sin  38 '  4 1'  -  !)-71).")8S(X), 
logG0390  =  -78U9(3r>0,     Zsin8'    41'  =  !*  178!XK>1. 

193.  Some  fornmhe  which  are  not  priniarilv  suitahle  for 
working  witli  logarithms  may  ho  adapted  to  -such  work  hy 
various  artifices. 


194.      To  adapt  the  formv'a  c^:=a^^h'i  to  loynrithmic  rompu- 
tation. 


We  have 


c^=a'(\  + 


■^ 


Since  an  angle  can  always  he  found  whos(!  tangent  is  equal 

to  a  given  numerical  quantity,  we  may  put  -^tan^,  and  thus 

ohtain 

f2  =  «-'(!+  tan^  e)  =  a-  sec-'  0  ; 

.  ■ .    c  =  a  sec  0  ; 

.•.    log  f  =  loga+-l()g.s(>c  ^. 

The  angle  6  is  called  a  subsidiary  angle  and  is  found  from 
the  equation 

log  tail  ^= log  b  -  log  a. 

Thus  ani/  expression  which  can  be  put  into  the  form  of  the  sum 
of  two  squares  can  be  rcadili/  adapted  to  loyarithinic  wort. 


H.  K.  K.  T. 


12 


wm 


<     ' 
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195.     7'"    ii'hipf    th''  foriiuilii    v---ii--^}>-     'liihiuxV  t»   }iHf- 
(irillniiii'  foiiift'it'ifii'i). 

Kriiiii  tlio  i(h'iititio.s 

fiwr-cus-  ^  -.sin-  _,,   Hiiil    1     <-<»s-  ^  +  -^iii-  ^, 

w«?  li.ivo 

/        C  C\  (        i'  C\ 

(•••i  =  ('<-  +  /'-)  («•"«■-  ^,  +  .sin-'  ^  j      L'"/'  (^cs^  ^  -  .sin-'  ^  j 

„(„'J4.//J--2'^/')f'"<'  .,-!-('"- -I- '>-  +  ->"/')  «i«>-  ,i 
-- {,1  -  hf  cos-   .  +  '<!  +  Z*)^ t<m"  ., 

H.-^)' ':{'+(;;!:/-<)■ 

Take  a  subsidiiiry  aiigU;  6,  snc\\  tluit 

.      ^     "  +  ''.      ^ 
tin  ^  =        ,  t;in  ~  , 

a-b        2 
then     <;2  =  (u-6)2c()s2|'(l  -l-Un^^) 


r' 


.-.    c  =  {(i  -  />)  cD.s  -  .sec  6  ; 

.  • .    log  r; = log  (a  -  />)  +  log  c(  ).s  -  +  log  sec  ^, 
where  6  is  doterniincd  from  the  equation 


log  tan  ^  =  log  (a +  6)  -log  (a-  6)  +  logtan-j 


C 


196.  AVlion  two  sides  ainl  the  included  angle  are  given,  wc 
may  solve  the  triangle  by  liniling  the  value  of  the  tliird  side  first 
instead  of  determining  the  angles  first  as  in  Art.  18!). 

Example,     li  a=:\,c  =  \,  B  =  53°  7'  48"  find  b ;  given 

loy '.i  ::= -HOlOaOU.  log  2-o'jyH  ^ -llKJOHfi-i,  dill,  foi  ---172, 
L  CCS aC'  33'  5 1"  =:  9-yr)154  J2,  L  tan  2G°  33'  5 1"  =  9-G9S9700. 


XVI. I  St»l,Uriu\   OK   TI{IAN»1I,K.S    WITH    l.oti AHITHMS. 

Wi-  liiiv«'  //-'    (•'  +  (/  -'  -  '2,11  cc)«  II 

-('«'  +  <-)  I  cos-'    .  4MII-        I      'loi-  I  <<>s-\ 

-  (<»  -  <•)•-  cos-     +  (,»  )  c)-  Hin-  I 

=  (rt-r)'^co82-(l  +  taM-e) 


17!) 


wheio 


tan  tf  =  '      'tail  -.  ^'2  tan  2(1  AA'  'A" 
It     c         '2 


:.  log  tan  tf     log  '2  -  log  tan  20  :{3'  51" 

=  •3010300 +  i-0'.)H'J700 
=  0; 
whence  tan  ^  =  1,  and  <>  =  4u^. 


From  (1), 


f » 

h  =  {a~c)  COS      sec^ 
It 

=  2  sec  45°  cos  — 

=  2  ^2  COS  2(5°  33' 5 1"; 


Mll- 


.,    I< 


.(1). 


1 


.-.  log  b  =  log  2  +     log  2 

+  log  cos  26 '33' 54" 

.-.  l()j,'^  =  -403();»02 

log  2-5'2",l8  =  •4030862 

diff.  40 

But  diiT.  for  1  is  172 ; 


1 


log  2=    -3010300 


log  2=^    •1505150 

log  coH  20^  33'  54"  =  1  •<.»515 152 
"^•4030'J02 


*•       1  •  40       10      ,.. 

.".  proportional  increase  =  ,      =  ,  ;  =  '23, 

1  /  2      43 


Thus  tbe  third  aide  is  2-529823. 


197.     The  formula  f''-  =  rt2^/,2_2„/>cos(7iiiiiyals(»  l>c  adaptril 

to  lotrarithmic  t-oni])utation  in  f-vvo  othpr  wavs  hv  luakini;  use  of 

C  "         C   ^ 

the  iiloiitities  C(W  (.'=2  con-  -^  -  1  anil  co.s  C'=  1-2  sin-   - . 

2  2     . 

12     2 


■-S 

I'   f 


i     t 
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Wc  shall  take  the  first  of  tliosc  cases,  Ifaving  tlio  otluT  as  an 
exercise. 

,•-„,/-'  +  //-'    •  -Jitb  cos  (' 


-^„'^  +  l,-^  -•liibi^vos-   ,-  1 


Let 

tllcU 


.-    cos-      —  Ctis-t*, 


.■^..(,,  +  hf{l  - c. .^- ^) -("  +  />)- sin- ^; 
.-.    (,':=((»  +  ?*)  sin  ^  ; 
.-.    logc=^l«)j,'  {(i  +  b)  !  log  sin  0. 
To  iletenaine  ^  we  have  tlie  equation 


0OS^=  .     COS 


(f-t-^' 


c 


.-.  Iogcos(9-=log2+    (^loga+log^)  -log  ((<  +  /')+ log  cos  ^. 

Since  2\/ab  is  iicmt  greater  than  a  +  b  ami  cos  ^^  is  positive 

and  less  than  unity,  cos^  is  positive  and  less  than  iniit  ,  ami 
thus  6  is  an  acute  ;ui<'le. 


EXAMPLES.    XVI.  f. 

1.  Jf  a  =  8,  6  =  7,  c'  =  !),  find  the  angles  ;  given  log 2,  logli, 

/:  tan  24'    T)'  =  l)<i:)i  (^sof),     ditK  for  f )( t"  =  xy.»), 
L  tan  3G'  41'  =  t>y7i'll-2:i,     ditt'.  for  60"  =  2G37. 

2.  'Ihe  ditference  between  the  angles  at  the  base  of  a  tri- 
angle is  '1\\,  and  the  sides  oi»posite  these  angles  are  175  and  .■337; 
iind  all  the  angles  ;  given  log  2,  log  3, 

Ztiin  12  =!t-3274:4r),     AcotaO'  (J'  27'  =  'JS:i722!>3. 


XVI.] 
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3.  One  of  till'  sides  of  a  ri^'ht-jiti.^'lril  tri,iiij;I('  is  two-scviMitliH 
of  tlio  hypotenuse  :  find  the  i;ri'.itor  of  tlir  tw..  acute  ;iiii;les  ;  umvou 

loi,'i>,  log  7,    Zsiii  14    ll'=^^!»Mr)r)!)21,     Asin  1  C  1:2'-  ltir)t;u:u. 

4.  Kin<l  tiio  greatest  siile  when  two  of  the  angles  u-c  7M    11' 
and  71  '  21'  and  the  side  juining  thein  is  :ils:{  ;  given 


log:>lS3  =  -:};{!>o:.;'.7, 
Asin7^'  l-l'--I>".t:H»7, 


i-'L'7  4=-(;jt;()7;{:{,    />=!();?, 

,      A  sin  :{()    •2-2'     UHYMIHC. 


5.  If  />-:i  ft.  (» in.,  ,•  -l'  ft.,  .1  ~--2-r  HY,  tind  the  other  angles  ; 
;ind  then  shew  tliat  the  side  n  is  very  iii)]iro.\iniately  1  foot. 
( Jiven  log  2,  log  3, 

Aeotir  l()'=l()-7nK;.-),      Asin  11»    27' :i4"  =  !»SS(>7'.>, 
A  sin  22    20'=   i)-.-)7!»77,     A  tan  2!t    22'  2«i"  =  !)-7.")()41. 

6.  If  "-  ir)(!2:n,  h  -i:^*;*:,  C  ^M'  42'  (i",  lind  .1  and  />'; 
given  log  r)(;234  =  4'7">, 

log  cot  2!)'  2r-~-2.">(M)ir),     log,. it  2!t'  22'  -.^■2l!J7ir). 

7.  If  a^-i),   b=\-2,   .l=;i(),    find   the   values    ,.f  c,   having 


uncn 


h)g    12=1-()7!)18,  Asin  30                 =!)-G!>Hl)7, 

log      !»--=    •!•.-)  124,  Asin  1  T  48' ;i<)  "=  !):nii>s, 

logl7U=2-2:W01,  Asin  41'  48' 3!)"^  i)-SL>;;;»i, 

h)g%8:=2-.")(U!:?r),  Asin  108'  ir  2r'=:!)-;)7774. 

8.  The  sides  of  a  tri.mgle  .irt!  !»  and  3,  ami  the  difference  of 
the  angles  opposite  to  them  is  !»0':  find  the  angles;  having  given 
log  2, 

A  tan  2(>'  :W---=f)-«)!»8(;847,      A  tan  2tJ'  31'=    !)<;!)!»( KM ttl. 

9.  Two  sides  of  a  triangle  are  '  lo4  and  DdO  respectixelv, 
and  an  angles  opposite  to  one  of  tii(>ni  is  32  l.")':  lind  the  angle 
contained  hy  the  two  sidiss  ;  having  given  log  2,  log  3, 

log  13=  1-1 13!)434,     A  cosec  32'  l.V   =  10-2727724, 
Asin21    23'  =  yr)(;2l3i(;,  Asin.')!     18'  .    !»-8!)2323(). 

10.     If /<  :  c=  11  :  10  and  A  --3.")    2.")',  use  tlie  fornnda 

ta,n;,(A'  -r)=.tan'-*eot  '^  to  fnid  //and  (' ; 

given  log  1-1-=    •0413J)3,     A  tan  12    18' 3(i"--r=    !)-3388<H, 

A  cos  £4"  37'  12":^^0  0.-)8»;f)7,     A  cot  17    42'  3o'      |O-4!J.">HO0. 
A  tan  8'  28'  r)(J-.V'  =  !jl73o82. 
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11.  If  .1  =  50%  />  =-  107 1 ,  (/  =  873,  find  B ;  i,'i\  cii 

log  1-071  =  -0:i!>78(),     lug  8-73  -  -IMIOU, 

A  sin  50 '  -  0-8842r)4,     />  sin  70 '      =  9J)7:i!)H(;, 
7.  sin  70'  l'  =  !)-[)7:5o:i± 

12.  1  f  <f  =  0,  />  =  3,  r  -  36"  5-2'  1 2",  fi nd  r  witlu  >ut  detcrmini i ig 
.1  and  /];  givt-n  lug i>=  30103,  log 3=  •4771-2, 

log  40249=  400470,     A  sin  18°  20'  0"  =  9-r), 

X  cot  18' 26' G"  =  10-47712. 

(hi  the  folhncing  Ex(tmpli'x  the  neccssai-y  Loijarithms  vmi^t  be 
Vikeii  from  the  TahleK.) 

13.  CJiven  a  =  10(X>,  6  =  840,  0  =  1258,  find  B. 

14.  Solve  the  triangle  in  which  «  =  525,  6  =  650,  r  =  777. 

15.  Find  the  lea.st  angle  when  the  sides  are  proportional  to 
4,  5,  anil  0. 

16.  If  7i=90\  J('=57-321,  jy;  =  28-58,  find  .1  and  ('. 

17.  Find  the  liy[)oteuuse  of  a  right-angled  triangle  in  which 
the  smallest  angle  is  18'  37'  29"  and  the  side  opposite  to  it  is 
284  feet. 

18.  The  sides  of  a  triangle  are  9  and  7  and  the  angle  lK>tween 
them  is  00':  find  the  other  angles. 

19.  How  long  nuist  a  ladder  be  so  that  when  inclined  to  the 
groun<l  at  an  angle  of  72'  15'  it  may  just  reach  a  window  4237 
feet  from  the  ground  ? 

20.  1  f  <t  -  31  -95,  6  =  21  •9(!,  i '-  35%  find  .  I  and  //. 

21.  Find  /;,  (\  a  when  6  =  25-12,  <■=- 13-83,  A  -47'  15'. 

22.  l-'ind  the  greate.st  angle  of  the  triangle  whose  sides  are 
1837-2,  23H5-0,  2173-84, 

23.  ^^■hen  <^  =  21 -352,  6=  450843,  <-  =  37-2134,  find  .(,  />', 
and  ('. 

24.  If  6  =  047-324,  f=-850-273,  .1  =  103'  12' 54",  find  the  rc- 
m.-iining  parts. 

25.  If  6  =  23-2783,  A  =37'  57',  y;=43'  13',  llnd  the  remaining 
sides. 

26.  Fnid  <i  and  6  wiicn  />^72  13'  25',  ('=47  12'  17", 
f=  2484-3. 
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27.     If  Jy/=4")I7,  .H'.  i:.0,  A=:iV  30',  fiii<l  the  miiaiiiiiig 


^)arts. 

28.  Find  A,  />',  and  h  wlicii 

(/-324(;«,  <•     4l'1-73,   C     tlh    17'  12'. 

29.  <JivoM  ^f  =321-7,  '■=  I3r)(!,  .!  =3(r  IS'  -IT,  lin.l  ('. 

30.  If  fe=  i:t2r),  r=l(;(ir),  /;=:r)2'  1!»',  solve  tin-  ol.tuso-an^lnl 
triaii''le  to  wliicli  th«^  data  K-loiiji. 


31.     If  rr- 37!t.i,  /;-73    1")'  1.")",  <'---^r  lS'3<r,  fmd  thcotliii- 


SUK'S. 


32.  Find  the  unifies  of  tlie  two  triani^lfs  which  have  l>—  17, 
(=12,  and  C=43Mi'  ir. 

33.  Two  sides  of  a  triangle  are  2-74()i'  ft.  nud  •7401  ft. 
n"s|KH:tively,  and  contain  an  angle  r>'.(  27'  .)" :  find  the  hasc  and 
altitude  of  the  triangle. 

34.  The  difference  between  the  angles  at  the  .>ase  of  a 
triangle  is  17'  48'  and  the  s  '  s  suhtending  the.se  angles  are 
l().")-2r)  ft.  and  70-7.")  ft.:  find  ine  angle  inclndeil  hy  the  given 
sides. 

35.  From  the  following  ilata  : 


(1)  .1=43    l.V,     J/>'  =  3()-.'),     //r-.2(). 

(2)  .1  ==  43°  1 ;")',     A/}=~  3(;r).     />'( '     :}( ), 

(3)  A  ^ 43 '  1 5',     An  =  30:>,     Ji( '-  4."), 

j)oint  out  whicli  solution  is  imjiosslMe  and  wliidi  anihiguou.s. 
Find  the  third  side  for  the  triangle  the  solution  of  which  is 
neither  iinpossihle  nor  and'iguous. 

36.     In  any  triangle  prove  that  <■.   (a  -  h)  sec  ^,  where 


tan^. 


2k/<iI>    .     i' 


a-ii 


<n\ 


If  (^     17-:52,  />=13-47,   ('  =47'  13',   find  c  without  finding  A 


and  /> 


'  +  /- 


37.      If  tan  (f>  -=  tan  , ,  [trove  that  r^-  <i     l>  <'os     sec  <{>. 


(I     I) 


If  <(  =  27-3,  /;  =1()S,  r=4.")'  12',  llnd  0,and  thence  find 
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198.  Some  aisy  lascs  of  hoiglits  and  distances  depending 
only  on  tlie  .solution  of  riglit-angled  triangles  have  been  already 
dealt  with  in  Chap.  VI.  The  prolileiiis  in  the  present  chapter 
are  of  a  more  general  character,  and  r<^.lllire  for  their  .solution 
.s(une  geometiical  skill  a.s  well  as  a  ready  use  of  trigonometrical 
formulie. 

Measurements  in  one  plane. 

199.  To  fiml  the  heljlu  and  distance  of  (  n  inaccessible  o'fject 
on  a  horizontal  plane. 

Let  ,1  l)e  the  position  of  the 
ob.server,  C'/'th'  object;  from  /'draw 
PC  perpendicular  to  tiie  horizontal 
))lane;  ttien  it  is  recjuired  to  find 
yCand  AC. 

At  A  okserve  the  angle  of  eleva-        ^^  /,,j 

tion  PAC  Measure  a  base  line  AB 
in  a  direct  line  froai  A  towards  the 
object,  and  :\i  11  i>liserv(^  the  luigle  of  elevation  1*BG. 

Let  lPAC^u,     LrnC=fi,     AD^a. 

From  A /'/;(',  /'('-/Vi.sin/3. 

From  A/M/;, 

.,j.     AB  sin  PA  B  _    a  sin  a 

smA/'B"~s*\n(l3-a)' 
.'.    /'C=fl' sin«8if)/3co.sec(/3-a). 
Also        A  C=  PC  cot  i.  - '/  cos  a  .sin  /3  cosee  (/3  -  «). 

P^acii  of  the  al>ove  expressions  is  adapted  to  logarithniii;  work ; 
thus  if  /T.   .1-,  we  liave 

log  .?•  =  1(  )g  a  +  log  si  n  a  +  log  si  n  ^  + 1  ■  )g  ci  isc^c  (,i  -  n). 
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Note.  Unless  the  contrary  is  statgd,  it  will  bo  suppo>;t  tl  that  tlio 
observer's  height  is  disrej^anled,  and  that  the  angles  of  elevation  are 
measured  from  the  ground. 

Example  I.  A  person  walking  along  a  straight  road  observes 
that  at  two  consecutive  milestones  the  angles  of  elevation  of  a  hill 
in  front  of  him  are  30^  and  75^:  find  the  height  of  the  hill. 

In  the  adjoining  figure, 
L  PA  C  =  30^  /  rnc  =  7 ■">  \  A  n  =-- 1  mile ; 

/.APlS  =  7o'~-M'==irP. 
Let  .r  be  tlie  height  in  yards;  then 
.r  =  P7?sin7."."; 
AI}  sin  PAP  _  17r)0  sin  30°  ^ 
emArji     ~      sin  45^  '  ' 
17<lfl  sin  30"  sin  75° 


but  PIi  = 


X  = 


sin  io"" 

=  1760  X  J  X  ^/2  X  ^f-tl 

=  440(^/3+1). 

If  we  take  ,^3  =  1*732  and  reduce  to  feet,  we  find  that  the  height 
is  3606-24  ft. 


f 


EXAMPLES.    XVn.a. 

1.  From  tlie  top  of  a  cliff  2()0  ft.  above  the  sea-levol  tho 
angles  of  depression  of  two  boats  in  the  same  vertical  piano  as 
the  observer  are  45   and  30' :  find  their  distance  aj>art. 

2.  A  ])erson  observes  tho  elevation  ()f  a  mountain  top  to 
1)e  15",  and  after  walkinu;  a  mile  directly  towards  it  on  level 
<,n'ound  the  elevation  is  7")':  find  tho  height  of  the  mountain  in 
feet. 

3.  From  a  ship  at  sea  the  angle  subtended  by  two  forts 
.1  and  /}  is  30°.  The  ship  sails  4  mil  >s  towards  A  and  the  angle 
is  then  48" :  prove  that  the  distance  o/  /]  at  the  second  observa- 
tion is  6'472  miles. 

4.  From  the  top  of  a  tower  /i  ft.  high  the  angles  of  depression 
of  two  objects  on  the  horizontal  plane  and  in  a  line  pa  .sing 
tlin)U,L;h  the  foot  of  tho  tower  are  4')°  - /t  and  45°  \  ...  f?hew 
that  the  distance  between  them  is  ih  tan  2.1. 
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5.  An  ohsorvor  finds  that  tho  an^^'l-'^'r  I'lnviition  of  a  tower 
is  a'.  On  adviincinj:  a  feet  towards  tlie  tower  tlio  elevation  is 
4')"  ami  on  advamini,'  h  feet  nearer  the  elevation  is  [Xf  ~  A  :  find 
the  height  of  the  tower. 

6.  A  person  ol)servcs  that  two  olijects  .1  and  B  bear  due  N. 
and  X.  30  W.  respectively.  On  walking  a  niilo  in  the  diiTction 
X.W.  he  lintis  tliat  the  l)«irings  of  ,1  and  H  arc  N.K.  ami  due  E. 
rcspi^tivelv:  find  the  distance  between  .1  and  Ji. 

7.  A  tow<>r  stands  at  the  foot  of  a  hill  whose  inclination  to 
the  Ik  rizon  is  i)  ;  from  a  point  40  ft.  up  the  hill  the  tower  sub- 
tends an  angle  of  ^A  :  find  its  height. 

8.  At  a  jHjint  on  a  level  plane  a  tower  subtends  an  angle  a 
and  a  flagstaff  c  ft.  in  length  at  the  top  of  the  tower  subtends  an 
angle  ji  :  shew  that  the  height  of  the  tower  is 

c  sin  a  eosec  ^  cos  (o +0). 

Example  II.  i'^c  upper  three-fourtha  of  a  ship's  mast  subtends 
at  a  point  on  the  deck  an  an^'le  whose  tangent  is  -fi;  lind  the  tangent 
of  the  angle  subtended  by  tlie  whole  mast  at  the  same  point. 

Let  C  be  the  poirt  of  observation,  and  let  APD 
be  tlie  mast,  AP  being  the  lower  fourth  of  it. 

Let  Ali  -id,  so  that  AP  =  a; 
iiUo\vtAC  =  h,  iACIi  =  0,   iliCP:^§, 
!,o  that  tiin/j--G. 

b  ' 


From  A/'C.^, 
from  d.B('A, 


tan^-^' 


tan  e     '  tan  (d  -  ft) 


tan^  = 


4  ( tiui  0-'. 

1  +  i  tan  $ 
y 


4  (tan  ^-tan/3) 
1  +  tan  0  tau  ft 

4(5  tan  ^-3) 
5  +  3  tan  d 


On  reduction, 
whence 


tan'-e-5tan^  +  4^:0; 
tan  0  =  1  or  4. 


Note.  The  student  should  ubsrivf  that  in  examples  of  this  class 
we  make  use  of  right-angled  triangles  in  which  the  horizontal  base 
Hue  forms  one  Bide. 
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Example  III.  A  towt-r  IUJD  surmounted  by  a  Hpiro  DK  standH 
on  a  horizontal  plane.  From  the  extremity  A  of  a  hori/ontiil  lino 
HA,  it  is  found  that  JiC  and  /)/•,'  subtend  equal  angles.  If  7U'-'.I  ft., 
C7>=:72ft.,  and2>i!;  =  30ft.,  tind  HA. 


Let 


/  liAC=  lDAE=^e, 
lDAIi  =  a,    Ali^^xti. 


Now  lie  =z '.»  ft. ,  lil)  =  81  ft.,  UK  ^  11 7  ft. 

/{/•;    117 


in  {a +  6) 


Ali 


BD      81 
tana=-^  =  -; 


tan  e  :-- 


BC 
Ali 


9 

X 


But 


tan  {a  +  d)  = 


tan  a  +  tun  0 
i  -  tan  a  tun  0 


117 


81      9 

+  - 

X         X 

X  .: 


90 

X 


-  81  X  9 


117x-'-Hlx9xll7  =  90.r=; 

.-.  27x^  =  81x9x117; 

.-.  j-^  =  Sl  x:i9; 

.-.  x  =  9V39. 

But  ^39  =  0-24')  nearly;   .-.  .i— O0-205  nearly. 
Thus  .-(/J  =^50 -2  ft.  nearly. 

9.  A  fl;i<,'.st;vfT  20  ft.  long  standing  on  a  wall  10  ft.  high 
suhtendM  an  aiiglo  whose  tiingent  is  •;")  at  a  ]><)int  on  tlie  gnxind  : 
find  tho  tangent  of  tlio  angle  .suhtended  l.y  the  wall  at  this 
point. 

10.  A  statne  .standing  on  the  top  of  a  pillar  25  feet  higli 
suljtends  an  angle  whose  tangent  is  -l^")  at  a  point  GO  fet-t  from 
tho  foot  of  the  pillar  :  lind  the  heigtit  of  tlie  statue. 

11.  A  tower  BCD  surmounted  by  a  spire  />/;'  stands  on  a 
liorizontal  plane.  From  the  extremity  A  of  a  hnriztuital  line 
JiA  it  is  found  that  /fr'and  DK  suhteud  e'.jual  angles. 

If  5('=!)ft.,    6V>»  =  2H0ft.,    and    />/i'-35  ft., 

prove  that  BA  =  1 80  ft.  nearly. 
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12.  Oil  tlio  l).iiik  of  fi  river  then?  is  a  coluiim  1!»2  ft.  liij^li 
supporting,'  ,i  statue  '24  ft.  lii<;h.  At  a  point  on  tlie  ojipossiti! 
bank  directly  fu  ing  tiie  lolunin  tlio  statue  .suhtends  tlie  Ninio 
.ingle  as  a  man  (»  ft.  liigli  standing  at  the  liase  of  the  column  : 
tind  the  hreadth  of  the  river. 

13.  A  monument  AlU'DK  stands  on  level  groimd.  At  a 
l-oint  /'  on  the  ground  the  jiortions  M},  A(\  AD  sui<tend  angles 
II,  ii,  y  res])oetively.  Supposing  that  AB=<i,  AC^h.  A/)  =  c, 
A  J'     .,;  an.l  «  +/a  +  y  -  1  S( » ,  shew  that  (a  +  h  +  <•)  .r-  =  ah,: 

Example  IV.  The  allitutle  of  a  rock  is  ohscived  to  he  47'; 
after  walKiiiK  10(»0  ft.  towjinls  it  up  a  slope  indiiietl  at  it'i  to  the 
horizon  tlie  altitude  is  77  .  I'ind  the  vertical  )ui  ht  of  the  rock 
above  the  first  point  of  observation,  given  sin  47°—  w.'tl. 

Let  r  be  the  top  of  the  rock,  A  and  It 
the  points  of  observation ;    then    in    the 
figure  Z  PA  C  r=  17,    /  JIA  C  =^  S2  % 
I  P1)C=  L  PIIK  =  IT,  A  I!  =  1000  ft. 
Let  X  ft.  be  the  height ;  then 
x  =  PA  ainPAC^PA  shi  47°. 

We  luive  therefore  to  find  /'.(    in  terms 
of  An. 

In    A  PA  II,    l  PA  Ii  =  i7^- Hi"  =  lo°; 

LAPP,  ^11    -17"  =  30"; 

.•    /.(/;/'=  135°; 

AliamABP 
i^mAPir 

1000  sin  la.y 

sin  30' 
:.-- 1000^/2; 
.-.  x-PA  sin  47=  1000  ^'-J 
=  731^/->. 
If  we  take  ^/'2=  1  -114,  we  find  tliat  the  height  is  1034  ft.  nearly. 

14.  From  a  point  on  the  horizontal  plane,  the  elevation  of 
the  top  of  a  hill  is  4.')°.  Afti-r  walking  .')()(»  yards  towards  its 
summit  up  a  slope  imlined  at  an  angle  of  1.")  to  the  horizon  the 
elevation  is  7-''  ;  liiid  the  lieiglit  of  tiie  hill  in  feet. 


PA 


•731 
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15.  From  a  station  li  at  the  l»aso  of  a  inoiinl.iin  its  .sunniiit 
.1  is  st-on  at  an  olevatioii  of  <!()  ;  jiftcr  walking'  oiu-  luili!  tow.inls 
tho  .suniinit  up  a  piano  niakini,'  an  anglf  of  :{(»  witli  tiio  horizon 
to  anotlii-r  station  (\  tliu  anijlo  lU'A  is  ol.sorvcd  to  lie  13.")  ;  tind 
tho  heiyht  of  tlio  mountain  in  feet. 

16.  TI:o  elevation  of  the  sunnnit  of  a  hill  from  a  station  .1 
is  a.  Aft<'r  walkin;,'  <■  feet  towards  the  summit  uji  a  slope  inrlined 
at  an  an;^Mo  /i  to  tlie  horizon  the  elevation  is  y.  shew  that  the 
height  of  the  liill  is  <•  sin  cisin  (y-^)eosec  (y- n  >  feet. 

17.  From  a  point  A  an  oltserver  finds  that  the  elevation 
of  Ben  Xevis  i.s  (R)';  In-  then  walks  S(H)  ft.  on  a  level  plane 
towanis  the  foot,  and  then  S()(>  ft.  further  up  a  slop(>  of  .30' 
and  finds  the  elevation  to  he  T.V :  shew  that  the  lieight  of  Ben 
Nevis  above  A  is  4178  ft.  approximately. 

2C0.  In  many  of  the  problems  wliicli  follow,  the  .solution 
depends  upon  the  knowledge  of  .some  geometrieal  proposition. 

Example  I.  A  tower  stands  on  a  horizontal  plane.  From  a 
monml  14  ft.  above  the  plane  and  at  a  horizontal  distance  of  48  ft. 
froiii  the  tower  a'l  observer  notices  a  loophole,  and  finds  that  tho 
portions  of  the  tower  above  and  below  the  loophole  subtend  cipial 
anj^'les.  If  the  height  of  the  loophole  is  30  ft.,  find  the  height  of  the 
tower. 

Let  AB  be  the  tower,  C  the  point  of 
observation,  L  the  loophole.     l)raw  CD 
vertical  and  €K  horizontal.     Let  AB  =  x. 
We  liave 

Cl>^\\,  AD  =  KC  =  iH,  nK  =  x~U. 
From  A  ADC,  .IC'-  =  (14)-  +  (l8)-=25(Hi; 

.■.  AC=',0. 
From  A  Ci:ii,  C7,'-'=  (.r  -  14)2+  (4H)2 
=  x--'2S.r  +  -2r>00. 
Now  lBCL=  lACL; 

DC  _  BJj 
AC  ~  17. ' 

v/x^~28.r  +  2.'30l      . 

50  ~     .{0     ' 

By  siiuaring,  9  {x-  -  2Hx  +  2500)  -  •_>.")  {.c-  -  fio.c  +  yoO). 

On  reduction,  we  ol)tain  Wx- -  1248.jr=^0;  whence  x  =  78. 
Tims  tljo  tower  it,  78  It.  high. 


hence  by  Euc.  vi.  3, 


;io 


lU 
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EXAMPLES.    XVII.b. 

1.  At  <iti<!  sido  (if  ;i  roiul  in  a  tla:^^  tafl'  '2.'>  ft.  lii;,'li  fixnl  on 
*'        a>  of  a  wall  l.'i  ft.  hij,'h.     On  tiin  otiicr  x'uU'  of  tiio  ro.ul,iAt  a 

i>n  tlio  f,'roini<l  tlircctly  n]HM>sitR,tlio  Hag.stafl"  and  wall  wub- 
teii.k  equal  angles  :  liml  the  width  t>f  tiie  road. 

2.  A  statue  it  feet  high  standn  on  a  column  .!(/  f«et  higli. 
To  an  ohserver  on  a  level  with  the  top  of  the  isttituc,  tlie  culuinn 
and  .statue  subtend  e(]iial  angles  :  find  thedi.stiinceof  the  t»l)jiorver 
from  the  top  of  tlie  .statue. 

3.  A  flagstafV  (f  feet  high  i)la<ed  on  the  top  of  a  tower  b  feet 
high  subtends  the  same  angle  as  the  tower  to  an  oKserver  h  feet 
higii  standing  on  the  horizontal  plane  at  a  di.stance  ri  feet  from 
tlie  foot  of  the  tower:  .shew  that 

{a  -  /, )  ,/-•  =  (a  +  b)  b'i  -  -IbVi  -  (a  -  b)  h-. 

Example  II.  A  flagstaflf  is  fixeil  on  the  top  of  a  wall  Rtanding 
u]K)n  a  horizontal  plane.  An  observer  finds  that  the  angles  siib- 
teiiileil  at  a  i)(>int  on  this  plane  l)y  the  wall  and  the  flagstaff  are  o 
and  /3.  He  then  walks  a  distance  c  directly  towards  the  wall  and 
fiml-!  that  the  flagstaff  again  subtends  an  angle  /3.  Find  the  heights 
of  the  wall  and  flagstaff. 

Let  KD  be  the  wall,  J>C  the  flagstaff, 
.1  and  /)  the  points  of  observation. 

Then  /  (\lD=--j3=  l  CUD,  so  that  the 
four  points  (',  A,  11,  1)  are  toncyclic. 

.-.    /.!/.7>-.supp'.  of  lACK 

=  90^+(a  +  /3),  from  aCAL. 

Ilei    e  in  aADH, 
I  Al)ll=^lS{r  -  a  -  {9U°r  (a  +/3)} 
=  '.»0=-(2a  +  /3). 

A II  sin  AIiI>  _  c  cos  (a  -l-  /i) 
cos  (2a  +  fi) 


AI). 


am  A  1)11 
Hence  in  aADK, 

l>K  =  AI)s.h\a  = 
And  in  a  CAD. 


c  sill  a  cos  (a  +  /^) 
cos(2a  +  ^) 


C7J  = 


J7>sinC,^/)_  .J  D  sin /J  rsin/S 

sin  A  CD     ~  008  (a  +  /i)  ~  eos  (2a  +  /3)  ' 
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Example  III.  -^  "'•^"  will^inK  towiinl-  ii  towt  i-  All  on  wliirli  u 
(l:i^;stiitT  /;c'  i^  fixed  obscrv.  s  tlmt  wlirn  be  u  at  a  point  /■.',  dislMiit 
■  ft.  from  ttip  tower,  the  tlaistafT  nubteiMlrt  its  ureiitest  an:.'le.  If 
iHEV-a,  prove  that  the  heights   of  the    tower  and   flaK'xtalT  arc 

(•  tau  (  T  -  "  )  ft'"!  '^''  t'^"  a  '*•  resiH.'ctively. 

Since  K  is  tlic  point  in  the  liorizontal 
line  AE  at  which  liC  Huhtemls  a  maximum 
iint,'le,  it  can  easily  he  proved  that  AK 
louches  the  circle  passing;  round  the  tri- 
angle CUE. 

[See  Hall  and  Stevens'  EncUd,  p.  242.] 

The  centre  D  of  this  circle  lies  in  the 
vertical  line  through  /•-'.  Draw  DF  per- 
jxiidieuliir  to  nC,  then  /)/•'  bisects  HC  and 
also  iCDV,. 


By  Euc.  HI.  20, 


Again, 


Z  (■/>/.'.=  2  Zt7;/J  =  2a; 

:.  vn  =  -2CF-2I)F  tan  a  =  '2c  tan  a. 
/  AKU-  L  ECU  in  alternate  segment 
--      Z  El  Hi  at  centre 


AB  =  c  tan  A  EH  —  c  tau 


a-^)' 


4.  A  tower  .--tii!i«lin,i,'  on  a  cliff  suhteiid.s  an  iinglc  /3at  oaeh 
of  two  stations  in  the  samo  horizontal  lino  l)a^s.sitvg_  throu.^li  tlie 
base  of  the  cliff  ami  at  distani-o.s  of  a  feet  and  h  feet  fnun  the 
cliff.     Prove  that  the  height  of  the  tower  is  ('/  +  6)  tan  fi  feet. 

5.  A  coliunn  placed  on  a  i>edcstal  20  feet  high  subtends  an 
angle  of  4.5"  at  a  point  on  the  ground,  and  it  also  sub^-nds  an 
angle  of  45°  at  a  point  which  is  20  feet  nearer  the  pedestal :  find 
tlie  height  of  the  column. 

6.  A  flagstaff  on  a  U)wer  subtends  the  same  angl(>  at  each 
of  two  places  A  and  B  on  the  ground.  The  elevations  of  the  lop 
of  tlie  flagstaff  as  seen  from  A  and  Ji  are  <t  and  0  respectively. 
If  A 11  =  it,  shew  that  the  length  of  tlio  fl.-igstaff  is 

a  sin  (ff  -h/S  -  HO^)  eosoc  {n  -  /3). 
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7.  A  i>illfir  stiiuls  on  a  i)cde.stiil.  At  a  (li.Htaiuo  of  (JO  feot 
from  tilt'  Ixiise  of  tlio  pt-iU'stal  tlio  pilliir  suIiUmhIs  its  gruatost 
aiijjle  ;}()  ;  islimv  that  tlio  liii^'tli  of  tin)  iiillar  is  4t)^';»  livt,  and 
that  tho  iKMlcstal  also  .sulitoiul.s  30   at  tlie  iHiiiit  of  obscfvutioii, 

8.  A  IHT.SOI1  walking  ulong  a  tanal  olworvcs  that  two  objects 
urn  in  tlu!  saum  lino  which  is  inclined  at  an  an<^'lf  a  to  the  canal. 
He  walks  a  <listanc(i  c  fiutlu'r  and  olwcrvcs  that  tlie  ohjectN 
subtend  their  greatest  anglo  ji  :  shew  that  their  distance  apart  is 

'2c  si  II  (I  sin  (i  /  (cc )s  a  +  I'os  /i). 

9.  A  tower  with  a  flagstaff  stands  on  a  Ii"ii/nntal  plane. 
Shew  that  flie  distances  from  the  b  t.-e  ;tt.  wiinh  the  tla^'stafi' 
subtends  the  s;ime  angle  and  that  at  which  it  sulitends  the 
greatest  possible  angle  are  in  ge<tmotrical  progie.s.sion. 

10.  The  line  joining  Iw.^  .statinns  A  antl  /i  subtends  equal 
angles  at  two  other  .stations  C  and  I)  :  prove  that 

AU sin  Vni)=CD sin  ADD. 

11.  Two  straight  lines  AliC,  DEC  meet  at  C.     If 

L  nAE=  L  DliE^a,  and   i  EAB  =  (i,    t  EBC=.y, 

shew  that  nC=  J-'^'^^'A^'^  (« +'^)     . 

sin(y-/ijsni(«  +  /a  +  y) 

12.  Two  objects  /'  and  Q  subtend  an  angle  of  30^  at  A. 
Lengths  of  20  feet  and  10  feet  are  measured  from  A  at  right 
angles  to  Al'  and  A(^  respectively  to  points  R  and  ,S'  at  each 
of  which  y'V  subtends  angles  of  30^  find  the  length  of  Jy. 

13.  A  ship  .sailing  N.E.  i.i  in  a  line  with  two  lieacons  which 
arc  5  miles  apart,  and  of  whicli  one  is  due  N.  of  the  other.  In 
3  minutes  and  also  in  21  minutes  the  beacons  are  found  to 
subtend  a  right  angle  at  the  .ship.  I'rove  that  the  ship  is  .sailing 
at  the  rate  of  10  miles  an  hour,  and  that  the  >)cac()ns  .subtend 
their  greatest  angle  at  the  ship  at  tlie  end  of  3^/7  minutes. 

14.  A  flagstaff  stands  on  the  top  of  a  tower.  A  man 
■walking  along  a  straight  road  towards  the  tower  ob.servc^  that 
the  angle  of  elevjstion  of  the  top  of  the  fl.igstafi"  is  fi  ;  aftt-r 
walking  a  distance  a  further  along  the  road  he  notices  that  the 
flagstaff  subtends  its  maximum  angle  a;  shew  that  the  height  of 
tiie  Hagstatiis 

2«  sin  asin/S 

cosiS  +  sin  (a-ji)' 
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Measurements  in  more  than  one  plane. 

2i»l.  In  Art.  1!>!)  ttio  l.asc!  lino  A/}  wii.s  lutMsunvl  ,/ir.,-fh, 
tmnn-iii  tlio  oliject.  If  tliix  is  not  iM».silile  we  nnv  i>riM-e».<l  iw 
follows. 

Fniin  A  inpa.suro  a  Imsc  lino  .(// 
in  ;iny  cimvonifnt  dinxttion  in  tlif 
iii>ri/.i>ntul  ])lanc.  At  J  olweivo  tln< 
two.in-lcs  y.lA'an.l  I' AC;  and  at  li 
uhserve  tho  anj;l(>  I' HA. 

L.«t    L/'A/l^^a,    L/'AC    ,i, 
L/'/iA^y, 
Ali^a,    I'V-x. 
Finni  A/'.iC, 

.r     I'A  W\\\  ,i. 
Frnni  A/M/;, 


.,        J  II  sin  I'll  A  _     II  sin  y 

smAJ'B      '^HU\{n  +  y)' 
".    r  —  a  sin  [i  sin  ycosoc  (n+y'. 


•2»-2.      To  kIiih'  I,i>w  to  Jliiil  till-  >fi.<fiince  ln-f.nr/i  („•■,  iti,i';;s.'*il>l,: 
objf'cfx. 

Lot  /'  and  (^  l>e  the  objects. 

Take  any  two  lonvcnient  stations  q 

.1    and    /i  in   tlu>   sanio   lioiizont.'il  ^ 

piano,    anil    nieasuro    the    distance 
li<t\veen  tliuni. 

At  A  observe  tlie  an<.,des  /\i<^ 
and  y.l/?.  Al-oif  .1/',  A(^,  .lA'arc 
net  in  the  same  jjlane,  mcasuro  the 
angle  /'A  11. 

At   /?  observe  tlie  angles  A  UP     A 
ami  AlK^. 

In  A  /'A/J,  we  know  l  I'All,  l  I'llA,  and  Ali; 
.so  that  d/'may  be  found. 

InAV-t/Aweknow    ^V-l/A  ^V/'-Uiind  J/>'; 

.■so  that  A(^  may  be  found. 
In  APAQ,  we  know  .1/',  J^,  and  LPAQ; 

so  that  /'(^  may  be  tomid. 
H.  K.  ]•;.  1 .  13 
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Fxaiiiph  1.     The  anKulur  elevation  of  a  tower  (I>  at  a  place  A 
due  South  of  it  is  30°,  and  at  a  place  ii  due  West  of  A  the  elevation 

a 
is  18\     If  Ali^a,  shew  that  the  height  of  the  tower  is  j.y^^Jo  ' 

D 


W, 


.^N 


'Ar 


1: 


Let  CD  =  ^. 

From  the  right-angled  liiangle  DC  A,  AC  ^.c  cot  30^. 
From  the  right-angled  triangle  IX'U,  iJC^xcot  18^. 
But  /  BAC  is  a  right  angle, 

.-.  i:C--AC--  =  a-; 
.:  y^(cut-lH"    cot-30^)  =  </''; 
.•    X-  (eosec- 18"  -  cosec-  'M  )  —  a" ; 

.:  .r-{2  +  2^'r,)^a-, 
which  gives  the  height  reciuind. 

F.X(uu}it,  '1.  A  hill  of  inclination  1  in  r>  fact  /onth.  Shew  that 
a  road  on  it  which  takes  a  N.K.  direction  has  an  inclination  1  in  7. 

Let  AD  running  East  and  West  be  the  ridge  of  the  hill,  and  lot 
ABFD  ho  a  vertical  jjlano  through  AlK  Let  ('  he  a  point  at  the  fuot 
of  tiic  hill,  and  ABC  a  section  made  by  a  vertical  plane  running 
North  and  South.  Draw  CO  in  a  N.K.  direction  in  the  horizontal 
plane  and  let  it  ni«  t  B¥  in  O  ;  draw  CH  yarallf!  t>»  UA  ;  t'lcn  if 
CU  is  joined  it  will  represent  the  direction  of  the  ruad. 


XVlt.]  SIKASURKMENT8   IN   MOKK   THAN   OXK    I'l.ANK. 


196 


Since  the  inclination  of  CA  is  1  in  5,  we  niav  take  AIi--ii   lui.l 
AC:^r),i,fioth&tnC'  =  2ia^. 


N.E 


Since  CBG  is  a  right-anyled  iaosceles  trianf,'le, 
CG^  =  2Cn-  =  iH,i-. 
Hence  in  the  righi-anf^led  triangle  CGH, 

(7/»  =  48(;«  +  «-  =  4i)((-; 

Thus  the  slope  of  tlie  roiul  is  1  in  7. 


EXAMPLES.    XVII.  c. 

1.  The  oleVatioii  of  a  hill  at  a  place  /'  duo  East  of  it  is  4")', 
and  at  a  place  V  <i>i"  .•^outh  of  /*  tlio  elevatioji  is  3(»  .  If  the 
distance  from  7'  to  Q  is  500  yards,  find  the  heiglit  of  tin;  hill  in 
feet. 

2.  The  elevation  f»f  a  spire  at  a  point  .1  duo  West  of  it 
is  00',  and  at  point  /i  due  South  of  .1  tlie  elevation  is  30\ 
If  the  spire  is  i'A)  Jevt  high,  lind  the  distance  lutwoni  .1 
and  R 

3.  A  river  flows  due  North,  and  a  tower  stands  on  its  left 
l)ank.  From  a  ]K)int  .1  ui)-stream  and  on  the  same  hank  as  the 
tower  the  elevation  of  the  tower  is  <;()",  and  from  a  point  /}  just 
o])posit,e  on  the  other  bank  the  elevation  is  4r>',  If  the  tower 
is  'MiO  feet  higii,  find  the  hreadth  of  tlie  river. 

4.  The  elevation  of  a  steeple  at  a  place  A  due  S.  of  it  is  45°, 
and  at  a  place  J!  due  W.  of  A  the  elevation  is  15".      If  A  fl  =  2a, 

shew  that  the  height  of  the  steeple  is  a  w)f  -  ',i'  ^). 

13-2 
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It 
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5.  A  iHTsuii  (hio  S.  (if  a  lighthouse  ohservos  th;it  his  shadow 
rast  hy  the  li.u'ht  at  tho  to|>  is  24  feet  long.  On  walking  1()0 
vanls  line  K.  ho  finds  his  shadow  to  he  30  feet  ling.  SupiHising 
liini  to  Im'  ()  feet  high,  find  the  height  of  the  light  from  the 
ground. 

6.  Tlie  angles  of  elevation  of  a  halloou  from  two  stations 
a  mile  apart  and  from  a  point  halfway  hetween  them  arc 
oliserveil  to  be  (!<)',  30',  and  4C)'  res[icctively.  Prove  that  the 
height  of  the  halloon  is  44(),^'G  yards. 

[If  Al>  is  a  median  of  the  triangle  AI'C. 

tl„u2AD-  +  2IlI)'^=AIi-  +  AC'.] 

7.  At  each  end  of  ;i  'oase  of  length  2a,  the  angular  elevation 
of  a  mountain  is  0,  and  at  the  middle  point  of  the  base  tho 
elevation  is  rf).     I'rove  that  the  height  of  the  mountain  is 

(I    nO  sin  cf)  \/cosec  {(f)  +  6)  cosec  (<^  —  6). 

8.  Two  '-'vtical  poles,  whose  heights  arc  a  and  />,  subtend 
the  same  angie  «  at  a  point  in  the  line  joining  their  feet.  If 
they  subtend  angles  (i  and  y  at  any  point  in  the  horizontal  plane 
at  which  the  line  joining  their  feet  subtends  a  right  angle,  prove 
that 

{(( +  hf  cot-  »  =  a-  cot2  ^  +  V-  i'ot2  y. 

9.  From  the  top  of  a  hill  a  person  finds  that  the  angles 
of  depressi(.)n  of  three  consecutive  milestones  on  a  straight  level 
road  arc  «,  ji,  y.     Shew  that  the  height  of  the  hill  is 

5280^/2  /  Vcot-  a  -  2  cot^^+'cof-'  y  feet. 

10.  Two  chimneys  Ali  and  CD  are  of  equal  height.  A  person 
staniling  between  them  in  the  line  AC  joining  their  bases  ob- 
serves the  elevation  of  the  one  nearer  to  him  to  be  GO  .  After 
walking  80  feet  in  a  direction  at  right  .ingles  to  AC  he  observes 
their  elevations  to  be  45"  and  30' :  find  their  height  and  distance 
ajiart. 

11.  Two  ])ersons  who  arc  500  yards  apart  observe  the  tear- 
ing and  angular  elevation  of  a  balloon  at  the  same  instant.  One 
finds  the  elevation  60"  and  the  bearing  S.W.,  the  other  finds 
the  eiexation  45'  and  the  bearing  A\'.  Find  tlie  height  of  the 
balloon. 

12.  The  side  of  a  hill  faces  due  S.  and  is  inclined  to  the 
horizon  at  an  angle  a.  A  straight  railway  upon  it  is  inclined  at 
an  angle  ,i  to  the  horizon  :  if  tho  bearing  of  the  railway  bo  X 
degrees  K.  of  X.,  shew  that  cos  .r^  cot  a  tan /iJ. 
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EXAMPLES.    XVII.  d. 

[//(  tlif  following  examiiles  the  l<>  /'in't/iiii.i  <tr-  lo  br  toli  u  from 
the.  Tables'^ 

1.  A  man  in  a  balloon  observes  that  two  eluuvhcs  w 'liih  he 
knows  to  be  one  mile  apart  .subtend  an  an^'ll•  of  1  T  •!'>'  iln '  wlien 
he  is  exactly  over  the  middle  point  between  them  :  tind  tin" 
lieight  of  the  balloon  hi  miles. 

2.  There  are  three  points  J,  li,  C  in  a  strai,i,'ht  liiu;  on 
a  level  piece  of  j^ronnd.  A  vertical  pule  erected  at  ('  has  ,iii 
elevation  of  5^3(1'  from  .1  ami  10  1')'  from  li.  If  Ml  is 
100  yards,  tind  the  height  of  the  pole  and  the  distance  IW. 

3.  The  angular  altitude  of  a  lighthouse  seen  from  a  point  on 
the  shore  is  12' 31' 4(3",  and  from  a  point  .'>(«)  feet  nearer  the 
altitude  is  26' 33' 55"  :  tind  its  height  above  the  sea-le\il. 

4.  Fiom  a  V)oat  the  nngles  of  elevation  of  the  highest  and 
low*  .st  points  of  a  flagstaff  30  ft.  high  on  the  edge  of  a  'litl'  are 
46°  12'  and  44°  1.3':  find  the  height  and  distance  of  the  clitK 

5.  From  the  top  of  a  hill  the  angles  of  depression  of  two 
successive  milestones  on  level  ground,  and  in  the  .same  vertii-al 
plane  as  the  observer,  are  5  and  10".  Kind  the  height  of  the  hill 
in  feet  and  the  distance  of  the  nearer  milestone  in  miles. 

6.  An  observer  whose  eye  is  15  fei^t  above  the  roadway  finds 
that  the  angle  of  elevation  of  the  top  of  a  telegraph  post  is 
17°  1H'.35",  and  that  the  angle  of  depression  of  the  foot  of  the 
post  is  8°  32' 15":  find  the  height  of  the  post  and  its  distance 
from  the  observer. 

7.  Two  straight  railroads  are  inclined  at  an  angle  of  20'  16'. 
At  the  same  instant  two  engines  start  from  the  point  of  inter- 
section, one  along  each  line  ;  one  travels  at  the  rate  of  2n  mil(>s 
an  hour  :  at  what  rate  must  the  other  travel  so  that  after  3  luiurs 
the  distance  between  them  shall  be  30  miles  >, 

8.  An  observer  finds  that  from  the  doorstep  of  his  house  the 
elevation  of  the  top  of  a  spire  is  5(i,  and  that  from  the  roof  above 
the  doorstep  it  is  4a.  If  h  l>o  the  height  of  the  roof  above  the 
doorstep,  ]>rove  that  the  height  of  the  ^pire  above  the  doorstep 
and  the  horizontal  distance  of  the  spire  from  the  house  are 
respectively 

h  cosec  a  cos  4a  sin  5a  and  h  cosec  a  cos  An  cos  5(i. 

If //  =  39  feet,  and  a=7  17' 3J)",  calculate  the  height  and  the 
distance. 
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CHAPTER   XVIII. 


PROPEKTIKS   OF   TKIANGLES    ANO    POLYGONS. 


203,     Tofuul  the  are<i  of  a  triangle. 

TiCt  A  denote  the  area  of  the  triangle 
A  lie.     Draw  ,1  /)  perpendicular  to  BC. 

By  Evic.  I.  41,  tlie  area  of  a  triangle 
is  half  the  arai  of  a  rectangle  on  the 
same  base  and  of  the  same  altitude. 


D     C 


.•.    A  —  g  (hase  X  altitude) 

=  I  no .AI)^\  nC .  AB siu  B 
2  2 

1  •  7, 

=  -(■«  sin  L. 
Similarly,  it  may  be  proved  that 

A  =  T  ah  sin  C,   ai id   A  =  -  6c  sin  A . 

'2  '2 

Those  three  expressions  for  the  area  are  comprised  in  the 
single  statement 


A=  -  {product  of  tiro  sid's)  x  {sine  of  included  amjle). 
Again, 


1  ,      .      ,     ,      .    J        .1 
A  =  -T  br  sin  A=bc  sin  —  cos   . 


_;  /{.^-h)(s-c)         /*■(,?-«) 

-'"V         O'c        \/     be" 

=  \^  {s  —  a){s-  h)  i^s  —  c), 
which  gives  the  area  in  terms  of  the  sides. 


ARKA    OK    A    THIANOLE. 


!!):> 


a  Hill  H   (I  Will  C 
sin  J   '   sin  .1 


Again,      ^  —  -hc  sin  A  =     sin  .t 

a-  sin  II  sin  ( ' 
2  sin  A 

(/-sin  /isin  T 

"  :isin(/i  +  CV 

wliic-li  gives  tlie  area  in  tonns  of  oiio  side  and  the  functions  of 
the  adjacent  angles. 

KoTK.     Many  writers  use  the  symbol  S'  for  the  area  of  a  trian<^h\ 
hut  to  avoid  confusion  between  S  aud  »  iti   manuscript  work  th" 


^y 


mbol  A  i-i  preferable 


Example  1.  The  sides  of  a  IriauKle  are  17,  'J-').  2H:  lind  the 
1  'UKths  of  the  perpendiculars  from  tlie  autjles  upon  the  ojjposite 
sides. 

From  the  formula         '^  —  ii  (hasc  x  altitude), 

it  is  evident  that  the  three  perpendiculars  are  found  by  dividing  2A 
by  the  three  sides  in  turn. 

Now  A  =  Jx(s-u)(s-b)(s-c)  =  ^/35  xlBTTdT? 
-5x7x0  =  210. 

Thus  the  perpendiculars  are  -j-^  ,   — .  ,    ,^^  ^  or  -      ,     .  ,  lo. 

17        ^t>        2S  It        0 

Example  2.  Two  angles  of  a  triangular  field  are  22-5°  and  4r>°, 
and  the  length  of  tlie  side  opposite  to  the  latter  is  one  furlong:  lind 
the  area. 


Let  ^  =  22^°,  if  ^15°,  then  t  =  220 yds.,  and  C  = 

_  b-  sin  A  sin  G 
"2s~iniy       • 
2-2i)x  2-20  X  sin  22^°  x  sin  l^Ji-^ 
2  sin  45° 

220  X  220  s  sin  22.V-  x  cos_22i^ 
■         -Tx^  sin  22.i   coa  2L'.i"'' 

:  110x110. 


From  the  formula 
the  area  in  eq.  yds 


Expressed  in  acres,  the  areu- 


110 X 110 
4840  " 


=  2i. 
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204.     To  fnd  the  radius  of  the  circle  circumscribing  a  tri- 
aiKjle. 


TiOt  .S"  be  the  centre  of  the  circlo 
circ:iiiii.scrihiii<ir  tlie  triatigle  AlW, 
and  R  its  radius. 

Bisect  L  nsVhySD,  which  will 
also  bisect  JiC  at  right  angles. 

Now  by  Euc.  iir.  20, 
I.  use  at  centre 

=  twice  LllAC 
=  2.1; 

(I 


a»id 


Bl)     nS  sin  /;>'/>=  It  sin  J  ; 
.-.     It- 


Thu.'^ 


2  sin  J 
f«     _     6  c 

am  A      »\nli     sin  6' 
or  a -2^  sin  J,     h  =  2Iiiihin,     c  =211  sin  C. 

Example.     Shew  that  211-  sin  A  siu  7)'  siu  C'  =  A. 
The  first  8iae  =  ., .  211  sin  A  .  2R  sin  iJ .  sin  C 


=  ,,ah  sin  t' 


205.  From  the  result  of  the  la.-,t  article  we  deduce  the 
following  iniitortant  theorem  : 

If  a  chord  of  length  1  subtend  an  angle  6  at  the  circn„iference 
of  a  circle  irhose  radius  is  R,  then  1  =  211  sin  fi. 

206.  For  shortness,  the  circle  circumscribing  a  triangle  may 
be  called  the  Circmn-rircle,  its  centre  the  Circtt7n-centre,nnd  its 
radius  the  Cirenm-radius. 

The  circum-radius  may  bo  expressed  in  a  form  not  involving 
the  angles,  for 

,,_      ''  ahr  ahc 

2  sin  A  ~  2/j('sin  J  ^  4A  ' 


%..4«<  m^- 


■  i      \', 


■W7s^r^\ 


.-i* 
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207.     To  find  the  ntdins  of  thf  rirch:  ins<^rihed  in  a  triamjh'. 

Let  /  1)C  tlic  centre  of  the  cirele  inscribed  in  the  triiiiii,'le 
MIC,  :uul  D,  a;  F  tlie  points  of  contact;  then  //>,  /A',  //•'  nni 
j>eri)en(licular  to  the  sides. 

A 


Now  A  =  suni  of  the  areas  of  tlie  triangles  DlC,  CIA,  AIB 

1 
2 


2 
sr 


when 


A 
/•  ~  — . 


208.     To  e.rpress  the  radiu.i  <*/'  the  in.frn/jrd  circle  in  ti'rnis  of 
one  side  (tnd  the  functions  of  the  half-angles. 

In  the  figure  of  the  itrevioiis  article,  we  know  from  Yaic.  iv.  4 

that  /  is  the  point  of  intersection   of  ^he  lines  hisccting  the 

angles,  so  that  n  f< 

LllU)=^'-,      LlCD^%. 
2  2 

.-.    BD  =  rcoi'[,     CD  =  rcoi^^. 
2  '  2 

.  • .     »•  I  cot  —  4-  cot  -  1  =^  a  ; 

.  li+c      .  n  .  c 

.'.    rsHi     --— asm  ,  sm      •, 
2  2         2 

.     J}    .    C 

a  SHI      sui  - 


r=. 


A 


i 


cos 


» .  -■•  S'.    .  -  ^  Tk-U-L  it.'ii 


'.li'^y     rrr*  ■;■«•«■';     '**:" 


it 
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209.  ]>Ki'iMTloN.  A  circle  which  touches  one  side  of  u 
triangle  and  the  other  two  sides  i>r<Kluced  is  said  to  he  an 
escribed  circle  of  the  triangle. 

Thus  the  triangle  -1  ISC  has  t/tire  cscrihed  circles,  one  touching 
nC,  and  A/],  AC  jinxluced;  a  second  touching  C.l,  and  JJC,  JJA 
produced  ;  a  third  touching  A/J,  and  (VI,  CI!  p'odviced. 

AVe  shall  assume  that  the  student  is  familiar  with  the  con- 
struition  of  the  escrihed  circles. 

[See  Hall  and  Stevens'  Euclid,  p.  273.] 

For  .shortness,  we  shall  call  the  circle  inscrihed  in  a  trianglo 
the  In-cirde,  its  centre  the  In-icntre,  and  its  radius  the  Ju- 
rii(ftii.< ;  and  similarly  the  cscrihed  circles  may  he  called  the 
Kr-ciirh'x,  their  centres  the  IC.c-ccntre,^,  and  their  i-adii  the 
Ex-radii. 


210.     Til  Jind  the  radius  of  an  escribed  circle  of  a  trinKjle. 

Let  7,  he  the  centi-e  of  the  circle 
touching  the  side  BC  and  the  two  sides 
A  B  and  AC  produced.  Let  J>^,  E,,  /'j 
be  the  points  of  contact ;  then  the  lines 
joining  ly  to  these  points  are  peri>en- 
dicular  to  the  sides. 

Let  Tj  be  the  radius  ;  then 
A  =  area  ABC 
=  area  J/i/,('-area  /i/,(7 
=  area  /i/,.!  +area  C/^A 
-  area  />'//' 
1  1  ,        ' 


s-a 


Similarly,  if  r.^,  r.^  be  the  radii  of  the  escribed  circles  opiKjsite 
to  the  angles  B  and  ('  rospectivoly. 


r.^=       ,  , 
^     s  - 1) 


s-c 


w7:n^if:^ssTi:;sr^. 
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211.      Ti>  find  the  rwlii  of  tit-;  t.iifihed  cirdcs  in  term*  <</  o/ic 
Kide  and  the  juiietiona  of  the  ludf-an<jli:x. 

In  the  fijftiro  «>f  the  last  article,  /,  is  thf  jxiiiit  of  iiiti  rsoctioii 
of  the  lines  hisecting  the  angles  /*'  ami  ('  extt'iiialiy  ;  st>  tliat 

.-.     /?/>,  =  r,eotM.»(>-       A     /'itan      , 

(V  \  c 

U(r  -  J  =  r,tan;^; 

.'.    ?'j  (  tan  --  +  tan    ^  j  -^  a  ; 


li  +  C 

2 


n     c 


r,  sui     -       =  (/ cos  —  i( >s  -  ; 


/{        C 

<l  cos    -  COS     - 

2  2 


COS 


T 


Similarly, 


r,.= 


0  cos  -    COS  -- 

2         2 


COS 


T 


A        B 

tf  COS  ^  cos  - 

''  c       • 

cos- 


212.     By  siihstituting 

a  =  2li  sin  A,     b  =  211  sin  11,     c  =  2R sin  C, 
in  tlie  foi  nulla}  of  Art.  208  and  Art.  211,  we  have 

r^^Alt  sin  ,  HUi  -  sui   -, 
2         2         2 

r,  =  4/£  SUI  —  cos  -    cos  -, , 
2         2         2 

i:,  =  4/i  cos  -^  sin  -,-  cos  ^^ , 
r3=4i»'cos-  cos  ^. SUI  2 . 


If  ';i 


J 
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Examitle  1.     Shew  that   *"'  —  +  \^  =  "  . 

a  b         r^ 

The  first  side  =  ^-(    -^    -  ^)  +  J  (-^  -  ^) 

_       A  _  A       _  \^2»-a-h) 

_  Ac  _  Af()t-c) 

~  « (n  -  a)  (jt  -  /')      «  \»  -  a)  («  -  ^[(k  -  c) 

_  Ac  (^  -  c)  _  c  («  -  c) 
A^~~       A  ^ 


Examjile  2.     If  fj  =  r.  +  Tg  +  r,  prove  that  the  tnanglo  is  right- 
an,''led. 


By  transposition, 


>\-r=i\,  +  r.y, 


.^   .    A        B        C     ,„   .    A    .    n   .    C 
.:  4R  sm  -^  cos  —  cos  -  -  4R  cm  —  sin  —  sin  - 
u  Z  M  It  z         z 

,„        A    .    B        C      ,,,        A         B    .    C 
=  ili  COS  —  Sin  —  cos  —  +  -tB  cos  —  cos  —  gin      ; 

.A/    n     c    .  n  .  c\ 
A  f  .  n     c       n  . 

=  co.s  ^  I  sm   ^  cos  g  +  cos  -  sin 


.    ^        JJ  +  C  .J    .    L'  +  C 

.•.  Bin  —  cos  =  cos  --  sin  ; 

.   „^  „A 

:.  sm-  —  =cos-  —  ; 

whence  -;j  =  4.")=',  and  .-1-90°. 

213.     Many  important  relations  connectinu;  a  triangle  .and 
its  circles  may  ]>c  establishetl  l>y  elementary  geometry. 

With  the  notation  of  previous  articles,  since  tangents  to  a 
circle  from  the  same  point  arc  equal. 


.r»s.    . 


XVIIl.]         HKI.ATIONS   OF   A   TKIAN«}LK   ANU   ITS  ClUCl.KS. 

.-.    A  F+{Bl)-\- CD)  ^-hii\n\\M  suiu  ..f  tli«;  si.lcs; 

.-.    AF=.<-o    Ai:. 
Similarly,     liI)  =  l!F-  .«-/.,     vn.  ('F^.i' 


20fi 


Also 


A  A 

r  =  ^/''t!iii  4r  —  1.*  — (Otaii '- . 
2  2 


Similarly,     r=(«- />)  tiui  —  .      r=(.<-(jtan     . 

Again,        .1/';=.1A',,    nF,^ni\,    ('l\  =  ('D,; 

.'.    ■2AF^==AFi  +  AEi  =  iAli-\-nDi)+{A('+CJ)i) 

=:.suiii  of  the  sides  ; 

.-.    AFi^s~AL\. 


Also 


ri  =  vl/\taii  -^  -xtaii '.  . 


Similarly,  r.2=s  tan  -  ,       /•.,  -  .i-  Um  -^ . 


i  ■ 


If  f  1 


if!  i 

1 1?    i 
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EXAMPLES.    XVin.  a. 

1.  Two  Niilos  of  ii  triniiKlo  uro  3(K)  ft.  and  l'2()ft.,  and  the 
iiK-ludiHl  aiiglo  is  150  ;  liml  tlio  an>a. 

2.  Kind  tlio  area  of  the  trian<,'lo  wlioso  sides  arc  171,  204, 
1!).'.. 

3.  Kind  tli«i  sine  of  the  jjreatest  angle  of  a  triangle"  whose 
siilcs  are  70,  1  17,  and  II!). 

4.  If  the  sides  of  a  triangle  are  :ii),  4(»,  iTj,  fim;  the  lengths 
of  the  three  i)eri>endiculars  from  the  angular  points  on  the 
opposite  sides. 

5.  One  side  of  a  trianglt!  is  :V)  ft.  and  the  adjaeent  angles 
are  22^'  and  112^",  li!)d  the  an>a. 

6.  Kind  the  area  of  a  parallelogram  two  of  who.sc  adjacent 
.sides  an!  4l'  and  32  ft.,  and  include  an  angle  of  30  . 

7.  The  area  of  a  rhombus  is  (i48  .sq.  yd.s.  and  o:  '  of  the 
angles  is  ir)0' :  find  the  length  of  wich  side. 

8.  In  a  triangle  if  <i  =  13,  /<=  14,  ('  =  15,  \md  r  and  It. 

9.  Kind  r,,  /•.,,  r^  in  the  ea.se  of  a  triangle  wlio.se  sides  are 
17,10,21. 

10.  If  the  area  of  a  triangle  is  i)G,  and  the  radii  of  the 
escril)ed  circles  are  8,  12,  24,  find  the  sides. 


Krove  the  following  formulic  : 


11.     \  /•/•,/•.,/•.,  =  A 


13.     rr.  cot  ~  ^-  A. 
'         2 


15.    ''i '■-'■3= '■•*"'• 

17.  ///•(sin.l +sinyy  +  sin 

18.  )\r.,  +  rr^  =  <tf>. 

Q 

20.    ri+r.2=ccot  2' 


12.     ■»  ( .<     a)  tan  -,  =  A. 
2 

14.     4/irs  —  abc. 


16.       /'cot  -  cot     .  — ''i. 
"2  '1 


J. . .     0O.S  *  J  \n><'{t*-h)  (s  —  r )  =  A. 
21.     (r,-r)^r,  +  r,)=^a^. 
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22.      /*,  tot  '    ^ /'.,  fut  /*..  rut       :    ri'ot    ,  I'ot       tot 


23.     ^^»»' 

r,     r.     r.     r 


25.    r, +  r,4-r,    r  -4R. 

27.  /'-'sm  ^r  +  Z-siii  :i/;      lA. 

/ '  I  —  /' 

28.  l/.'ros  _^-     ,<-f />;s«'('  '. 

29.  "-    /'-- :J/^'siii(.t  ~  A'j. 
a-  -  b-   sin  A  sin  B 


24.    r,r;,+r,r,-fr,r,  -s-. 
26.     r  4-  r,  +  /•.,  -  /•;,  ---  4  /f  cm  >s  ( '. 


30. 


2     'sinCA-Bj 


A. 


31.     If  tlic  por|iondiculars  from  .1,  H,  T  to  i\w  ..pinwito  sides 
are 7',,  ;>,,  y>;,  rfspectivtlv,  |irove  that 


0)  1+'^-' J 

y"i     /'.i     ^'3      '' 


.1111 

,'1     i'a      /'3      ''?. 


Prove  the  f<vllowiiij;  uhiititics  : 
32.     (r,  -  r) ' /•.  -  r  1  r.,  -  r)  -    4  ///•-. 

„^    /I    n/1    i\/i    i\    -i/'' 

33, 


i\J  \r 


1  \       4/. 

r^ '      r-.t'- ' 


34.     4A(cot.l+i-(.t  A'  +  rot  ^')  =  ,/2  +  ftH<-". 

ft-O        0  — (7,        il    -h 


35 


+ 


+ 


r,  r.  /•;, 


36.  'f-?'-V-  (sill  -lA  +sin  2/>'  +  sin  2(;)-:«A''. 

37.  acosA+bcosB  +  cco3C  =  4RsinAsinBsinC. 

38.  acotA  +  bcotB  +  ccotC    2  R+r). 

1  /,'  r 

39.  (/*  +  0  t:iii'_, +'''  +  "Miin  _,  +  //  +  /'}^'»"  ., 

-  1 II  (cos  . !  4  (•(  .s  />'  4-  c-<  >«  C). 

40.  risin  .1  4-siM />4-siu  Ci     2A' sin  .1  sin /isin  ('. 

I  /?  <■  '• 

41.  C(  )s-  '^  4-  cos^  -^  4-  cos-  -^  =  -'  +  27i;  • 


F     !  1 

I 

t 


r   1 


X 
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Inscribed  and  circumscribed  Polygons. 

214.      To  p)ul  till'  ptrlmdrr  and  air"  of  a  nyuhtr  jh>h/^/<>n  of 
II  sidrg  intfcnhoif  in  a  cirrle. 

Lot  r  be  the  rrtiiius  of  the  circle,  ami 
AJI  a  side  of  the  i)olvi,'oii. 

.Join  OA,  on,  ami  draw  <>D  l)i.Mcting 
lAOH;    then   AJS  i.s   bisected   at   right 


in  J). 


1 


And       L  Ao/i=^  -  (four  right  angUs) 

^27r 
n 

I'erinictor  of  polygon^  ».li/=2//J  /f  ^  -I/iOA  sin  A  OD 

=  2ur  sin  - . 
n 

Area  of  j)ol  vgon  =  n  (area  of  triangle  .  1  <>/i) 

1  ,    .     2n 

2  n 

215.     To  find  the  p<rimct*'r  and  arcn  of  a  regular  polygon  of 
11  sidi'S  circumscribed  about  a  given  ctrrlc. 

Let  r  be  the  radius  of  the  circle,  and 
AB  a,  side  of  tiie  polygon.  Let  A  li  touch 
the  circle  at  D.  Join  OA,  OR,  OD  ;  tlion 
on  bisects  Ali  at  right  angles,  and  also 
hisccts  I. Aon. 

Perimeter  of  pcjlygoii 

=  nA  n=  2nAD-=2nO/}iiin  A  OD 

=  2«rtan  - . 
ft 

Area  of  jK)lygoii  =  n  larea  of  tri.inglo  AOB) 

=  nOD.AD 


■  «/•-  tan     . 
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216.  Tliore  is  no  iuhhI  to  l.unlcn  tlic  nifinory  with  tlit> 
foriimiii'  of  the  List  two  articles,  as  in  any  part iiiiiar  instance 
tlioy  art!  vriy  roadily  oht.iini'tl. 

i:.riimi)h'  ].  Tilt"  side  t)f  a  ifKiiliu'  iloilt'civgon  is  lift.,  tiud  the 
raums  of  the  firc:um.scriljt.'tl  tjirclf. 

lift  r  hu  tht>  rt'iiuireil  radius.     In  tlic 
adjuiuinn  figuru  we  have 


An=:2.     lAOli: 


''  12  ' 


.^/.'  =  2.^/>  =  '2/sin 


12" 


2rsinir)°  =  2; 


Thus  the  radius  is  iji)  h^/2  fi;tt. 


Kxample  2.     A  regular  pcnta^^on  and  a  rt't,'ular  deiaKt)n  have  the 
same  perimeter,  prove  that  their  areas  arc  as  2  to  ^/5. 

Let  Ali  be  one  of  the  n  sides  of  a  re;,'ular 
polygon,  O  the  centre  of  the  circumscribed 
circle,  (J/>  perpendicular  to  Ali. 
Then  U  An  =  u, 
area  of  polygon  =  ji.^  D  .  (>D 

-nAD  .ADcot- 
n 

nd-      ,  jr 
—  -,-  cot  —  . 
t  n 

Denote  the  perimeter  of  the  pentagon  and 
decagon  by  IDc.  Then  each  side  of  the  pen- 
tagon is  2c,  and  its  area  is  5c-'  cot  -  . 

•'> 

Each  side  of  the  decagon  is  c,  and  its  area  is  -  c-cot  —  . 

Area  of  pentagon  _  2  cot  30°  _  2  cos  3f>°  sin  18   _  2  eos  3(1' 
Area  of  decagon    ~  T^ot  i«^   ~  lin  3(j "  cos  1h°'  "  "JcoI-n^H"' 

^  2cosj{()"   _2(y'iJ  +  l)^    '       v^±i 
"l  +  co83«j'~  1  ■    ,      '^      4 


2(^/5  +  1)        2 


H.  K.  E.  T 
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217.      Tit  t'liiil  fh>'  (in'd  nf  a  cin-lr. 

liot    /•    III'    tlie    radius    of    t]\o.    circU', 
.•mil  let  ,1  regular  polygon  of  it.  sides  bu 
drst-riliod  alwrnt  it.     Thou  I'roin   tiio  ad- 
joining fij,nin',  we  li.ive 
area  of  polygon  — >(  (an-a  of  triangle  .U>/^) 

OD.vAB 
--=  '  X  i>criinoterof  ))olygon. 


I' I 


\W  increasing  tlio  number  of  sides  witbont  limit,  tlio  area, 
and  the  ])orinieter  of  the  polygon  may  bo  made  to  (bfT'er  as  little 
as  wo  please  from  the  area  and  tlio  circimifereiieo  of  the  circle. 
Ilenoe 

area  of  a  t:irc;lo  -     x  lircumfereneo 


IM 


:f 


218.      To  find  the  area,  of  the  Krctor  of  <i  circle. 

Let  6  be  the  circular  measure  of  tlio  angle  of  tlic  sector; 
then  by  Euc.  vi.  .S3, 

area  of  sector      (f 
area  of  circle       iV  " 

.•.    area  of  sector—       x  tt/'-  =     r'-S. 


EXAMPLES.    XVIII.  b. 


yo 


//(  thi/t  K.vereixr  take  n  — 


1,     Find  tiio  aiva  of  a  regular  decagon   inserilx'd  in  a  circbi 
whoso  radius  is  .3  feet  ;  given  sin  :i()  ^  •.")SK. 


XVIII.]  IXSCRIUKI)    AM)    CIRCUMSCRIBED    I'OIAUONS. 
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2.  Find  tlie  ]H;riineter  and  aroa  of  a  n\i,'iilar  (]uiiidt'ca>,Mi( 
desfrihcti  about  a  circle  whose  diaini'tcr  is  ;?  yards  ;  t;iveii 

tan  \-r  =  -2\:i. 

3.  Sliew  that  the  aroas  of  tlie  inscrilx'd  and  firfimisirilx-d 
firck'is  of  a  regular  hexagon  are  in  the  ratio  of  :}  to  4. 

4.  Find  tiie  area  of  a  circle  inscrihetl  in  a  regular  pentagon 
whose  area  is  rioO  sq.  ft.;  given  cot  3G'=^  l;J7(). 

5.  Find  the  perimeter  of  a  regular  octagon  inscriltcil  in  a 
circle  whose  area  is  138G  sq.  incites  ;  given  sin  J:i   :5(i' -^  a.SL'. 

6.  Find  the  iierimeter  of  a  regular  pentagon  descriU'd  a'^mt 
a  circle  whose  area  is  (ilG  stj.  ft.;  given  tan30    -TiiT. 

7.  Find  the  diameter  of  the  circle  circuniscril.ing  a  regulai- 
(piindecagon,  whose  inscribed  circle  lias  an  area  of  i' MM  sq^  ft. ; 
gi ven  sec  1-2'  =  1  •022. 

8.  Find  the  area  of  a  regular  d(xlecagon  in  a  circle  about  a 
regular  pentagon  50  sq.  ft.  in  area  ;  given  cosec  72 '  =  1  0.")  1  .■>. 

9.  A  regular  pentagon  and  a  regular  deoi^jon  have  the  same 
area,  prove  that  the  i-atio  of  their  [Kirinieters  is  4/.")  :  ^/2. 

10.  Two  regular  polygons  of  n  sides  and  2/*  sides  have  the 
same  perimeter  ;  shew  that  the  ratio  of  their  are;us  is 


2  cos 


IT 


I  +  cos  -  . 
n 


11.  If  2a  be  the  side  of  a  regidar  polygon  of  n  sides,  /{ 
and  r  the  radii  of  the  circumscril)ed  and  in.scribcil  circles  mine 
that  '  '■ 

•In 

12.  Prove  that  the  square  of  the  side  of  a  regular  pentagon 
inscribed  in  a  circle  is  equal  to  the  sum  of  the  s(iuares  of  tho 
sules  of  a  regular  hexagon  and  decagon  insiribcHl  in  the  same 
circle. 

.f  P'  .  ^^'^^*  reference  to  a  given  circle,  J,  and  />,  are  the  areas 
of  the  inscribed  and  circumscribed  regular  polygons  of  n  sides, 
A^  and  B.^  are  corresponding  quantities  for  regular  |)olv<'ons  of 
•In  sides  :  prove  that 


(1)  A^  is  a  geometric  mean  l>etween  ,1,  and  A',  ; 

(2)  li.^  is  a  harmonic  mean  between  A.,  and  /i,. 


i 


g 
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The  Ex-central  Triangle. 

*219.     l.H  Alir  ).(>  ;i  tri;iii<;lo,  ^,,  /.,.  /.,  its  ex-fciitivs  ;  tl.rn 
/,/./;,  i.s  <all('<l  tlio  Ex-central  triangle" of  .1/>C'. 


Let  /  be  the  iii-ccntre;  then  from  the  construotion  for  fiiidinj^ 
the  i)ositions  of  the  in-coiitrc  uml  ex-centres,  it  lollows  tliat : 

(i)  The  points  /,  /j  lie  on  the  line  bisecting  the  angle  liAC; 
the  points  /,  7.^  lie  on  die  line  bisecting  flie  angle  AliC;  tiie 
points  /,  /^  lie  on  the  line  bisecting  the  angle  AC/J. 

(ii)  The  points  /,,  /.,  lie  on  the  line  bisecting  the  angle 
/i.l  r  externally  ;  the  points  /,,  /j  lie  on  the  lino  bisecting  tlio 
angle  J /?6'' externally  ;  the  i>oints  /j,  L,  lie  on  the  line  bisecting 
the  angle  A  CIl  externally. 

(iii)  The  line  AI^  is  peri)endicular  to  I.J^ ;  the  line  /i/.,  is 
jierpendicular  to  /.,/, ;  the  line  (  Yg  is  perpendicular  to  IJ.^.  Thus 
the  triangle  AliC  is  the  Pfdal  triangle  o*"  its  ox-central  triAiiirle 
/,/,/3.     [See  Art.  223.] 

(iv;  The  angles  ini\  and  ICly  are  right  angles  ;  hence  the 
points  B,  /,  (',  /,  are  concyclic.  Similarly,  the  points  C,  /,  J,  /.„ 
and  the  points  A,  7,  Ii,  I.^  are  concyclic. 

(v)  The  lines  Af^,  HI.,,  CJ^  meet  at  the  in-centrc  /,  which 
is  therefore  the  (trtfi>,;'ntrp  nf  the  ox-central  triangl(>  f^IJ-^. 

(vi)  Each  of  the  four  points  /,  /,,  A.,  /,,  is  the  orthocentro 
of  the  triangle  formed  by  joining  the  other  three  points. 


I 


xvni.] 


THK    KX-CKXTKAr.   TUIAN(;i.K. 


213 


*220.      To  finif  th<'  fides  inul  (iiujlcn  of  the  cx-rnitrnl  (ri-niqlr 
With  tlio  Hgiiro  of  the  Lust  article, 

l  lU^C^  I  lil.Ur  L  CI  J 


[Euf.  III.  :il] 


Tims  the  angles  are 


fK) '  - 


A 


!t<r 


n 


Again,  the  points  A',  /.„  /^,  ('are  eoneydie; 

•••  ^  A//3=«'>i'i'if^mp'>t  of  ^  i^nc^  I  /,/;c'; 

.-.  tlie  triangles  IJJ^,  IJiC  mo  wiiuikr  ; 
I.,L     LT.  /     ,     .1\  A 

Thus  the  sides  are 

4/icos^,       4/ico3|,       4/;co8^. 

*221.      TV)  //;*;  ///«  (ircn  (Dill  circuni-rudius  of  the  ex-caitral 
trianijlc. 

1 


The  area=:-  ([.roiUiet  of  two  nides)  x  (sine  of  included  angle) 

-i) 


2 

1       .1.        Ji        ,.        C  /  .4^ 

=  ^  X  4  A*  cos  _  X  Alt  cos  -  X  sm  (  00' 


=  8/i''*  cos  ^—  cos  -  cos  — . 
2         2         2 


/,/, 


ThecircnTn-radius=  — .   '^ ^       = 


Hi  cos  - 


2  sin  /j/j/,         . 


sin  (90°--;) 


-2/i'. 
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*222.     To  find  th<'  d isf (Diet's  l-tirren  the  in-centre  and  cx-cfntres. 
With  the  figure  of  Art.  219, 

the  /  H  //;/,,  ICIy  are  right  }iiigle.s  ; 
••.  //,  is  the  «liameter  of  the  oircum-eirclo  of  the  triangle  liCI^', 

nc  a 


//,  =  -. 


sin  n/.C  A 

cos  " 

J4 


-  All  «in 


Thu)»  the  di.stance.s  an>. 


2' 


4/i!sin^,       4ii!sin2-. 


The  Pedal  Triangle. 

*223.  Ii«'t  (/,  //,  A'  be  the  feet  of 
the  iK-rpondiculars  from  tlie  an- 
gular point.s  on  the  opposite  sides 
of  the  triangle  A  BC  ;  then  dllK 
is  c.Jled  the  Pedal  triangle  ff 
ABC. 

The  three  perpendiculars  A(J^ 
BIl,  CK  meet  in  a  }>oint  0  whith 
is  called  the  Orthocentre  of  the 
triangle  ABC. 

*224.     To  find  the  sides  and  angles  of  the  pedal  triangle. 

In  th(!  figure  of  the  last  article,  the  points  A',  0,  (/,  /*'  are 
couc\clic; 

.-.     ^0^/'A'=^0/;A'=00^-J. 

Also  the  i)oint.s  //,  0,  (i,  C  are  concyclio  ; 

.-.    L  (Kill-^  L  OCn^W-A  ; 

.-.    ^AT///=180"-:.M. 

Thus  the  angles  of  the  pedal  triangle  are 

180" -2J,     180' -2/;,     180° -2C. 
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Again,  the  triainj;l(  .s  Ah'//,  A/W  arv  similar; 
//A'      .1  A' 

.'.  JIK  —  avos  A. 

Thun  Mio  sides  of  tlic  ](cilal  tiiaui^lt^  ar<> 

<i  (.•(  )s  .  1 ,      h  t(  IS  />,      c  (.1  IS  ( '. 

In  torni8  df  A',  tin;  oijuivalent  fiirnis  1  cconic 
A'  sin  :.'.  1 ,     A'  sin  -2/1,     11  .sin  tl '. 

If  tiio  an_i,'le  ACli  of  the  given  triangle  is  ohtiise,  the  ex- 
pressions 180  -  2^'  and  (,'cos  ('  are  both  negative,  ami  the  vahu-s 
we  have  obtained  require  some  modilieation.  \Ve  leave  the 
student  to  shewtliat  in  this  case  thean'lc  s  a:e  2A,'2/},  ^C  -  ISO  , 
and  the  sides  n  c-os  .1,     h  cos  /},     -  c  eos  ( '. 

*225.     To   find  tlie  area  and  cirfuiii-radii'.i  of  tl"'  pi-dal  (ri- 
aiKjle. 

The  area—  -  (prtKliict  of  two  sides)  x  (sine  of  included  anghs) 


-  -  y^sin  -l/l .  It  sin  lT .  sin   1 80  -  I'.h 

'2  ' 


1 


y;-' sin  2.1  sin  L'/;sin2<'. 


The  eireum-radius  = 


IIK 


A' sin  2.1 


2siu//(/7v:      2sinvl80      2.1) 


A' 


NoiK.  The  ciicuiii  firi'le  of  the  pedal  triangle  i^  the  nine  points 
ci?cle  of  the  trianj^'lo  A  IK'.     Thus  the  ratlins  of  the  nine  points  circle 

of  the  triangle  AI!C  is  J  .     [See  Hall  nnd  Stevens'  Kiicliil,  p.  :V)2.] 

*226.  In  .\rt.  224,  we  have  proved  that  a<,\  (fif,  0/\  bisect 
the  Jingles  ll(i/\,  /\'J/(i\  (i/\//  resjieetively,  so  that  O  is  the 
in -centre  of  t!ie  triangle  07/ A'.  Thus  the  orthocentre  of  a  tri- 
angle is  tli(!  ni-eentre  of  the  pedal  triangle. 

A.uain,  the  line  CUB  which  is  at  right  angles  to  (XI  bis(>ets 
Lll<i/\  externally.  Similarly  the  lines  A//('  and  Ji/\A  lii.seet 
„  A' //<■_/  and  L<ll\//  e.\t(>rnally,  so  that  A/iC  is  the  e.\-central 
triangle  of  its  pedal  triangle  U UK. 


2h; 
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*227.      Ill   Art.  :il!t,  wo  liavc  mm>ii  tli.it  A/!('  is  the  iH-d.il  tri- 
Hiij^lt;   of  its   f.\ -central   trijiii,i;]o 

/,/,/.!.     (  Vltuill  tlK'OIt'IllS  (IcjK'iul- 

iii^  on  tiiis  fiiniK'ftiuii  uro  luon- 
rvitlciit  ffoiii  tli«>  uiljiiiiiiim  fii,'uro, 
in  which  tli(>  fact  that  A/K'  is  the 
ju'dal  triangle  of  /jA/j  is  hrou.u'ht 
more  jironiinently  into  view.  For 
instani-(,',  the  circuni-circle  of  tlio 
triangle  A/iC  is  the  nine  points 
circle  of  tiiu  triangle  I\I.J^,  and 
})asses  through  the  iniihile  Doints 
of  //,,  J  I.,,  y/.,  and  of  /,/.,',  Z^/,, 


*228.      To  find  tl(C  distanca  bftircca  tlm  in-centre  and  circum- 
rr/itri'. 

Let  aS'  be  the  circum-ccutro 
and  /tli(^  in-centre.  Produce  A I 
to  meet  the  circum-circle  in  JI ; 
join  r//aiid  C/. 

Draw  /A'  jterpcndicular  to 
AC.  Produce  J/S  to  meet  the 
circumference  in  A,  and  join  ('A. 
Tlien 

/.///<      L I  AC  ^  Lie  A 
A  .  C 


- 

=  2  +  2' 

L 

U(  7 

Licn^ 

^  Z?67/ 

2      2' 

17/ 

.-.    LlICl     LlllC; 
.-.    J//^}IC-=2Iismi 


Ala 


Al^ IE coacii  -,  =  /•  coscc  ^  : 
2  2 

.-.    AI.IH=2lir. 


^T 


XVni.J  niSTANCF-S    KIIOM    ('IHCl'M-CKNTHK. 

PnHliire  SI  to  iiicct  tlie  <'irfiiiuf(r(Mi<i'  in  .l/.iinl  \. 
By  Kiio.  HI.  ."1"), 

A/.  ///-.I//.  /.\~Jl  +  .S/)iJi      >/    ; 
.-.    :i/.V-   7^'-^/•-; 
that  is.  A7--/i-'-2/.'r. 


!17 


*229.      7'"   A*«</  //'<;  iliMimrf  of  an  i\r-cci>fre  from   //>■■  ririin 
crntrc. 

Lot  S  Ik)  the  finMUn-(  1  ntiv,  and 
/  the  in-contro  ;  then  A I  prothiced 
j)asHe3  through  the  cx-centre  /j. 

lict  .1/,  meet  tlie  linuui-circU'  in 

II ;  join  r/,  /;/,  t'//,  liu,  c/i,  nil. 

Draw  /jA'i  i)ori)endicuhvr  to  AC. 

Prmhue  IIS  to  meet  the  i-ircain- 
ference  in  L,  and  join  CL. 

The   anodes    //>/,    and    7(7,    are 


right  angles  ;  lieme  the  cin-le  on  //, 
as  diameter  jjasses  through  B  and  ('. 

The  chords  /;//  and  C/I  of  the 
circum-circle  suhtend  equal  angles 
at  A,  and  arc  therefore  eijual. 

l)ut  from  the  last  article,  //('=  ///; 

.-.  7//; =//r '=///; 

hence  77  is  the  centre  of  the  circle  round  IBI^C. 
.-.    7//i.-77C=2/^sin^J. 

.SVj--  /f-   =s(iuare  of  tangent  from  J^ 
=^IJ[.1^A 

—  2n  sm  —  .  r,  crsec  — 
2      '  2 

=  27;ri. 


N 


ow 
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*230,      7'"   ""/"'   '/"■  ih'tt'inrr  of'  f/if  nrf/ffi'iifrr  from  (/,,•  rinum- 

Witli  tlm  iimihI  iK't.itiuii,  we  li.ivf 
■sv>2  ^  ,s-.  J  ■-'  4. .  1 0-'  -  i',v.  I . .  I  o . •<  .s  SA  (t.  B 

New  .(>•     A'; 

At)      A  //  rnsrr  <' 

■  -('  cos  ^t  <'<>.S(>('  ( 

--  2  /?  si  1 W  fi  IS  .  1  c<  ).sec  C 
•1/icosA  ; 

=:(!I0     -//l-liXr-C) 

. • .    ,SY>-'  =  A'-'  +  4 //-'  C( )S-!  .1-4 A"-  i-<is  .1  vnsyC  -li) 

=  Jf^  -  iff-  COS  J  ;cos  (/;  +  ( '; +c(.H  (('-  /})] 

.--  /fi  -  8 A'-'  COS  .1  cos  IS  COS  f '. 

The  student  may  aiiply  a  similar  motliod  to  establish  the 
results  of  the  last  two  articles. 


H       C 


♦EXAMPLES.    XVni.  c. 

1.  Shew  that  the  distance  of  the  in-centre  from  .1  is 

4/t  sni  -;-  sill   , . 

2.  Shew  that  the  distances  of  the  ex-centre   /j   from  the 
angular  points  .1,  B,  ('  are 

4/f  cos  -  cos  r ,      4/i:  sin   -  cos    - ,      -iJi  sin  ■    cos     . 
2         '2  2         '2  2         '2 

3.  Prove  that  the  area  of  the  ex-central  triangle  is  eiiual  to 

(1)     2A*.v ;         (2)     -  A  co.sec  ',  coscc  ~  cosec   - . 

4.  Shew  that 

»•.//,.  7/^.7/3= 4  A'.  I A  .in.ic. 

5.  Shew   that   the    perimeter   and    in-radius   of   the   pedal 
triangle  are  respec'tively 

Alt  sin  J  sill  /j  sin  G   and    Hi  cos  .1  cos  li  cos  C. 
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6.     If  7,  /',  l<'  <l<'iiut(»  t\w  si<l«H  of  tlio  |M'(l;il  tri;mi;If,  |ir<>vt' 


//-'./ 


+         ;■.  + 

(f  h-  (•• 

7.  Prove  that  tho  ex-rulii  of  the  ynnhA  iriaii;^h'  an- 

2/fcos  A  sill  /i'siii  (',     2/;  sin  .1  los  //sin  f ',     2/rxiii  .1  ;Mii  A'.o.s  r '. 

8.  Prove  that  any  formula  wliiili   tuiiiioiit.s   the  Hides  ami 
atif,'le.s  of  a  trianf,'le  hokls  if  we  replace 

(1)  ",'>,<'    hy    a  cos  J.     />  cos  II,     f  cos  T, 
MM\A,n,C    hy     180      i>. I,     180'     2/;,      1S(»      lT; 

.1      ,         /;  (' 

(2)  a,  I),  it     hy     a  cosec      ,      w  cosec   ^ ,      t-coscc   ^, 

and  .1 ,  n,  C    hy     OO"  -  ;:J  ,       i»0'  -  ^^       !»  •"  -  ^^ . 

9.  Prove  that  the  raditis  of  the  cinuiii-cin  le  is  never  less 
th.in  the  diameter  of  the  in-cirole. 

10.  If  K  —  2r,  shew  that  tlie  triangle  is  eciuilateral. 

11.  Prove  that 

sr^ + si{^ + ,s7,;-' + .s'/,-'  =  1 2  A--'. 

12.  Prove  that 

(1)  a.AIi  +  b.BP  +  c.VP  =  ahc; 

(2)  a.  A  i;^  -  h .  7?/,^  -  r .  CI-^  =  ahr. 

13.  If  67/ A'  he  the  jHitlal  triangle,  and  0  the  orth<K"entre, 
prove  that 

OG      Off     OK 

^'  Afi^  nn^  vK~  ' 

^'■'     ou  +  a  cot  .1      on + h  cot  11  ^  OK  +  <■  cot  C 


the 
R  +  r. 


14.     If  GHK  l)e  the  j)cdul  triangle,  shew  that  the  sum  of 
circum-radii  of  the  triangles  AUK,  JJKd',  Cd'H  in  equal  to 


'   1 

I    i 
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15.  If  .1.///',  is  Hi."  .  N-.viitnil  friaii-,'!.'  «f  A /iC,  atul  AJl/'. 
tlir  f'x-cfiitiMl  tiiiiiij,'l(' i>|'  .l,/>y,,  ami  .I.,/*/'.,  f  Iti' »'x-itiitral  tri- 
angle oi  AJIJ ',,  and  so  <>ii :  lin<(  t  lie  aM;_'l('.s  oi'  thr  triaii.,'In  A  „//,/  '„, 
ami  pritvt!  that  wlifu  /'  is  imlcliiiitriv  iiii.ri'a.sotl  tlio  tiiaii|.5li! 
l>ei(iiius  (Mjiiilati'ial. 

16.  I'n.vc  tliat 

(1)     av-'  =  !>A'- --,/--  /--  -.-'; 

(■1)      (>l-      ir-  -  \ II-  c. )S  .  I  r.  .s  /;  ,-,  ,s  r  •  ; 

,;<  1        ^>/j-'-;    2r,- —    l/l-  cos  ,1    ((IS  //  ('OH  f  '. 

17.  H'y',  ,'/,  /'  ilfiiote  Wiv  ilistancoH  of  tlio  cirriini-eciitre  of 
tlio  iH'dal  trian,u'l<^  from  tlie  angular  points  of  the  original  trianglf, 
.shew  that 

4  ( /■-' + //-  +  /'-)-   11  A'-  -t-  H -'»■-'  1-'  '-s  A  (;< >s  /;  CM )«  '  ■. 


Quadrilaterals. 
*231.      /'«'  }>rure  that  the  area  of  a  <jii<t(lrilateral  is  <-ijiial  to 

^  {product  of  the  diagouitls)  x  {si/>i'  of  iwh-deil  mufle). 


TiL't  the  diagonals  A(\  HI)  inter- 
sect at  /*,  and  let  LDI'A^a,  and 
let  .V  denote  the  area  of  the  (juadri- 
lat(>ral. 

ADAC^AAPD  +  M'PD 
=  1 1) /'.A /'sin  a 


+  ^,/>/'.  /V'.sin(7r-a) 
5y>/'(J/'  +  /V')sina 


.^/)P.  AC  sin  a. 


Similarly 


AA/ir-^  t.  JSP.  AC Hin  a. 

.-.     S     ^■:DP  +  Br,ACmna 


^^  JJ li.  AC ain  a. 

It 


XVIII. I 
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232.      '/'<<  "li'l  till-  ,iri(i  lit'  II  iinKilrlliiti  ,;il  1,1  t.riii.i  i>/'  //,,■  .iiil,i< 
am/  //''  Kinii  nf'  fim  njiinmifi-  iiinilin. 

I-ft    MS(l)\>i-    till'    qua.lnlat.T.iI,    ami    Irt    ./.    A,    ,•,    ,/    !„•    ti 
Ii'ii^'tlis  of  its  Nitlos,  .V  its  an>.i. 

I'.y  f.|iijitiiij,'  tlic  two  Naliic-,  of  /;/>-  foiiiiil  from  tlic  triaii"lf.s 
llAJt,  ll(l>,  \\i-  li.iv." 

il'-  +  ii-~  -2",/  rns  A       //-  +  ,'-   -  l'/»'. ■«)>(■  ; 
.•.  <i'-  +  it-  'f>-      (•'-' =-^  !>«/,/ (•(  .s  .  I    -l>/»<-os('     I 

AIno         S    sum  of  ar(\i.s  of  triaiii^'lts  /.'.I  />,  /;r/> 
—  _,</'/ sill  .1  4-    /«•  sill  r ; 

.'.    AS  :^'2iiil ><\n  A +-ll>r  sh\  ('  -2. 

S(|narft  {'!)  ami  add  to  tlir  s(niari'  of  i^h; 
.-.     H>,V-  +  iii-  +  J-  -  li^  -  ,■-)-'   : 4<i'i/' -;- -l//-','^  -  S.^/.<'(/ c. ..-s (.1  -)-  ^ '). 
li.'t  A+C     -In;  thoii 

cas (.1  f  T)     »<)s -Jd     :>  .-os- «  -  I  ; 
.-.     1«;.S'-' =  4  ir/7  +  /<r)'^-^/-' +  '/■--/'-     '■-•-      l<Wf/>c,/ous-'a 
But  the  first  two  tonus  on  tlio  rit,'lit 
=  (2'til  +  -Ihc  +  a'-  +  J-'  -  /;-'  -  A)  dad  +  '2hr     «-'     ,/-'  +  //-'  +  r-'i 

= ! '" + '/ '-  -  (^  -  f)-: ;  '/> + '■;)-  -  >'»  -  ^z •-; 

-((t  +  i^  + /'-'■•  ifi  +  (/-  />  +  (•!  (7* +  (•  +  (/  -</,  (7<-f-,'     II  +  ,/i 
=  i-lir  -  2r)  (2a-  -  2h )  (-2,7  -  2</)  {iir  -  ^u), 

wliere  n  +  /,  +  ,'  +  J  ^ ia, 

=  10  ,(r  -  rt)  (a-  -  h)  {a-  -  c)  {<t  -  d). 

Thus      S-  ^((T-  ii)  {(T  -  //)  ((T  -  r)  (a-  -  d)  -  abed  cos^  n, 
\vlu>i-e  2(T  doiiDtos  tlie  .sum  of  the  sides,  2a  the  sum  of  either  pair 
"f  opposite  angles. 

*233.     Tn  the  ease  of  a  cyd'u'  (^uaifri/afmi/,   A  ^- ('     Isd,  so 
tjiat  a  =•}>()"  :    helict! 

S  =  \/{(r  -  a'  (a  -  h)  ((T  '  c)  (a-  -  d  K 
This  formula  may  he  ohtained  directly  as  in  the  la.st  artii  le 
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If 


II 

I' 
II 


by  uiaking  use  of  tlie  condition  .1  +  f  =180°  during  the  course  of 
the  work.  In  this  case  cos  I  '=  -  cos.l,  aiid  sin  ('=sin  A,  so  that 
the  expressions  (1)  ami  {•!)  l>ecome 

r < - + u'  -  b-  —  '•-  —  2{ud  +  he)  cos  A , 

and  AS=±  {itd  +  he)  sin  A  ; 

whence  by  ehniinating  A  wo  obtiiin 

1 0.S'J +  (</-'  + 1/'-  -  V'-c^Y  =  'k{ad+bcY. 

*234.     To  find  the  diatjoiials  and  the  circum- radius  of  a  cyclic 
(quadrilateral. 

Jf  A  BCD  is  a  cychc  (luadrikteral,  we  have  just  proved  that 

2  {ad  +  he)  cos  .1  =  a-  +  d'^  -  U^  -  cK 

Now  HIP  — a^ -id-- '2ad  cos  A 

ad  +  hc 

hcia^+d^)  +  ad{h-^  +  c^) 
ad+bc 

_(ab+cd){ac  +  bd) 
ad-\-hc 

Similarly,  we  may  prove  that 


Thu.. 


aud 


{nd+bc){a£-\-l>d) 
ab  +  cd 

AC.  /ID  =  ac  +  hd,    [Compare  Euc.  vi.  D.] 
AC  _ad+hc 
IW~  ah  +  ed' 


The  circle  passing  round  tlie  quadrilateral  circumscribe**  the 
triangle  A  BD ;  hence 

,       .  ,.  BD 

the  circuni-radius  =    -  . — r 
'1  sm  A 

(ad  +  bc)  SD    _{ad+bc)BD 
~  2  {ad  +  be)  sin  A  ~         4S 


=  -  \/'{ab + cd)  {ac  +  bd)  {wi  +"6c). 
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Example.     A  quadrilateral  AliCD  is  such  that  one  circle  can  he 
insciibe<l  in  it  and  another  circle  circuinscribeil  about  it ;  shew  that 

If  a  circle  can  be  inscribed  in  a  (luadrilatenil,  the  huui   of  one 
pair  of  the  opposite  sides  is  equal  to  that  of  the  other  pair; 

.•.  a+c  =  b  +  (/. 

Bincu  the  quadrilateral  is  cyclic, 


cos^=  — -     — — -— . 
2  (ad  +  be) 

But  ti  -  (J  =  />  -  r,  so  that  a"-  -  '2ad  +  d^  ^b--  2bc  +  r'^ ; 
.-.  ,/••'  f  r/*  -  //-•  -  c-  =  2  (ad  -  be) ; 
ail  -  he 
ad  +  he  ' 

A       1  -  cos  A       be 
2       1  +  cos  A      ad  ' 


.".  cos  A  = 
.•.  taii- 


[Art.  2:{;{.] 


♦EXAMPLES.    XVIII.  d. 

1.  If  a  circle  can  l»e  iuscrihod  in  a  (luadrilatoral,  shew  that 
its  radius  is  So-  whore  *S'  is  the  area  and  2o-  the  sum  of  the  sides 
of  the  quadrilateral. 

2.  If  the  sides  of  a  cyclic  quadrilateral  l>e  .3,  3,  4,  4,  shew 
that  a  circle  can  he  inscrilnHi  in  it,  and  find  the  radii  of  the 
inscribed  and  circumscribed  circles. 

3.  If  the  sides  of  a  cyilic  quadrilateral  be  1,2,  4,  3,  shew 

that  the  cosine  of  the  angle  between  the  two  greatest  sides  is  _, 

7 
and  that  the  radius  of  the  inscrilxHl  circle  is  1)8  nearly. 

4.  Tlie  sides  of  a  cyclic  (juadrilateral  are  (10,  25,  ,')2,  3!)  : 
shew  that  two  of  the  angles  are  right  angles,  and  fiiul  the 
diagonals  and  the  area. 

5.  The  sides  of  a  (juadri lateral  are  4,  5,  8,  9,  and  one  diagonal 
is  9  :  find  the  areji. 

6.  If  a  circle  can  be  inscril>ed  in  a  lydic  (luadri lateral,  .shew 
that  the  area  of  the  quadrilateral  is  \Utb<id,  and  that  the  radius 
of  the  circle  is 

2'\/ab€j'(a  +  />  +  c  +  d). 
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7.  If  the  sides  of  .-i  (luadrilateral  arc  given,  shew  that  the 
area  is  a  luaxinmni  when  the  quadrihiteral  can  be  insi;ril)ed  in  a 
circle. 

8.  If  the  si(h's  of  a  quadrilateral  are  23,  29,  ."{T,  41  inches, 
prove  tiiat  tiic  maxinnnu  area  is  7  sq.  ft. 

9      If  A  BCD  is  a  cyclic  quadrilateral,  prove  that 

2      (o-  -  c)  {a-  ~d) 

10.  If  /,  </  <lenote  the  diagonals  of  a  quadrilateral  an<l  l^  the 
angle  Initween  them,  i)rove  thfvt 

■2/!/  cos  ^ = («2  4  ,.2)  ^  {h-i  +  cf-i). 

11.  If  (i  is  the  angle  l>et\voen  the  diagonals  of  any  quadri- 
lateral, prove  that  the  ai"ea  is 

7  {(«'-' +  '=')~(t'''  +  c/-')}  tan ,:J. 
4 

12.  Prove  that  the  area  of  a  quadrilateral  in  which  a  circle 
can  bo  inscribed  is 

\'aocd  sin  — r —  . 
2 

13.  If  a  circle  can  l)e  inscribed  in  a  (juadrilateral  whose 
diagonals  are/ and  g,  prove  that 

14.  If  /3  ia  the  angle  between  the  diagonals  of  a  cyclio 
quadrilateral,  prove  that 

( 1 )     (a*;  +  bd)  sin  (i  =  {ad  +  bf)  sin  .1  ; 

o     [a^  +  c-)~(b-  +  J-) 

(3)  ta„>^j"-'■>('--''|ori'--;'/--;). 

2      [rr  -  a)  {(T  -  c)        {cr  -  b)  {(t  -  a) 

15.  If/,  g  arc  the  diagonals  of  a  (piadrilateral,  shew  that 

^•=  --  \'At"-<l-  -  {<i-  +  c^  -  b-  -  (/-)-'. 
4 

16.  In  a  cyclic  quadrilateral,  prove  that  the  product  of  the 
jiegmeuts  uf  a  diagonal  is 

ab<'d{ac  t  IhI)  {ab-\-cd)  {(td  +  hc). 
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235.     The  followinj,'  exercise  consists  ,>f  niisrellaueous  ...les- 
tions  involving  the  properties  of  tri.in"les.  ' 


EXAMPLES.    XVIII.  e. 

1.     If  tlie  sides  of  a  trian-le  are  i'}i>,  121-2,  Urx)  vanl 


that  the  area  is  ( 


)  ac'ies. 


-*,  sht^w 


2.     One  of  the  sides  of  a  trian^d 


jacent  angles  are  ^li-.")   and  (i?-")"  :  find  tl 
3.     I  f  ri  =  2r.^  ^  2/-,, .  shew  that  3«  =  4f>. 


o  is  200  yanls  and  rhu  .-.d 


e  area. 


4.  If  (c,  h,  c  are  in  a.  v.,  shew  that 

5.  Find  the  area  of  a  triant,de  whose  sid 


''i^  '•..,  /••,  are  ni  n.  r 


es  are 


+ 


+ 


+  ■ 


6.    If 


shew  that  <i-,  h 
Prove  tliat 


sin  J   :  sinr=. :sin(,l -/;)  :sin(/;-r 


'-,  '-  are  ni  a.  \\ 


sin  J+/>sin  A'  +  rsin  ('     </-'  +  //- 


A         Ji        c 

:  COS    _  eos  -    COS 


•Za 


8. 


9. 


+ 


+ 


.1  .   /;  .  c 


sin  .1  "^sin  irsnx  C    ""  ■>  ■*'"  •>  ^'»  .,  =  >^- 


(r,  +  ?vu-.,  +  /V('r,  +  /-.,)^  ,// 


''■/:i  + ''■>',+ ';>:,') 


I^'1'2' 


10.     tan;,+tan  v+t, 


in 


:  +  ':.  +  , 


ir,r.,  +  /-.,r,  +  r,/-.j 


11.     hr  eot  ^  +  rr>  cot  -'  +  ah  <•.  .t  ^ '  =  4/fs-  (^ '  +  '  +  .'  .   '* 


a      h 


)      I'       it 


)• 


12. 


'+I+'  +  'V    t/1  .  1     1 


r^r(i<^:) 


13.     Th(>  perimeter  of  a  right-angled  triana] 
in-radius  IS  0  :  find  the  sides. 

y*     ^^/'  ^'  '''  '^""^  ^^'^  perpendiculars  fr.,in  tl 
on  the  sides,  prove  that 


('  i^^  70    and  tl 


le 


le  eu't  lun-eentre 


-f  -  + 


iltiC 


t     9     f>     ¥9h' 


H. 


K.  T. 


15 


-ir 
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15.  All  <'(]uil,itnriil  triaiiirlc  and  a  roL,'ular  hexagon  have  the 
.-uinc  perimeter:  .--liew  tliat  the  areas  of  tlieir  inserihed  circles 
ai-e  ;is  4  to  !>. 

*16.     SIi(nv  that  the  ])erinieter  of  the  pedal  triangle  is  eipud  to 

'thr  -IRK 

*17.     Sliew  that  the  area  of  the  ex-c(iitra1  tri;ingle  is  ecpial  to 

(ihriit  -\-h  +  r)  -is. 

18.  In  the  anihiguous  case,  if  .1,  a,  b  are  the  given  parts, 
and  (•,,  r..  tlie  two  values  of  the  third  side,  shew  that  the  distance 

between  the  circum-centrcs  of  tlio  two  triangles  is      '  ~    - 

2sinJ 

*19.  if  ii  he  the  angle  i)etween  the  diagonals  of  a  cyclic 
(juadrilatcral,  shew  that 

■    a         2*' 
*20.     Shew  rhat 

*21.  Shew  tiiat  the  sum  of  the  squares  of  the  sides  of  the 
ex-eentral  triangle  is  etpial  to  SR  (4lt  +  r). 

■*22.  If  circles  can  he  inscribed  in  and  circumscribed  about  a 
(juadrilateral,  and  if  (i  be  tiie  angle  between  the  iliagonals,  shew 
that 

c(  (S  ti  -^--  {(ir  ~hil^  {(!('  +  htl). 

23.  If  /,  /",  »  are  the  lengths  of  the  medians  of  a  triangle, 
pro\f  that 

(]">     4'/-  +  //*-  +  /^-  =:i,./-  +  i^^-t-c2j; 

(3)      Ifi  (7t  +  w4  +  ?,i!r.  !)i;„4  +  /,4  +  r»). 

24.  Sli(>w  that  the  radii  of  the  escribed  circles  are  the  roots 
of  the  inpiation 

./-'  -{AR  +  r)  .)••  +  s-.v  -  s^r  =  0. 

25.  Tf  A,,  .A.,,  A.J  be  the  areas  of  the  triangles  cut  off  by 
tangents  to  the  in-circle  parallel  to  the  sides  of  a  triangle,  prove 
that 

Aj  A.,  A3  A 
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*26.  The  triangle  LMX  is  fonni'<l  liy  joinjn;^'  tlio  points  of 
contact  of  the  in-einlc  ;  sliew  tliat  it  is  similar  tt)  tin-  ex-central 
triangle,  and  that  their  areas  are  as  /•-  to  I  A'-'. 


27.     In  the   triangle   l'</R  fornieil   by  drawing   tangents  at 
^1,  /y,  ('to  the  <'ircuiM-circle,  prove  that  tlie  angles  and  sides  ;ire 

180-2.1,      18(P-2/;,      ISO       -IC; 
b 


and 


a 


2  cos  li  cos  r '       2  C(  )S  C  cos  .1  '       2  e.  -s  .1  cos  II 


28.     Up,  q,  r  be  the  lengths  of  the  bisectors  of  the  ai.gles  of 
a  triangle,  prove  that 

/IN     1         --^    ,   1         ^^  ,   1         ('ill 
(1)        cos      +     COS      +     cos   ,  =      +  ,  +      ; 
p         ^      <i         2      r         2      a      b       r 


(2) 


pqr  abc  {a  -{-b-^-c} 

4 A  ~  (6+7)T(.^  "7(«+"/>) 


29.  If  the  perpendiculars  AH,  DIl,  CK  are  pnxhiceil  to  meet 
the  ciroum- circle  in  Z,  i/,  -\',  prove  that 

( 1 )  area  of  triangle  LMX  =  8a  cos  .  I  c(  >s  li  cos  C  ; 

(2)  AL  sin  A  +  />'J/sin  B-^CX  sin  ('=  87^  sin  .1  sin  li  sin  ( '. 

30.  If  r„,  >•(,,  /v  be  the  radii  of  the  circles  inscribed  iK^tween 
the  in-circle  and  the  sides  containing  the  angles  .1,  //,  ('  respec- 
tively, shew  that 


/I  i.  9"'""'^ 

( i )     r„  =  r  tan'' 

4 


(2'      \'rt,r,  +  \Jr,r„->r\'r^r,,     r. 


*31.  Lines  drawn  through  the  angular  points  of  a  triangle 
ARC  parallel  to  the  sides  of  tiie  pedal  triangle  firm  a  tri- 
angle X  YZ :  shew  that  the  perimeter  and  area  of  XYZ  are 
respectively 

•2R  tan  A  tan  B  tan  C  and    R^  tan  A  tan  B  tan  ( '. 

*32.  A  straight  line  cuts  three  concentric  circles  in  A,  B,  C 
and  passes  at  a  distance  p  from  their  centre  :  shew  that  the  area 
of  the  triangle  formed  by  the  tangents  at  A,  R,  ('  is 

BC.CA.AB 


2^ 


15—2 
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MISCELLANEOUS  EXAMPLES.    F. 

1.  \{a-^li  +  y  +  H=} 80%  shew  that 

C()Sac-()s,y  +  c()sycos8  =  sin  a  sin  /3H-siny  sin  8. 

2.  I'rovd  tliat 

i(  ).s  ( I  r,"  - ,  I )  s('c  1  ■)'  -  sill  ( 1  f)"  -  J )  cosec  1  i,"  =  4  sin  J . 

3.  Shew  that  in  a  tiian,<;le 

cot  .1  +  sin  A  coseo  Ji  i-osec  C 

retains  tlic  same  vahio  if  any  two  of  the  angles  .1,  //,  (,'  are 
intenlianged. 

4.  If  a  =  1%  /)  =  ^'8,  .1  =  30\  solve  the  triangle. 

5.  Shew  that 

(1)  cotl8°  =  ^/5c.>t3(r  ; 

(2)  1  ()  sin  3f)'  sin  72"  sin  108°  sin  144'  =  5. 

6.  Find  the  number  of  ciphers  before  the  first  sienificant 
digit  in  (•(».•]!)()/'",  given  ^^ 

log 2= -.30 HW.  log.3  =  -477]2,  log  1 1  =  1 -04 1 ,39. 

7.  An  observer  finds  that  the  angle  subtended  by  the  line 
joinnig  two  points  A  and  B  on  the  horizontal  ])l;ine  is  .30°.  On 
w..iking  .■)()  yards  diiectly  towards  .1  the  angle  increases  to  7^)"  : 
find  his  distance  from  B  at  each  observation. 

8.  Prove  that    cos'''a  +  cos2/3  +  cos''^y  +  cos^(a+/3  +  y) 

=  2  +  2  cos  (^  +  y)  cos  (y  +  a)  cos  (a  +  /3). 

9.  Shew  that 

( 1 )  tan  40° + cot  40°  =  2  sec  1 0°  ; 

(2)  tan  70°  +  tan  20°  =  2  cosec  40°. 

10.     Prove  that 

(1)     2sin  4n-sin  lOn  +  sin  2a  =  1  (i  si  n  a  cos  a  cos  2a  sin^  3a  ; 


2rr 
7 


(2)  ^^in-:+sin:::'-shi^=4sin^-^''  •  ^'^ 


4rr 
t 


sin  ..-sm       . 
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11.  If  7i  =  30',  6  =  3v'2- v'«,  c==(i-2^%  solve  tlic  triangle. 

12.  From  a  shii)  which  is  sailing  N.K.,  the  luMriiig  of  a  rock 
is  N.X.W.  After  the  ship  has  sailed  U)  miles  the  rock  hears 
due  W.  :  tiiid  the  distance  of  the  shi[>  from  the  rock  at  each 
ohservation. 


13.     Siiew  that  in  anv  triangle 


h 


>  •> 


,+ 


( —  (I- 


+ 


-  f>' 


COsB  +  COaC        COSC+COSJ         COS.l+Ci's/j 


.-  0. 


14.     If   cos(^  — o),    co.s^,   cos(^  +  a)    an;   in    harmonieal   pro- 


gression, shew  that 


cos^=^/2  cos 


2' 


15.  If  sin /i<  he  tlie  geometric  mean  between  sitm  and  cos«, 
prove  that  cos  2/3^2  cos-  (  v  +  « 

16.  Shew  that  the  (hstances  of  the  orthocentre  from  tli»;  sides 
are  2/i!  cos //cost',     2// cos  ('cos  . I,     2/i'cos  .1  cos //. 

c<  >s  u  —  e 


1  —  ('  cos  u  ' 


17.  If  COS<9: 

prove  that  tan  ;,  =  */,        tan  — . 

^  2      V   !-<'        2 


18.     If  the  sides  of  a  right-angled  triangl(>  are 

2(l+sin(9)4-C()s^     and     2  (1 -f-cos  ^)  i-sin  ^, 
prove  that  the  hypotenuse  is 

3  +  2  (cos  ^-h sin  6). 

*19.     Prove  that   the   distances   of  the   in-centre   of  the  ex- 
central  triangle  fj-ili  from  its  ex-centres  are 

fl//-    ^  +  ^"        ^,?   ■    ^'+-'        «/^    •    -'+^'' 
8«sm    - — ,      8/tsm  .      8/fsm     - — . 

4  4  4 

*20.     Prove  that  the  distances  between  the  ex-centres  of  the 
ex-central  triangle  /i/^/Ji  are 

Biicos—   -  ,      8«cos      ,      ,      H/£cos      ,    -. 
4  4  4 
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21.  If 

(I  +  oos  fi)  ( 1  +  COS  j3)  ( 1  +  COS  y)  =  ( 1  -  COM  «)  ( 1  -  co.s  3)  (1  -  co.s  y), 
shew  that  cuch  cx}m>si()ii  is  equal  to  +sina  8in/3  sin  y. 

22.  If  the  .sum  of  four  au,i,'lfs  is  180\  shew  that  the  sum  of 
the  proihicts  of  their  .siiics  taken  two  togctli(>r  is  equal  to  tlio 
.sum  of  the  pro(hicts  of  tlieir  cosines  taken  two  ti^yetlier. 

*23.     In  a  trianj,f]o,  shew  that 

(I)    H^.n.,.II.,^\(Mt^r-  (2)   J/i'+/,//-.l6/P. 

24.     Find  the  angles  of  a  triangle  who.so  sides  are  proportional 


to 


A  n 


cos 


C 


{•2)     sin  2.1,     sin  2/;,     sin2('. 
25.     i'rovi-  that  the  expression 
sin2  {0  f  «)  +sin-'  (<?+,i)  -  2  cos  (u  -  ji)  sin  (<9+«)  sin  {d-\-^) 
is  independent  of  ^. 

*26.     If  f/,  b,  c,  d  arc  the;  si<le.s  of  a  quadrilateral  described 
ahout  a  circle,  prov*;  that 

.(  /« 

a</sin---=  /vsin^,,-. 
2  2 

27.  Tangents  parallel  to  the  three  sides  are  drawn  to  the 
m-circle.     If  ^>,  y,  r  be  the  lengths  of  the  parts  of  the  tangents 

within  the  triangle,  prove  that  -^  +  '/+-  =  1 

a      h      c 

[The  Tables  will  be  required  for  Kvamples  2S  and  29.] 

28.  From  the  to])  of  a  clifi'  156G  ft.  in  height  a  train,  which  is 
travelhng  at  a  uniform  speed  in  a  straight  line  to  a  tunnel 
immediately  below  the  f)bserver,  is  seen  to'pa.ss  two  consecutive 
.stations  at  ^u  interval  of  3  minutes.  The  angl.'s  of  depression  of 
the  two  stations  are  13^  14'  12"  and  5fJ°24'3C"  resiHJctively  ;  how 
hist  ]s  the  train  travelling  ?  l  j  , 

29.  A  harbom-  lies  in  a  direction  46°  8'  8-6"  South  of  West 
from  a  fort,  and  at  a  di.st.mcc  of  27'23  miles  fr.Mn  it.  A  ship 
.sets  out  from  the  harbour  at  noon  and  .sails  due  East  at  10  miles 
au  hour  ;  when  will  the  ship  be  20  miles  from  the  fort ' 
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236.  TiiK  equation  sin^  =  _^   i.s  Niti^sticd  Ly   0      .,  .nnl   Ly 

0=ir — ;,  iiiid  all  aiij,'los  fotorininal  with    these   will   h.iM-  the 

same  sine.  This  cxauiplo  shews  that  there  aie  an  iiitinitt; 
number  of  ant^les  whose  sine  is  e(iual  to  a  given  (luantity. 
Similar  remarks  apply  to  the  other  t'unetions. 

We  proceed  to  shew  how  to  express  Ly  a  sin^jle  I'orniula  all 
angles  which  have  a  given  sine,  cosine,  or  tanj^mt. 

237.  From  the  results  proved  in  Chap.  I.\.,  it  is  easily  .seen 
that  in  going  once  through  the  loiw  cpiadrants,  there  are  two 
and  (tnly  two  positions  of  the  boundary  line  which  give  amiles 
with  the  same  sine,  cosine,  or  tangent. 

Thus  if  sin  a  has  a  given  value,  p 

the   positions   of  the   radius    vei.lor  ~"^\^ 

are  (tP  and  (t/"  bounding  the  angles     

aandjT-a.     [Art.  !J2. ] 


If  cos  a  has  a  given  value,  the 
positions  of  the  radius  vector  are 
OP  and  OP'  bounding  the  angles 
a  and  'Itt  -  a.     [Art.  105.] 


iT-a 


If  tan  a  has  a  given  value,  the 
positions  of  the  radius  vector  are 
OP  and  OP'  bounding  the  angles 
a  and  TT  +  a.     [Art.  97.] 
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238.      To  Jind  n  Jonniibi  for  all  the  annlcs  which  hmu-  „  niven 
nine.  '' 

Let  fi  l)f  the  ^tnallust  positive 
.aiij,'Ie  wliirh  has  a  given  sine.  p' 
J>ra\v  01'  and  (>/*'  boiiii.liii^  Ww. 
angles  a  and  jr-«;  then  tlie  re- 
tiuired  angles  are  those  coterniinal 
>vith  O/' .111,1  <tl". 

The  iK>Nitive  angles  aie 

2/<7r  +  <i    and    :3/<7r  +  (rr-«), 

whert!^;  is  zero,  or  any  jjositive  integer. 

The  negative!  angles  arc 

-(jT  +  a)    and      -(2n--„), 

and  those  which  may  he  ol.tained  from  them  l,y  the  addition 
of  any  negative  nuiltiple  of  iJn- ;  that  is,  angles  denotcil  hy 

•277r-(7r  +  «)    and    'lijn ~  (in -  a), 
where  y  is  zero,  or  any  iiegativc  integer. 

These  angles  may  be  grouped  as  follows  : 

(2<?-2),r  +  «J     '"'^    |(:2y_i)^_«, 

and  it  will  he  notieed  that  even  nudtiples  of  n  are  followed  by 
+  «,  anil  Olid  multiples  of  tt  \t\  -„. 

Tims  all  angles  equi-sinal  with  a  are  included  in  the  formula 

W7r  +  (-])»a, 
where  u  is  zero,  or  any  integer  i)ositive  or  negative. 

This  is  also  the  fonnuhi  for  all  augles  which  have  the  same 
cosecant  as  «. 

Example  1.     Write  down  tlie  general  solution  of  sin  8="^^'^ 

2    ■ 

Tlio  least  value  of  0  which  satisfies  the  equation  is  ~;   therefore 

o 

the  general  solution  is  7iv  4-  ( -  1)»  ^ . 

o 

Kromple  2.     Find  the  general  solution  of  sin"0=6hi^a.    * 

This  eiiuation  gives  either  sin^rz+sina (i), 

or  8ine=  -sina=.sin(-a) (2). 
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UEXEKAI,    V.Vl.lK   OF    Kgl'l-COHINAl.   ANULKS. 


r.\3 


From  (1),  tf  =  nir  +  (-l)»a; 

and  from  (2),  tf=iiir  +  {-  I)" {-a). 

Both  valut'8  are  incluili'd  in  tlu' formula  tf-HTT  J  a. 

239.      To  jiiitl  a  formula  fur  alf  the  otii/les  whivh  Unx  a  jiirn 
cosine. 

Lft  n  l>t'  tlic  miiiillost  positive 
anyle  wliicli  has  a  <;iven  cosine. 
Draw  OP  and  01"  bounding  the 
angles  a  an«l  27r-a;  then  tlie 
i-ecpiired  angles  are  those  coter- 
niinal  with  Ol*  and  OP". 

The  positive  angles  are 

2/'Tr  +  <«    and    2piT  +  (iir  -  a), 
wljere  j)  '\n  zero,  or  any  positive  integer. 

The  negative  angles  are 

—  a    and     —iin  —  n), 
and  those  which  may  be  obtainetl  I'roiu  tlieni  by  the  addition  of 
any  negative  multiple  of  27r;  that  is,  .ingles  denoted  by 

2qTT-a   and    'Iqir  ~  i^ln  —  a), 
where  </  is  zero,  or  any  negative  integer. 

The  angles  may  be  groujMid  as  follows  : 


^'^  +  '"1    and    |(=;/'  +  ^)--«' 


and  it  will  lie  noticed  that  the  nndtiplcs  of  tt  are  always  eveii, 
but  may  be  followed  by  +a  or  by  -,;, 

Thus  all   angles  equi-cosinal   vith   a   are    included    in   the 
formula 

2?jjr±a, 
where  n  is  zero,  or  any  integer  posftive  or  neg.itive. 

This  is  also  the  formula  for  all  angles  which  havi?  the  same 
secant  as  a. 

Example  1.    Find  the  generfJ  riolution  of  cos^=  - 

IT  'iir 

Thr  least  value  of  ^  is  n-  -  .  ,  or  "    ;   hence  the  general  solution 

o  o 


is  2}iir± 


2ir 
8* 


ST 


,i! 


li 
r 

■  i? 
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240.      To  lind  a  foniiulii  for  all  iln-  ao<fl,:»  a-hirh  h,tr-  ,,  ,n'i>-n 
tan(/rnt.  '^ 

Ixjt  (I  he  the  siiiallost.  j)<).sitiv3 

angle  wliii'h  li.is  ,i  -.ivt'ii  t;iii<,'fMt. 
Di-iiw  '>/'aM«l  ()/"  lioumliiig  the 
.■1111,'Ic.s  a  and  7r  +  <i;  tlicii  the 
r»'i|iiirf(l  iin^'lis  an>  tiio.so  coter- 
iiiinal  witli  (j/'  and  OJ". 

The  po-sitive  angles  are 

•2pn  +  (i    and    -V^jr4  (tt+u). 
when'/'  is  zero,  or  any  jmsitive  integer. 

The  negative  angles  are 

-  {rr  —  uj    and    — 'L'tt  — a), 
and  th(.s(!  which  may  l>e  obt.ii..ed  from  tiieni  Lv  the  addition  of 
uny  n<-gative  multiph!  of  2n  :  that  is,  angle.-:  denoted  hy 


'2.jn 


rr  —a] 


tnd    r7y,T 


and     1'-/'+ ')-+«' 


where  ./  is  zero,  or  any  neyativ  •  integer. 
Tiif  angles  may  l.e  groupid  as  follows 
•2j>7r  +  a,  I 
(•2,j-'2)rr+a,j 
and  it  will  l.r  noticed  that  whetlj.-r  the  multiple  of  rr  is  ever^  or 
O.K  ,  It  IS  alwavs  followed  l.y  +„.    Thus  all  angles  ecnu-tangential 
with  a  are  meliided  in  the  formula 

This  is  also  the  formula  for  all  the  nni.'].'s  whicli  have  the 
Bame  cotangent  a.s  «. 

K.ramph.     Solve  the  equation  cot  li?  -cot^. 
The  general  solution  is      ie^ntr  +  d; 


wheuce 


'M—nir,  or  0  = 


itir 


241.  All  anjr/lc,,  u'lich  are  both  r,j,n-simtl  and  eaxi-cosmd 
(iitfi  (I  are  indtided  in  the  formula  '•Inn  +  a. 

AH  angles  e.pii-cosinal  with  «  an;  included  in  the  formula 
'2an±a  ;  so  tiiat  the  multiple  of  tt  is  even.  I'.ut  in  the  fnn=iu!i 
nn-^K  -  lj''a,  which  includes  all  angles  eipii-sinal  witli  ,',,  when 
Uie  niult.ple  of  n  is  even,  a  muat  be  preceded  by  the  f  sign. 
Thus  the  formula  IS  2«7r+ a.  ^     >= '• 


Hy. 


MX.) 


UKNKIi     !.   HOLUTION    oK    i:gl    XTlO's. 
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242.     ill  tii<'  solutian  I'f  oijuiitioiss,  til'    ^'i'ikt.iI  \  ilu     of  tin- 
ixi,-^U'  .xliMiild  always  If  givt .'! 

/  r,iiii]ili\      Hiilvc  tl'.t'  ('(juiiticii  I'o^  'Ml     loa'tO      ciis   .'. 
liy  iianHposiliuii,    (i-km '.»(»,  tusj?)     in^'yO-V: 
.     •-»  ci).->  ")</  I'o-'  10     <os  ij(>  -  0 : 
.-.  ro-  'til  (2  <'«is  JW  -   ' .  -U  ; 
..  litlicr  con 'i''    .0,    ir  "J  i-os  It/      1      0. 

■""'.'"  10 


From  thi^  tii>i  ii|uatiu.i, 


arii^  from  tlu'  sicoiiii,  ■\d  —  '2inrt^     ,  or  0 


EXAMPLES.     XIX.  .i. 


KilK 

tin'  ;.,'OiiC!r.-.;  sol 

i'  M'll    ( 

.(■ 

li       •■|U;l'  1      IS  : 

1. 

,      1 

-111  0-  ^. 

2. 

iU 

B~                      3.        s,!      ' 

4. 

r  111^   -^'•.',. 

5.      • 

ot 

^'             ■•             6.         r/}-       ^':i 

7. 

cos-'^       ',. 

&       r 

111 

-^-   ,                  J.     .•-•     -'<)      ,. 

10. 

!l)S   ()     -  11  'S  (t. 

11.      l;Ui    f^      t.lli 

12. 

■c- f)  =  st>c^  a. 

13.     t„     L>f'-.tan^;. 

14. 

'isfc  .■l^  =  cose< 

:'.<.. 

15.        '^30^  c.si'f). 

16. 

ic^e-*  s\u0= 

<\u  :W. 

17.           0    ms7^  =  siii4<?. 

18. 

u4^     sin  3^ 

>ii    ■:'' 

t^ai  • 

19 

^4c.-3d  + 

.- 

7f  -0. 

20 

-iiii  ;'>^  i'i»H^  =  8i 

f>^. 

-1 

!^ 

21. 

111  11^  SI!    46J  + 

- 

-0. 

Z2. 

^'2  ens: 

6-, 

23 

sm  7^     y'S  *o» 

4^  =  .^ 

24. 

1  +  eof     =  - 

Al 

.'5.     tair-(9  +  s'H-^=l. 

:*-   ^ 

J 

27.        cot   *)-    t.!!lfl=-2. 

28. 

If: 

I  lid  2 

.siii^=s,'3,  find  ^. 

29. 

Tf.v 

Lid  tan  0 

-  -  1,  find  e. 

sm 
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243.     Ill  the  following  exain]»los,  the  solution  is  siiuplifiod  by 
the  use  of  sonic  particular  artifiic. 

Exainph-  I.     Solve  the  t>(iiiati()ii    coswtf  =  8in  h^. 
1I''»«  cosw^  =  cos  (]^-  nd\  : 

wliure  A-  is  zoro,  or  air.  integer, 
liy  tran8i)osition,  we  obtain 

(m  +  n)0-r  f'>k  +  A  TT,   or  (m  -n)e=  Uk  -  ]\  tt. 

This   e(iuation    may  also  be  solveJ  through  tlie  me.liura  of  the 
.siue.     For  we  have 

sill  (]^-Hi^  j=  sin  H0; 

■  .^  ~tn(i~pTr-^(-\)Pnd, 
whore jj  is  zero  or  any  integer; 

Note.  The  general  solution  can  frequently  be  obtained  in  several 
ways.  Ihe  various  forms  wliich  tlie  result  takes  are  merely  different 
modts  of  expressing  the  same  series  of  angles. 

Example  2.     Solve     v'3cos6l  +  siu«=l. 

Multiply  every  term  by  ^  ,  tlirn 

Y  cos ^  +  2  sin 5=:.^, 

T  IT  1 

.-.  COS  -  cos  tf  +  sill  .  sin  (>  =     • 


.-.  <?-~  =  2«;r±-; 


.-.  e-imr+      or  2«jr  -^. 
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Note.  In  examples  of  this  type,  it  is  a  common  mistake  to 
S(iuaie  the  e(iuation  ;  but  this  process  is  objectionable,  bccaiiso  it 
introduces  solutions  which  do  not  belong  to  the  given  equation. 
Thus  in  the  present  instance, 

^/3  cos  0  =  1  -  sin  ^ ; 

by  squaring,  3  cos-  0  =  (1  -  sin  0)-. 

IJut  the  solutions  of  this  ecjuation  include  the  solutions  of 

-  ^':i  cos  <>  =  1     sin  e, 

as  well  as  those  of  the  given  equation. 

Example'.).     Solve     cos  2^  =  cos  0^  sin  fl. 

From  this  equation,  cos- 5  -  sin-(>  =  cos(y  +  sin  9; 

:.  (costf +  sin^)(cos  d-sinrt)=cos  S  +  sinf?; 


. .  either 
or 

From  (1), 


COS  ^  +  sin  i)  =0. 

cos  0  -  sin  0     1 . 

tan«=:  -1, 


(1). 

.(2). 


From  (2), 


4 

cos  6  — ,-  sin  0  = 

\' 

IT       .      ,    .    ir 
cos  0  cos  -  -  siu  If  sin 
4  4 


^/2 


J2 


1-1 


"i 


cos 


(-1)%'.^ 


:.  0  +  V  -  -^"T  ^-  V 
4  4 


0  —  2uir  or  '2inr 


EXAMPLES.    XIX.  b. 

Find  tho  general  solution  of  the  pquiitions  : 
1.     iimpe==coiq6.  2.     s'mmd  +  i'OHvff  =  0. 

3.     cos  d- ^'3  sin  ^=1.  4.     Hin^-v'3co,s^=l. 

5.     co.s(9=^/3(l-sin^l  6.     sind-fv'3cos^=v'2. 
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I ,  » 

1  * 


K I-K.M KNTAR Y   TUIGOXOM KTKY. 

Finil  the  general  solution  of  the  equations  : 
1 
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7.     cos  ^-, sin  ^ 


/.)  ■ 
\  - 


8.  cosfi+s\u0  +  ^'i>^{), 

10.  vnta      (•nt-26^-2. 

12.  .sin;56'  =  8.sin:*^. 

14.  fos  tl  -  .sin  ^  =  co.s  -2^. 

16.  .sec  6  -  losec  0=^2  ^'-2. 

18.  C()a.3(9  +  8c()s'»^  =  0. 


9.  co.sec^  +  c()t^    ^';}. 

11.  2Hin^sin  ;?(9- 1. 

13.  tiin^  +  tan:?^  =  L>t.ini'A 

15.  ct>iivc0  +  st\cfi--2^'-2. 

17.  sec4^ -sec:.'(^^2. 

19.  ]+s';UaM-'<9-.(l+^/;{)tan^. 

20.  tan''  ^  f  c:ot''  ^  =.  8  (.-(jsec-'  i>^  +  |  -2. 

21.  .sin^=^/2.sin</),        n'-'U-os^  .^'o^,,.,^ 

22.  <;Of,ec(9=-^/3cosec^,         c(.t<^:=.3  cot0. 

23.  f<ec  </>  -  ^ '2  sec  ^,         cot  (9  -  ^'3  cc .t  0. 

24.  Kxplain  why  the  .sanu>  Iwo  sc-i.-s  of  ai.-les  are  .'iven  hv 
the  eijuations  ° 

^  +  J=-"7r  +  (-l;«JI     and     d      ""^       2nrr±'!^. 

25.  Shew  that  tlie  forinuhe 

(2n+ly±a    and    ("  -  ^  )  ^  +     -  1 /' (^  ^,.) 
comprise  the  same  an,i,'Ies,  an.l  ilhistrate  l,y  a  h-un-. 

Inverse  Circular  Functions. 

244.  If  .sin^-=.s-  wo  know  that  $  may  he  o„,,  an^le  wlios,. 
snie  IS  .«  It  IS  often  com eniont  to  express  this  statement 
i;)(ws'7j/ hy  writmg  <9  =  sin    '  .<. 

In  this  uu-er.K  notatinn  fi  stands  alono  on  one  side  of  the 
equation,  .and  may  ,o  reg.arded  as  an  an^lc  whose  value  is 
only  known  through  the  medium  of  its  sine.  Simikrlv 
tan  ^.i  indicates  in  a  concise  form  anv  one  of  the  an-l.'-s 
whose  tangent  is  ^f.V  T5ut  all  these  angles  are  given  by  the 
formula  7iTr  +  -.     Thus 

^  =  tan    \/.3   and    ^  =  ,(^4-^ 

it 

are  equivalent  statements  exiatwscd  in  difterent  forms. 
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245.  Kxpressioiis  of  the  fi)i'in  cos~'.r,  .sin~'(^  tan  'A  are 
callt'tl  Inverse  Circular  Functions. 

It  must  ])e  rcinonilit'ivd  that  those  oxprosioiis  ilriK.tc  an^'lcs, 
and  that  -  1  l-<  not  fin  iil<i-hriilciil  itK/r.r  ;  that  is, 

sin    '  .»■  11  iiot  thi'  Koiui'  (la  isin  .'•)    '  nr    . 

siii.r 

246.  From  Art.  tW,  we  sim;  tliat  an  invcrsi'  fumti.tn  lias  .m 
infmito  nunil'cr  of  vahics. 

If  ^'(lfni)t(>  any  one  nf  tht;  rin-ular  functions,  and  /"  '  '.r}=  A, 
tlio  principal  value  of  /  'i./';  is  tlie  smallest  ni.nierital  vahu! 
of  ,1.     Thus  the  iirinciiKil  values  of 

-4r)'. 


sni 


."'  >' 


l.T)', 


are       Oo , 

Honce  if  a;  be  positive,  the  prinripal  values  of  sin  '  .'•,  i<>s  'j-, 
tan-'.'-  all  lie  between  0  and  i»() . 

If  r  be  nej^ative,  the  priiiiipal  values  of  sin  '  .r  a)id  tan  '  .'• 
lie  '-itween  0  and  -!»<>',  and  the  prineipal  value  of  eos-',»-  lies 
between  !)0   and  180'. 

In  luimerieal  inst;mces  we  shall  usually  supjioso  that  the 
principal  value  is  selected. 

247.      if  sin  fl  =  .r,  we  liave   os  ^^  \/l  -.j-^. 

r^xj>res.sed  in  the  inverse  notation,  these  e<]U.    '■'■'    iMH'onie 

<9:-sin    '.«■,     ^=-eos    '  a/1  -.»•'-• 

In  caeh.  of  the.se  two  .statement.s,  (I  has  an  infinite  numlier  of 
values;  but,  as  the  fornmhe  for  the  general  values  of  the  sine 
and  cosine  arc  not  i^'ontical,  we  cannot  a.sscrt  that  the  eipiation 

sin    '  .c=cos    '  V  1  -  •'■" 

•s  identicallv   true.      This  will    be  .seen   more   clearly   from  a 

1  ,     -     .     n'3 

numerical  in.staiice.     If  .r=_^,  then v  1  - •^'"  =   .>  • 

Here  sin-'  .r  may  be  anv  one  of  the  an>Tles 


30".    1. ■)()■.   3:)0\   .'.10° 


and  cos-'  \l\  -  X-  may  he  any  one  of  the  angles 
30°.    330°,   390°,   690°,.... 


240 


in 
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2i8.     From  the  relati„„s  established  in  the  previous  chapters, 

\c  uiay  ,le.l.ico  corri>s]..,ndnig  rehitions  connecting  the  inverse 

liiuctions.     TliUM  m  tlie  identity  ^    "«  in\cise 


cos '26  = 


1-tan-'^ 


l+tan-'^i?' 
let  iimO-  <i,  so  that  ^ -tan-',/  ;  tlien 

■  1  +a^ 
l-n- 


co.s(2tan-'(»)  = 


.'.    2tan~' ^^  =  co.s-i 

Similarly,  tiio  forniula 

cos  .3^  =  4  cos-'  6~:i  cos  6 
when  expressed  in  th(>  inverse  notation  k'comes 
.3  cos    >  (I  =  cos  - '  (4'/-'  -  3a). 

249.     7o  /)/•(,)•)■  tliiit 


Let 


tan    './ -f-tan-'  y  =tan-'   --•''' 

\-.ry' 

tan    '.*•.,,,  so  tliat  tan «  =  ./•; 
•'^'»'  tan    ■y  =  /3,  .so  that  tan^=^. 

Wr  re,|uire  „  +  ^  in  the  form  of  an  inverse  tangent. 


Now  t^nia^'ii)^.  tana  +  t.v../3 

1  ~  t.iii  (I  tanyS 

~i -■';'/' 

.-.    a  +  /3  =  tan-l  '''"•■^  ; 
\-.Ty 

that  is,  tan -».*•  +  tan    ^/  =  tan    '  ■^'''  . 

1  -.r_y 
P.y  putting  ;v  =  .r,  wo  ohbiin 

2  tan    '.r=,tan-'~"-- 
l-.r2" 

NoTK,     It  is  useful  to  remember  that 

tau{tan-'j+tau-iv)=— ■'^^  , 


XIX. 
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ixamyle  1.     Prove  that 

tan"'  i)  -  tan  '  ;i  \-  tan"* 


TT 

:"7r  f  -r    , 


The  first  side  =  tan-'  '      '    +  tan  '  r, 
1  +  lo  y 

=  tan-'    +  tan~'- 


tan  '         „    -tan-'l 


HTT   + 


Note.     The  vahie  of  n  cannot  bo  iissigntd  until  wt;  have 

7 
some  particular  values  for  the  angles  tan~*5,  tau  '3,  tan  ' 

choose  the  principal  values,  tht-n  ;/  =  0. 
Example  '2.     Prove  that 


Hclocted 
,     If  we 


.   _.4  ,  T2        .      ,  1»;      TT 

sin  '  .  +  cos  '  ,.  -r  s»n   ',.-.,■ 
a  l.J  ni)       \i 


We  may  write  this  identity  in  the  form 

1(5 


4 


I'Jtt 


-m   ' 


»ir» 


cos 


1(5 


4  1 
Let  a  =sin  '     ,  so  that  sin  a  —  .  \ 

5  ;> 

12  12 

and        /S  =  cos-i  —  >  so  that  'jos  ,^  =      . 

We  have  to  express  a  +  f3  as  an  inverse  cosine. 

Now  co8(o  +  /3)  =  C08acos/3- sino  sin/i; 
whence  by  reading  off  the  values  of  the  func- 
tions from  the  hguns  in  the  margin,  wu  have 

cos(«  +  /J)=..j.,-..j3 

10 


.'.  a  +  /3  =  coB-' 


10 
65* 


H.  K.  K.  T. 
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It  is  .sornotinies  convenient  to  work  entirely  in  terms  of  the 
tangent  or  cotangent. 

Example  3.     Prove  that 

2  cot-i  7  +  cos-i  -  =  cosec-> 

o  117' 

The  first  side=cot-i  1'-^  +  cot-»  ? 
2x7  4 

24  H 

=cot->  -_-  +  cot-"  ~ 

7  4 


=cot-i 


24      3     , 

24      3 
44 


=  cot-ij^^  =  co8eo-»J4|. 


2.    co.sec-i'J=tan-»--, 
«  16 


EXAMPLES.    XIX.  c. 

Prove  the  following  stjitements  : 

1.  »i..-i3=o..t ',■;,. 

3.    scc(tair  ijj.^v'n^.  4.    2tan-".'  =  tan   i? 

.5    •  4 

5.  i(ii\  "^  ^  -  tan- '  1  =  tan    »  - 

>*  7 

6.  tan  ^  1  j-j  +  cot    'I"*  -  tan  - 1 ' . 

7.  ct,t-'^-cot-''^  =  ..ot-'?:*. 

•J  ^  13 

a     2tan-il+tan    '^^tan-i'*^^. 
•  •  4  43 

9.     tan-'-  +  tan-i|=tan-i^  +  tan-il. 
10.     tan->  ^  +tan->  A+  tan-i  l^cot-'  .3. 


H 
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till!    •  -  +  sin  ~  *  -  =  tan " 


2cot-i  j=tan' 


9  ■ 


XIX.] 
11. 

12. 

14.     sin  (2  sin  - 1  x)  =  2a-  V 1  -  -i^'^- 
15, 

16 


27 

ir 

13.     2  tan 


8 


=  sin 


(240 

2m' 


COS" 


=  2  sin ' 


•^tan    '     /^ 


V      2     ' 


Vfx  ,a  —  X 

-  =  cos-»-     -  . 
a  a+x 


17. 
18. 
19. 

20. 

21. 

22. 

23. 
24. 
25. 
26. 

27. 


2tan-i^ 


1  1  1 

5-Htan->=  +  2tan-i-  = 
o  7  i)      t 


5      4 

sin-*a  — COS"'  6— cos^'  { 

•      i4  ,  ,2  ,    ,  2 

5  ^0  11 

cos~*  ;,v  +  2  tan-' .  =sin-i  " . 
65  a  0 

1  1  -  wiw 

tiui~' ?rt+tan~i  7t  =  cos-*  -r-    _  .. 

V(l  +  »i''')(l+n-'') 

,  20     ^        ,16  ,  1596 

cos~* —  — tan    '— =cos~* . 

f,9  6.3  1885 

cos   »^3-cos    ^-2^3- =  6- 

tan  (2  tan  -  *  .r)  =  2  tan  (tan  " '  X + tan  - '  r'). 

tan-ia  =  tan-i  V — r  +  tan-',  ,  ,   +tan-*c. 
l+ab  l  +  bc 

If  tan  "^i^+tan"'  y  +  tan  "';  =  «•,  prove  that 
x+i/  +  :=xyz. 

If  M  =  cot "  1  \/cos  a  -  tan  " '  a/cos  a,  prove  that 
sin«=tan*g. 


16—2 


f 


if  - 
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250.     Wo  shall  new  .how  how  to  Holve  oquations  expressed  in 
the  inverse  notation. 

Example  1.      Solve  tan   '2x  +  taii   •:{j-H7r  +  '^'^. 

4 


We  have 


2a-  +  3.r 


=  tan 


('"^^t)^ 


1; 


■  ■  1  -  Oj:- 
.-.  6j--'  -  ilx     1  =T  0,  or  (Oj-  +  1)  (x  - 1 )  =  0 ; 

,  1 

..  x  =  l,  or  --. 

Example  2.     Solve  8in-'x  +  8in-i(l-x)rrcos-Jx. 
13y  transposition,  sin-'(l-  x)  =  cos-'x -sin-ix. 
Let  co8-ixi=a,  and  8in-»x=/3;  then 

8in-i{l-x)  =  a-/S; 
.•    1  -  X  =  sin  (o  -  /3)  =  sin  a  cos  /3  -  cos  a  sin  /3. 
But  cos  a  =  X,  and  therefore   sin  a  =  ^/l  -  x- ; 
al.so       sin  /d  =  x,  and  therefore  cos  /3  =  ;^/ 1  -  x- ; 

.■•  l-x=(l-x2)-x*=i-2x»; 
.-.  2x2-  J- =  0: 


whence 


x  =  0,  or  -, 


EXAMPLES.    XIX.  d. 

Solve  the  equations  : 
1.     >iin~^  x=coii-i- X.  2.    tan->j;=cot-iA'. 

3.  t<an-i(.r  +  l)-tan-i(x-l)  =  cot-i2. 

4.  cot-ijr  +  cot-i2r=  — 

4  ■ 

5.  sin-ijr-cob-ia7=siii~»(.3;p-2). 

6.  coa-i.r-sin-»;r=co8-».rv/3. 


'^jn.  tUM 
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7.    t.iii 


.«•  -  2 


-f-  iiiu 


3 


8.     2  cot  ~ '  2  +  COM  " '  7  —  cosec    • .» 


9.     tan  ~  I  .r-  +  tan    '  ( 1  -  ■»')  =  2  tan  -^  \'x- . 


10.     cos 


l-( 
2rt 


,  —  C(  )s 


1  -  /A' 


:  2  tan 


2.r 


1-^2 


11.  8in-»        ~+tan    '    ""     =co.s    »        ,.,. 

14- «^  1  -x^  1  +f'- 

12.  cot-»''  .-+tan->    ,,     , +  ,^  =  0. 


•zx 


1     ;} 


13.  Shew  that  ve  can  express 

.       ,     2ah     ,    .       ,     'Ird      •     ,,     ,-  •       ,     2.'// 

a^  +  lt-  c-+a'  .)-+//■ 

wher-'  v  and  i/  are  rational  functions  ot'  i^  /-.  c,  '/. 

14.  If  sin  [2  cos    '  ;c-ot(2tan    i. *•);]=(>,  lind  .-. 

15.  If  2  tan  - '  (cos  0)  --   '■   n  - '  (2  cosec  6),  find  6. 

16.  If  sin  (tt  cos  0)  =  cos  ,  ,t  sin  0),  show  that 

2^=:  +  sin~i'-7. 
4 

17.  If  sin  (tt  cot  0)  =  cos  (tt  tan  6),  and  /*  is  any  integer,  shew 

that  either  cot  20  or  cosec  20  is  of  the  form 

4 


that 


18.     If  tan  (tt  cot  0)  =  cot  tt  tan  (9 1,  and  n  is  any  integer,  shew 


,      ^     2h  +  1  ^  \/4/i2  +  4h-  15 

tan  5  =  — ,      ±    . . 

4  4 


19.     Find  all  the  positive  integral  solutions  of 
tau  '^  x  +  cot  ~^if  =  tau  "  ^  3. 
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MISCELLANEOUS  EXAMPLES.    O. 

1.     If  the  sines  of  the  angles  of  a  triangle  arc  in  the  ratio  of 
4  :  ,)  :  b,  sliew  that  the  cosines  are  in  the  ratio  of  12  :  y  ;  2. 


2.     Solve  the  equations  : 
(1)     2cos3(?+Hiii.i^_  1=0; 


(2)     scc^^-2tan2^=2. 


3.  If  tan^=2sina8inycosec(n  +  y),  prove  that  cota,  cotfl, 
coty  are  m  arithmetical  progression. 

4.  In  a  triangle  shew  that 

4r  (rj  +  /-^  +  r.,)  =  2  (6c  +  ca  +  ab)  -  (a^ + 62  +  c^). 

5.  Prove  that 

(1)  tan  >g-tan-'^  +  tan  »i  =  tan-»  -  ; 

(2)  sin  >f  +  8in  i,^_  +  sin-'f  ='^. 

5  1<  85      2 

18.),  222,  259  ;  given  log  6  = -7781 ")  13, 

Z cos  39°  14'- 9-8890644,  difl!  for  1  '=  1032. 

7.  If  tan  (a  +  d)  =  H  tan  («  -  6),  prove  that  "'"  ^^  =  VirJ 

sin  2a      7t  +  l' 

8.  If  in  a  triangle  8/i^  =  aHbHc',  pn.ve  that  one  of  the 
angles  is  a  right  angle. 

9.  The  area  of  a  regular  polygon  of  «  odes  inscribed  in  a 
circle  IS  three-fourths  of  the  area  of  the  circumscribed  regular 
polygon  with  the  same  number  of  sides :  find  /;. 

10.  A  BCD  is  a  straight  sea-wall.    From  li  the  straight  lines 

thrw^l  "„nTf  "^^'.f.';  '•''"^  j"^""'^^  '^*  ^^'  '''  the  dirlction  of 
Tf/J^'    C        rJ\^^'?  •'''J^''^^  ^'f  inclination  are  15"  and  75\ 
i  r  ^^^' u  ^  h"^'  the  distance  between  the  boats,  and  the 
dist^mce  of  each  from  the  sea-walL 


'H:! 


CHAPTER  XX. 

FUNCTIONS  OF   SUlJMI'LTi  VLE   AN(iI,KS. 

251.    Trigonometrical  ratios  of  22^  or  y^ . 

From  the  identity 

2  8iir-22i  =1  -008  45", 
we  have  4  sin"'  22^°  =  2-2  cos  45°  =  2  -  ^'2 ; 

.-.    2siii22V  =\/2-^/2    (1). 

In  like  manner  from 

2co,s-22i'=l+co8  4r>% 

weobtain  2cos22^'  =  V2  +  v'2    2. 

Tn  cjvch  of  these  i'as<c«  the  positive  sign  must  be  tiken  before 
the  radical,  since  22^  is  an  acute  angle. 

, „     1  -cos 45°  ,,,        i  ,►<> 

Agani,     tan  22.^°=.     , .  „  -  =  cosec  45  -  »•(  >t  45  ; 
°      '  -  sni 45 

.-.   tcin22r  =  s'2-l. 


252.    Wo  have  seen  that  2  cos  ^==\/-2  +  ^'2  ; 

o 


but 


4cos2--  =  2  +  2cos  -  ; 


.-.   4cos2:f^  =  2  +  \/2  +  >'2; 
lb 


2cosf-  =  /2  +  V24-^/2. 
lb 


Similarly, 
and  so  on. 


2  cos 


f,  =y2  +  v/2  +  V2  +  ^'2; 


32 
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253.     Su|)iM..sc.   tlwit  .•.,.-,.1      _^  aiMi  tli.if   it  is  ,v.,i,iiv,|  to  lin.l 
A 


Tills  caso  .liH-.Ts  iVoiii  tli..>o  ,,(■  thr   tun   ],nni..ii,s  urti.los  in 
that  til.'  -Lit inn  is  Irss  j.nvis,-.     All  w,.  kn..w  of  tin-  an-lt"  .1  is 

coiit.'iin.Ml    in   til."  .stat.-incnt   tliat   its  ,o.si,„.  i„  t.,j„;,l  to    '  .  and 

witli.Mit  sonic  fiirtl,..!-  knowlcl.^."  n-sp-.tin^r  j  „..•  auii.ot  remove 

tho  aiubi.iriiitv  of  si-ii  in  the  value  foiind  for  siir' 

Wc  now  j,ro.(..>a  to  a  ni-.i-o  j,'ent>rul  (li.scussiuii. 

254.       '>■;>;»    .-o.s.l    f..  ,nt,/  ..i„  -^    .,>,/,. a^'j^   „„d  A,  .:ci:l.,nt  tlt,l 
From  tin"  idciititios 


wc  ))avt> 


-'■^'11-   _^,         1        .-osj,      un.l      L'.-os-;'-_l    i-o.sj, 


~        y        -  -        \        2 

Tims  n,nvs,,on.Iing  to,,,,,,  y.,],,,,  of  o.,sJ,  tl.rro  are  ta-o  values 

for  sin  '    ,  am!  ttr,,     alllrs  for  Cos  '' 
_  .»  ■ 

Th(.  [.n.srncv  of  tlics.'  two  values  may  Im-  .xplainod  as  follows 
It  <-o.s.|  IS  ,^r,v,.„  ,.„H  noti.in-  further  is  stated  al.out  the  an.^le 
^1,  all  we  kn,.u-  H  that  .1  Mon-.  to  a  eertaii.  unm,.  of  nn,l- 
omnal  ,n„j1...  I,,  „  ,,«  the  smallest  positive  an,de  l.olongi.^ 
to   this  group,   then    Atnv±a.     Thu«   in    finding   «in  ^^   and 

A  2 

•OS  ^   wc  are  really  finding  the  values  of 

sin^(2nn-±a)   and   cos  ^  (^yin- ± a). 


\x. 


KIM'TIONS    «»K    sniMl   I   lll'l  K    ANtilKS. 


24!) 


No 


.sin     '■2iin±n'      Mii 


'-±::) 


a^  .    a 

'-s\\\  >(Tr «•<••■*  ,,  it''"*  ""■  ■'^'1*  ., 


(I 
+  sin  .. 


for  hill  iiTT'-O  aiiil  cosxn-^-  ±  1. 


Ai,'aiii,      ros     (i'/*K-  +  (i)      Cd.s  *(rr  •■OS   _4  sin /'TT     n- 


+  COS 


.     .1 


Tlius  tliorr.  ;irc    two   valii-'s    for   sin  ',    and    two    values    for 

cos       whfii    ros.l    is   u'ivcn   n:nl   noihin.'  fiirtlicr  is   known    n-- 
.siH'ctin'4  -I. 

255.    Geometrical  Illustration.    l-«t  <«  !•<■  tlu-  smallist,  iM^si- 
tivi-  anglt^  wliicli  has  tho  same  cosine  a-;  .1  ;  tlicn 

anil  wo  liavc  to  find  tlio  sin^       K* 


•AV.d  cosine  uf  '    ,  that  is  of 
•2 


Ei  "^'h  of  the  alleles  denoti d         ^ 
liv  tlii.s  foriimla  is  iKninded  liv 
..lie  of  the  linos  <)/\,  (*!',,  "/'■,,  '>/',•     N'"^v 


sin  AC/', -sin  ^,     sinA'(>*/'3--.siii",     sin  AVv/'^      -^i"^. 
cos  XOP.,  =  -  cos  ^  ,     cos  A'(Vi';,  -  -  o<  .s  "  ,     c.  .s  AVV/'i     c.  ,s  "  . 
Tims  the  values  of  bIu^  are  ±'-^in^,  '""^  ^5"-'  values  "i  cos  ^ 


are  ±cos^. 


n 


2r>() 


It 


[I  ? 


1 
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256.     If  cos.^  is  given,  and  ^  lies  l)et\voen  certain  known 

units,  the  anil.iguities  of  sign  in  the  formula)  of  Art.  2')4  may 

bo  removed.  ^ 

Kxnmph.     If  cos  A  =  -  .^- ,  and  A  lies  between  450"  and  540°,  find 

■    A        ,        A 

sni  -  and  cos  - . 


»\x\ 


cos 


Now  -  lies  between  225^  and  270\  so  that  sin  -\   and  cos  ~  are 
both  negative ; 

. .  Bin  -  =  -  -  ,  and  cos  -  =  -    . 
A         o  2         5 

257.     To  find  sin  ^  "•"/  <os  \^  in  terms  .-/•sin  .1  and  to  explam 
the  presoici;  of  four  mlm^  in  cac'u  case. 


We  have 


and 


sm-g  +  cos^  -  =  1, 
2sin-5  co8-=8inyl. 


By  addition,      Lsin  |  +  c.s  :^'y  =  i  +8in  A  ; 
by  subtraction,       Lxn  '-^  _  cos  'J  )^=  1  -  .sin  .1. 


and 


.    A  A  /-- 

.-.   sin  -  +  cos  _^  =  ±  VI  +Min  A 


■    A  A  ,-     . 

sin      -  ens  ^^  ==  i  Vl  -  sin  .1 


.,•2). 


By  addition  and  subtraction,  wo  obtain  sin  "^  and  cos  '^  ;  and 
since  tliei-e  is  a  double  sign  before  each  radical,  there  are  four 
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valiieis  for  win "  ,  and  four  vahien  for  cos  -  corresiM>iuling  to  (»«»; 
value  of  sin..!. 

The  presence  of  these  four  values  may  1k>  o.xi.laintHi  as 
follows. 

Tf  siu  A  is  given  and  nothing  else  is  stated  ahout  the  angle  A 
all  we  know  is  that  .1  Inilongs  to  a  certain  gruu|)  of  envi-iimd 
aiHih'K.     Let  a  l>e  the  smallest  positive  angle  lK?l(.ni:ing  to  this 

I  A 

group,  then  A=nir  +  {-  1)"«.     Thus  in  finding  sin  *_^  and  cos'^ 

we  are  really  finding 

sin  2  {?'"•  +  (-!)""},   'viid    cos  _^  {?t7r  +  (.- l)""!- 
F'irst  suppose  ?i  even  and  equal  to  2m  ;  then 
sin  2  {« JT  +  (  -  1 )"  n}  =  «in  ynir  +  'M 

a  .    » 

=  sni  mn  cos  ^j  +  cos  //irrsni  ^ 

n 

=  ±«">  2' 

since  sinm»r  =  0,   and   cos  ?»*«■=  ±1. 

Next  suppose  n  odd  and  ecpial  to  2»i  + 1 ;  then 


«in|  {nn-f  ( -  l)»a}  =  8in  (^niTT +^  -  ^j 
=  sm  mn  cos  (     -  ^  1 


4-coswj»rsin 


»r      "\ 
2  "  2; 


Thus  wo  have  Jour  values  for  sin  ;,  wiien  sin  .1  is  given  and 
nothing  further  is  known  respecting  A. 
In  like  manner  it  may  be  shewn  that 

I  ^  has  the  four  values  ±  cos  ^ ,      ±  cos  (  ^  -  g  j  ■ 


con- 


'5 


iii .' 


i    ! 


^'"^^  ki.i:mi:\t\i{v  thi(;()X(),mktkv.  Tchai' 

258.    Geometrical   Illustration.     I^.t   „    i„.   tl...  smilJost 
l....sit.v,.  an-1..  wlnrl.  has  ti„.  sa.no  si,„.  as  .1  :  tl„.„  '^"'•^'"•''t 

•I       "TT-V,-  I   "a, 
and  sv  l.av.'  t<.  (Ih.l  tlic  sino  an. I  c.siiio  of  ''  ,  t  lat  is  ..f  * 

1  . 

If /(  is  i>vi«ii  ainl  (M]tial  to  2//i, 
this  cxpressidii  iM'c.iiifs  //,77-f-". 

If   II    is    odd    am!    fi|ual    t<» 
-/'/  +  !,  the  <'\].r<ssinii   hccoinrs 

'I'ln'   aii-Ics   ih'iiot,.,!    |,v    t|„-         ^ 
foniiiila  /"7r4-^  .ii-f  l.oiiiuloii   |,v 
one. .f  till-  hues  <)/\  unil'.,;  ami 
thus,.  .I..,.ut..d  I.y  th.  funm.Ia  mn  +  l^   -  ;;)  aro  Ikmu.,!..,!  I.y  n„c 

».f  til'  lil.rs  ///',  ,;)■  up.  "' 

Now         sill -\<;/',  r  sm  " 

sill  .l7>/'.=  -  sill  .\V//'j       _  sin  "  ; 

sin.ro/'.,  -siiY'"-  "V 
l-^      ■1)' 

\~      —/ 
'I'iiiis  ilio  vahios  oCsiii      .,|-.> 


±siii       ami    +,>ii,  I   '  -      i 
Similarly  the  values  of  cos  *' 


a  'ire  ±  ^<>s  "   and    +•  ros  (  "^  -  '?  \ 

2  2  "~  2      2/ ' 
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259.  If  in  addition  to  the  value  of  .sin  .1  wo  know  that  .1  lit's 
Ixitwofn  ciTt^iin  limit.-*,  tlif  ,uiil«i,«,'iiitios  of  >i^'n  in  ciu.itions  {1} 
and  (:i)  of  Art.  :257  may  1h'  nninvid. 

Kxample  1.  Tiiul  sin '.^  unci  cos  '  iu  tinu.s  of  .sin  .^  wlun  .1  Ins 
between  450^  and  G'M  . 

In  this  case  *  lit-.s  between  2'25"  and  315'. 
From  the  adjoining  figure  it  is  evident  that 
between   those  linuts  sin^  is  greater  than 


cos  ^--  and  is  negative. 


.    A 


n      +COS*    -  -  Jl  +  a 


sin  A, 


225' 


and 


^  I  -KUl  .1. 


A 


sin—  -  COS     = 


and 


2  sin  '"I  =-  -  >,/l  f  si"  -^  ~  N^l     "*'"  -^' 
.-J 


*2C08 


'^--  -  Jl^  win  .4  +  >/ 1     ^'"  •■'• 


^315' 


Exami.le  '2.      Drteniiii;-  the  linuts  b.tween  which  .(   iuu>t  lie  in 

order  tliat  

•2  cos  A         V'  I  t  **'"  2.4      v/l  ~  »io  -  ■ '  • 


The  given  relation  is  obtained  by  combining 
sin  .1+ cos  .4=      JT  +  s!n2.l 
and  sin  .1     cos  .-J -^ -t  .^ '  1  -sin2.-l 

From  (1),  we  see  that  of  sin  .1  and  cos  .4 
the  mimfrlidlhi  ijnater  in  nf<j<itiie. 

Fniin  (2),  we  see  that  the  cosine  is   the 
greater. 

Hence  we  have  to  choose  limits  between 

which  cos  .1  is  numerically  greater  than  sin  .4 

and  is  negative.     From  the  figure  we  si  c  llial 

,.      ,  '•"■,,  o"" 

A  lies  between  2nn  t-    .    find  imr  f   ,  . 
4  •* 


/ 


.(1), 
(2). 


2S4 


ELEMENTARY  TRI(K)NOMKTHY. 


[chap. 


Kxmnph  3.     Trace  the  changes  of  co«  <»  -  sin  $  in  sign  and  maK- 
nitud    as  e  increases  from  0  to  2x. 


cos  tf  -  siu  6 


^v'2(i2Co««»-^-Hin<?) 
=  ,J'2 /cos 0 cos  y  -  sin 6  sin  ? 


^2 
4      — "ij 


=  ViJc08(#  +  M  . 


As  e  increases  from  0  to  J ,  tlie  expression  is  positive  and  decreases 
from  1  to  0. 

As  e  increases  from  \^o''^,  the  expression  is  negative  and  in- 
creaaes  numerically  from  0  to  -  ^/2. 

As   e  increases  from    j    to   ~  ,  the  expression  is  negative  and 
decreases  numerically  from  -  ^2  to  0. 

As  e  increases  from   ~  to  -^ ,  the  expression  is  positive  and 
increases  from  0  to  ^'2. 

As  e  increases   from    '^  to  2w,  the  expression   is  positive  and 
decreases  from  ^/2  to  I . 

260.      Tofuul  the  sine  and  cosine  ofQ". 
Since  co.s9''>Min  !»'  and  i.s  iKwitive,  we  have 
8in  9" +C08  9 "  =  -f.  y/l  +  sin  18% 
«"i'  sinO"  -cas.4°«  -v/l^iniH% 

.-.    «in 9'  +  c...s 9^=  +  ^,  +v^5 -  1  =  ^.  1  ,^^j^^ 
sin9'-coBr^-yC^^^_1^5^^, 


and 


und 
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EXAMPLES.    XX.  a. 


1.     When  A  lies  l)et\veen  -•210''  uiid  -;j»5<)',  prove  that 


Hin 


=-y 


1  -  cos  A 


2.     If  cos^  = 


U!) 

HJD' 


tiinl   sin  \    aiul   cos'-    when  .1  Hes»  \>e 


2 


2 


tween  270"  and  3(W^ 


3.     If  cos  .1=-         ,  fuul  sin*     and   cos"    when  ,i  h'-i  U'- 


tween  640°  and  G30^ 

.    .1 

■iin  - 
•2 

between  270'  and  450 


4.     Find  sin"   and  cos--   in   terms   of  sin  .1    wlien    A   hes 
2  2 


5.  Find  sin'     and  cos',    in   terms  <>f  sin  vl   wlicn  *.    lies 

2  2  2 

lietween  225'  and  31 5^ 

6.  Find  sin^    a»d  cos'^-   in   terms  of  sin  .1    when   J    lies 
between  -450"  and  -(530°, 

24  i  A 

7.  If  sini4=      ,  find  sin  ^    and  cos'-  when  .!  lies  l«tween 

90'  and  180°. 

8.  If  sin  .4= ---y,  find  win  ;,   and  cos '_^   when   .1   lies  be- 
tween 270'  and  3(50'. 


9.     Determine  the  limits  between  which  .1  must  lie  in  oixler 
that 

( 1 )  2 ain  -1  =  V f+surii  -  \/ 1  -  sin  2 A  ; 

(2)  2  cos  .1  =--   -  >Jl+H\u2A  +  \/l  ~  sin  2/1 ; 

(3)  2  sin  .4  =  -  Vl  +«>«>  2.1  +  \f\     mh  2.1. 


25fi  KLtMUNTAUV    THIOONOilKTRY.  [(HAP. 

10      If  A=-2M)',  is  tlio  following'  st^itument  correct  / 
lisiii  '^  =Vj  +.sin  .1    -y'l  _~si„  J. 

If  not,  liow  Iiiii.st  it  Ik;  luoditicd  I 

11.  Prove  that 

(1)     taiiTA       s'»!~v';J4-s'-'-2; 
{■2}     rotll-i       s'--i  +  K''i--2~^'(l 

12.  Siicw  that  sin  !>'  lies  between    1.")^  ami  -157. 

13.  I 'rove  that 

'■  1  ;^     L'  sill  I  1  '  ] .-,' :~_  ^A'  -  <^/-2  +  ^2  ; 
(i')     t;iM  ill  r,'  -^  \/4-|-l\'2-  r^'L'  +  1 ). 

14.  When  0  vaiies  from  0  to  I'/r  trace  the  change.s  in  si™  and 
nia.'iiitudo  of  °  ° 


(1)     c.s^  +  sin^^; 


(l')     sin  ^-^/3  cos  ^. 


15.     When  0  vaiies  (run.  ;»  to  n,  trace  the  .lian-'es  in  si-n  an.l 
iiiai;nitudc  of 


I) 


tan^  +  c(.t^ 


'      tan^;     cot^" 


^.-,.     2sin^-sin:i^ 
•_'sni(f^  +  siiiLV 


261.      To  find  tan  '^    ,rh>n   tan  .1   v".y  (jl,;;,  <in<l  to  e.rplaui  the 
prvgeiu'.e  of  the  two  rufues. 
Denote  tan  A  l.y  t ;  then 

A 


2  tan 


t  ~  tan  .1 


2 


,     ,     .A' 
1  -  tan-  — 


, .     ..A  A 

.'.    f  tan-  ;^  +2  tan  _,    ^  =  0; 

.     i,„^l       -2±v''4  +  4/-       --l+v'l-f-/- 
2  2/  (  • 

I  he    |.rcs,.|„,.   ,,f    tiiese    two    vahiON    niay    Ik;    cNnlaiiKHl    as 
follows. 
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If  a   1>o   the   siuiillost    jxisitivo  ntigln   wlii.  li    lian    tlio    liivfn 
tiUiL'i'Ut,  tlieii  A=nn+u,  iiiid  wo  are  reallv  timliii.,'  tin>  Viiluc  of 


t,u 


1  , 


(1)     Let  n  be  even  mid  equal  to  :i;«  ;  tlicii 


tan  .  [nn+  a; —  tan 


H  +  '.!) 


tan 


(2)     Let  H  1)0  odd  and  equal  to  l'w  +  I  ;  tln'ii 

tan  -  {nn  +  a^  =  tan  [  mw  +  ^  +  ^ j  "^ ^■"'  [^t  ^  2/  * 

Thu.s  tall "-  haw  tlie  two  vhIuom   tan       and    tan  (    .  + 
•>  •'  \  _ 


t)- 


Example  1.     If  .1  =  170,  prove  that  tan  '    r^  ^  '   . 

'  *^  '2  tan  .-I 

A  A 

Here  \-  U  an  acute  angle,  so  that  tan'    must  he  juisitive.     Hence 

■     .,      ,  1     - 1  *  s.''l  +  t;ni-.(     ,  ,  , 

in  the  formula ^^ —  tlie  numerator  nnist  liavc  tlu'  same 

tan  .1 

sign  a«  the  (leuomiuator.     15ut  wlien  .-1-170  .  tan  .(  in  iie/ativc,  ami 

tlarifore  we  must  choose  the  si^n  wliiih  wi.l  niaUr  tlie  numerator 

,      .-1       -  1  -  J I  +  tan-  -1 
tan  -  = ^ .       -    . 


nef'ative  ;   thus 


tan  A 


Example ,2.     Given  cos  .1  —  •(»,  tind  tan  ' ^  ,  and  exjilam  the  double 

answer. 

,     .A      l-eos.4       -1       1 
tan"-  =  =  -     =     ; 

J       l+cosj       It.      1 

••  tan  ^  =  =*=  ^  . 

Here  all  we  kr.ow  of  the  ant,'le  A  is  lliai  it  must  1 1'  one  of  a  group 
of  equi-cosinai  angles.  Lot  a  he  the  smalle-t  jiosiiive  angle  of  lliia 
group  ;   then  A  =  '2;iir  J=  a. 

A  /  f  /a  o. 

:.  tan  ,^  =  tan  [itv  -J^^^\  ^-  tan  (  -^ .,  )  =  -t  tan  .^ . 

Thus  we  have  two  values  differing  uidv-  in  sign. 

II.  K.    K.  T  17 
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262.     Wlifii  iiiiy  oiu'  of  tlio  fiiiictioiis  of  an  acute  auL'lf  .1  is 
given,  wo  in.iy  in  soiir"  casts  coiivtMiiuutly  obtain  tlic  I'liiictions 

of  ^,  as  ill  tlio  following  oxainiile. 


Ksamplc.     (Jivoii  C(  v .(      '  ,  to  find  the  functions  of 

(( 

Make  a  rif?lit-ansl((l  triangle  I'(.JU 
ill  wliich  tile  hyi.otiuusf  l'Q-,t,  anil 
base  (Ml  =  h\  tlun 

eos7>V/.V.    ■■     =.     =coH.(; 
I'Q      It 

.    /  l'Qll=A.  

Produce  KtJ  to  >'  luakiiit,'  V-S  -  <^P;      S  ^ 


'i^I^ 


Now 


SJi=ri,~h,  anil  yVi  =^/<T^~//-' 


.-.  /'.S--'=  (,,  +  ^)2  +  („^'  _  //-•)  ^ .2,1-  -^  -lab ; 

Tlie  functions  of   '^   muy  now  be  written  down  in  terms  of  the 
sides  of  the  trianj^'le  I'JiS. 


263.      FiMMi  Art.  ii'.'),  v.c  have 


eos.l-    I 


A 


A 


ic 


Thus   it   appears   that   if  eos.l    he   given   we   have  a  cub 

equation  to  fiml  io„'   ;  «„  that  cos'.)   has  tlu-.'c  values 
•'  •> 

Siniihirly,  fiMui  the  e(piarioii 

t     „        A  A 

sm  vl=;jsin  .,  -4  sin' 
3  3 

it  ai.pears  tliat  corre.Kponfling  to  one  value  of  win  .^    there  are 

thrci'  values  of  si'!  ,   . 

11.  win  h,.  a  r.sefu!  oxereiso  to  prove  these  two  st.atements 
analvticaliy  as  n,  Arts.  L'.Yt  an.l  :2.-.7.  [„  the  next  article  wo 
shah  give  a  ge..nietncal  e.vplaiiatioi,  Wm-  Mie  ease  of  the  cosine. 
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264.      (iiirit  ciis  ^1  to  fiutl  »<iH      ,  mill  tit  t'./'fi/'iiii  till-  pri  !<•  iii-f  III 
till'  t/in>'  raii'iK. 


lift  (I  l»t'  till-  SlllJlllcSt   JMKsitiVl' 

iiiii:l«"  with  the  <,'iv('ii  cosino  ; 
tilt  11  A  -iin  +  n,  iiml  sv«>  have 
t..  tiiiil  all  the  vahies  <>[' 

COS ,  !'2nn±(t\ 

('oiisith'r  the  jiii^lo-s  ilciiolcij 
l»y  the  furiimlii 

-(•2«7r+«), 

ami  a.scril)C  to  //  in  succeNsioii 
the  vahies  0,  1,  -2,  :\, 


When  «=0,  the  angles  are  +''    hoiuuleil  hy  tt/\  and  (l(^^ ; 


when  n      1,  the  .uigles  are  "'  +       1hiuihU-«1  \>y  <)!'.  ami  <>(^^ 

•5         •> 

when  11=2,  the  ihiuLm  are     '  ±     ,  houinled  liy  Ol',  and  '>'/■,• 

Bv  giving;  to   /(   tiic   vahn  >  ;?,    4,  ."i,  ...    we  nlit.iin  a  ;;',Tii's  (if 
anghis  cottTininal  with  those  indicated  in  th"  tii,'ure. 

Thus  Ol\,  6>Vi,  "J'y  "<.':,  (>!'.<,  '>^l,  '""""'  ■'-  tl'^  ■■i"k1^'''^ 
included  in  the  formula     .:r/-  +  u). 


Now  GO.S  A'OVi  —  f""*  •\'^l\  =  *^"<»' 


;j 


cos  XOP.  --  e( >s  Xi  >',>      .  OS  I  ~^   -  "\  ; 

A  a  -In  +  d  in- it 

ThuM  tlw! "    ;  les    ""c  >s  .   .lit' oo.s    .  e  ..s  ,  ftts  , 

,1  •!  •>  •* 
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EXAMPLES.    XX.  b. 

1.     If  .1     :i-2o  ,  i»r<>vn  thiit 

-I       -l  +  \^l-f-tan2.4 


tan 


tan  A 


2.     Shew  that 


'•■'"'^   ^  tan  2.1  ^vh..^.^=-ll(^. 

3.  Kind  tan. I    when  r(..s2.J=    ^  and  .J   lien  between   180* 

and  i^2J\ 

4.  Kind  vut  *^    wh.ii   co.s.l:--      and  J    lies   between   180* 
and  270  . 

5.  Il'  cot  2^=-'jut2a,  shew  that  c«t  $  has  the  two  vahies  t-nt„ 
and  -  tan  a. 

6.  Given  tliat  sin  ^=Hin  a,  sliow  tliat  liie  vahies  ..|  mm  f  are 


sin  „.      sin 
3  ;i 


su.      .^     , 


7.     1  i  tan  (9  =  tan  d,  shew  tiiat  tlie  vahien  ..f  tan  .-  are 


t.ui  .^,      fan  , 


tan 


TT-  a 


are 


are 


8.  < :  v<-n  that  c  s:j^_o(.,>y„.    :.  w  that  the  vahies  of  sin^ 

±Rirt  (1.         ML  5  ..  ±n  ]  .     sin  I  ■;"  ±a  ) . 

9.  Given  that  sin  3d -=  sin  3a,  sliew  that  the  valuer  of  cos^ 


±  COM  a,      cos  Q  ±  a  ) ,      cos  (^l""  ±  a  \ 


180* 
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A  T 


265.  /t'  6  /'»'  thr  riidiitn  iiH'<i.<uri'  i>t  int  tiii'if.'  l>^.^.^  th'in  a 
riijht  ait'f/f,  to  f/ii-w  that  sin  <>,  H,  {,\i\B'irf  in  ii.'<,<ti)liii;/  (in/<  r  ot 
in-i<jnitudi\ 

T^et  the  aiij^lf!  6  Ih>   rej>ie>oiited  l>v 

With  centre  t>  and  ratlins  OA  de- 
MiilM'  a  circle.  l>raw  J'T  at  ri^lit  aiii^les 
to  (f/*  to  meet  OA  prodnced  in  7',  and 
join  J' A. 

Let  r  be  tlio  radius  of  the  circle. 

Area  of  AAtJP     I    I'KtfPsm  A'>/'^\r-><\n  0; 

area  of  sector  A<fP=  ,  r-S  : 

area  of  AO/'7'=  \  ()/' .  I'T^  \r.r  tun  <'      '  /-  tan  H. 
'1  '1  '2 

lint  the  areas  of  the  triangle  AOP,  the  sertor  AO/\  and  tin- 
tri.-inglo  DTP  are  in  ascending  order  of  niairnitude  ;  that  is, 

*r2sin^,      Ir^,      'rMan^ 

are  in  a.«cending  order  of  magnitude  ; 

.•.  sin  0,  B,  tan  3  are  in  a.<?cending  order  of  magmtude. 
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266.      ly/u'ii   0  in   in(h[fiin'trly  dimhushnf,  to  jmyre  that 


[chap. 
•sin  6 

e 


ana      --  nc/t  nave  unity  for  their  limit. 

Ill  tlic  l;l^st  aiiiflc,  we  have  proved  that  sin  6,  6,  tan  6  are  in 
ascending  oriler  of  magnitude.  Divide  each  of  these  quantities 
hy  sin  6  ;  then 

.       ^  1  . 

sin^'  cos^  '''""  "^  asceiKhng  order  of  magnitude  ; 


that  is, 


e 

.sin  6 


lies  between  1  and  .sec  6. 


YAii  when  6  is  indefinitely  diminished,  the  hinit  of  .sec^ 
i.s  1  ;  hence  the  limit  of  ^.^^  i.s  1  ;  that  is,  the  limit  of  ^'"- 
is  unity. 

Again,  hy  dividing  each  of  the  quantities  sin  6,  $,  tan  e  bv 
tan^,  we  find  that  cos0,  _-  .,  1  are  in  a.sceiiding  order  of  mag- 
nitude.    Hence  the  limic  of  *'-'—  is  unitv. 

o  " 

Tliese  results  are  often  written  concisely  in  the  forms 
^^(•^•"^)  =  1.         Lt.('J^\^, 


Example.     Find  tho  limit  of  n  sin  -  win  u  n  =  x 

n 


.  e    ^,   « 

M  sin     —0.      .  sni 
n  d 


-9\  sin  -  -=-      I ; 
M         \       n      n  J 

but  since  ■   is  inikfiiiitely  small,  tlie  limit  of  sin  ^  -^  -  is  unity: 
"  n      n  •'  ' 

.".   Lt.  f  n  sin  -)  =  e. 
>i  =  x\  It/ 

Similarly  Lf.  fntan-^^^. 
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267.  It  is  important  to  reinciiOx'r  that  tlio  coi illusions  of 
the  forogoing  articles  only  hold  wlicn  the  angle  is  expn'ssed  in 
radian  nieasure.  If  any  ^ther  system  of  measurement  is  used, 
the  results  will  require  nuHlitioation. 

/sinx'N 
Example.     Find  the  value  of   J.t.  I ) . 

Let  d  be  the  number  of  radians  in  n':  then 

-=     ,  and  H- ;  also  Bmn°=:s;  .0; 

180         TT  TT 

sin  ;t°      IT  sin  9  _    tt      sin  $ 
•'■      n     '^'  ^180^  "  1-0 '     0    ' 

When  II  is  indefinitely  small,  6  is  indefinitely  small ; 

/sin  H  \  _    TT 
•■•SV    n     j-180- 


268.     When  6  is  the  radian  measure  of  a  very  small  angle, 
we  have  shewn  that 

tau^ 


sin  fi 


I,     cos^=l, 


=  1; 


that  is,  sin  6  ^  S,     cos  ^  =  1 ,     tan  6  =  0. 

Hence  rtan^  =  /-^,  and  therefore  in  the  tigure  of  Art.  265,  the 
tangent  PT  is  equal  to  the  arc  I'A,  when  .  AOl'  is  very  small. 

In  Art.  270,  it  will  he  shewn  that  these  results  hold  so  long 
as  e  is  so  small  that  its  square  may  he  negle..ted.  When  this  is 
the  case,  we  have 

sin  (a +  ^)  =  sin  a  cos  6;  ,  >'os(isinfl 

=  sina  +  ^cosa  ; 
cos  ((« +  6)  =  cos  u  cos  t/  -  sin  a  sin  <J 
=cosa-d8ina. 


fll 


'I 

Hi 


m 


fc:l 
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iB  fi9-^rv''^l''  \\  ^^'^  inclination  «.f  a  railway  to  tlie  horizontal  plane 
18  62  dO  ,  Lnd  how  many  feet  it  rises  in  a  mile. 

Let  OA  he  the  horizontal  plaiie 
and  OP  a  mile  of  the  r.    '  vuy.  Draw 
PJS'  perpendicular  to  '      . 

Let  7^V:=.r  feet,  U'oX-e-^ 
*^^"  07^-"=^'"'*  =  ^  approximately 

lint  y  =  radian  measure  of  5:?  -JO"  -  ^^^ 


T    _7         V 
CO   "^  180  ""  8  ""  l80  ^ 


7     22        1 
lV60x;$x22      242 


1760x3      h"^   7   ^  180' 


8x180 


-=  -—=80  J 


Thus  the  rise  is  803  feet. 


^>'""y'/«  2.     A  pole  r.  ft.  Ion-  stands  on  the  top  of  a  tower  -.4  ff 
Sj-    '.":   "^^,.«»^'«  -'it"»'>ed  by  th.  polo  at  a  pZt  on    Srground 
^^hlch  IS  at  a  distance  of  180  yds.  from  the  foot  of  the  tower 

Let  A  be  the  point  on  the 
ground,  JIC  the  tower,  CD  the 
pole. 

Let  lJiAC=a,   /.CAD=0\  _-_ 

no       54        1  .^^"^^^ 


then     t!ina  = 


AB      r.40~10' 


tan(a  +  e)^^^'  =  -«0_l 
'All      r>40~9" 

13'it      tan(a  +  ^)=-*'^"''±!'^"^  _  ^'"0  +  ^ 

1  -  tan  a  tan  <?  ~  1  -  (<  tan  a  ^I'l^^oximately ; 


in  1 1 


i<»"^"  1+10^ 


10 


10- tf 
1 


-henee  H  =  ,^-  ;    that  is.  the  angle  is  1  of  a  radian,  and  therefore 
1       10/^  ' '■ 


.    .  1         INO 

contams  ^^  x  -     degrees. 


On  reduction,  we  find  that  the  angle  is  37'  4tr-  nearly. 
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269.     If  6  he  the  number  of  rddi'inn  in  an  amte  <ni(i/t\  /d  pron 

ff-  (P' 

il„it  c()s^>l-_^,    .111(1  sin  ^>^-      . 


Since 


that  is, 


coH^^  1 -2sin- -,   and    siii,<"; 
.-.    coa^>l-i(^-j    ; 


ft  A  fi  S 

Again,  sin  6  =  '2  sin  -  cos  n  =  2  tan  -  cos^  -^ ; 


but 


t.an_,>-; 

.■.    sill  y  >  z   .cos-  -  ; 
-1  2 

.-.    sin^>^(l-sin-'_j. 


But  sin  n  <  n  ,  ii^inl  therofurc 


2      2 


I  -  8in2  ?  >  I 


sin  6>0 


4f' 


.-.   sin^>^-i-. 
4 


270.     From  the  proiiositions  cstabhsheil  in  this  chapter,  it 
follows  that  if  0  is  an  acute  angle, 

cos  ^  lies  between  1  .uul  1 


and 


2  ' 
sin  6  lies  })etwcen  0  and  ^  -  — . 


Thus  cos   0=1 -/•^'■i  and  Hxnfl-^0-l'ff',  where  l-  and  /•'  are 
projjer  fractions  less  than  ^  and  i  rer^jtcotively. 


ril 


'  i 
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Heiico  if  $  be  so  small  that  i^s  square  cun  be  neglected, 

Example.     Find  the  appioxunate  value  of  sin  lO". 

The  circular  measure  of  10"  is  ^         or ^• 

180  X  (50x00        tUHOO' 

.-.  slnlO"<..-— and   >— '^-    -  i  A_5    V 
G4H00  C4800     4  V^^^OO/  * 

TP     _3li1'02(io3.j... 
64800  -       ""(14800 


But 


=  •0000484813(58. 

3 


•■•  64500  "  """^"^  '^"'^  (.J480o)'"  -000000000000125; 

•  -^'^  ^^"  "(TlJoO  ^'^^   "64800  -  4  (-000000000000125). 
Hence  to  12  places  of  decimals, 


sin  10"= ^.^y^^=  000048481368... . 


i 


271.      7y  s/^vr  Mt^iT  irlieu  n  in  an  indefiniteh/  largo  integer,  the 

limit  of 


COS  -^  cos       cos  -7  ...  COS     -  =     --—  . 

2        4        8  2"        ^ 


B        6 
We  have      siii  ^  =  2  sin  -  cos  - 

=  2'*  sm  -  cos  -  cos - 
4         4         2 

=  2''  sin  -  cos  -  cos  -  cos  - 
8        8        4        2 


=  2"  sin  ^,^  cos  ^,,^ . . .  cos  -  cos  ^  cos  - . 

.    ^   e     d     6         e      s\ne 

.'.     cos  -  COS  -  cos  -  ...  COS         =  — — _^ 

2        4        8  2"        .      .     ^  ■ 


i)" 


sm 


.•)n 


.   e 


But  the  limit  of  ^"sin^-  is  6,  uiul  thus  the  proposition  is 
established.     [Sec  Art.  266.] 
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sill  /)  ^ 

272.      To  slieir  that    — ^     lODtinunUy  ili'creas>'s  from  \  to  "  as 
Q  continually  increases  frmn  0  to  -  . 

We  shall  first  shew  tliat  the  fraction 
sin^     sin  (5  + A). 

h  denoting  the  radian  measure  of  a  small  ^wsitive  angle. 

(B  +  It)  sin  6-6  (sin  6  cos  h  +  cos  6  sin  h) 
This  fraction  = ^^^^^^^^ 

_^  sin  ^  (1  -  cos  h)  4-  {h  sin  6  -  6  cos  6  sin  h) 

Now  tan^>^,  that,  is  sin^>^cos^,  and  /i>sin/(  ; 
.•.  A  si  '  d>^cos^  sin//. 

Also  1-cos/t  is  positive;  hence  the  numer;itor  is  positive, 
and  tlierefore  the  fraction  is  positive  ; 


sin(^  +  /0     sin  6) 


6^-h 


< 


6     ' 


sin  6 
"6 


oontinually  decreases  as  6  continually  increases. 


sin  6  !,/,«■        sin  6      2 

When      ^==0,      —.—  =  1;    and   when    5  =  .^,       -^     =- 

Thus  the  proposition  is  established. 


EXAMPLES.    XXI.  a. 

In  this  Exercise  take  n  =  i-  . 

1.  A  tower  44  f^et  high  subtends  an  angle  of  35'  at  a  point 
A  on  the  ground  :  .inJ  the  distance  of  .4  from  the  tower. 

2.  From  the  top  of  a  wall  7  ft.  4  in.  high  the  angle  of 
depression  of  an  object  on  the  ground  is  24'  3U"  :  find  its  distance 
from  the  wall. 
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h 


I 
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3.  P'intI  the  lieight  of  an  object  whose  angle  of  elevation  at 
a  distance  of  840  yards  is  1°  30'. 

4.  Find  the  angle  .suhtoiulcd  bj  a  pole  10  ft.  1  in.  high  at  a 
distvince  of  a  njile. 

5.  Find  the  angle  subtended  by  a  circular  target  4  feet  in 
diameter  at  a  distance  of  1000  yards. 

6.  Taking  the  diameter  of  a  penny  as  1-25  inches,  find  at 
what  distance  it  must  be  held  from  the  eye  so  as  just  to  hide 
the  moon,  supposing  the  diameter  of  the  moon  to  be  half  a 
degree. 

7.  Find  the  distance  at  which  a  glol)e  1 1  inches  in  diameter 
subtends  an  angle  of  5'. 

8.  Two  i)laces  on  the  same  meridian  are  11  niile.s  ai)art  • 
find  the  dift'erence  in  their  latitudes,  taking  the  radius  of  the 
parth  as  3960  miles. 

9.  A  man  6  ft.  high  staiuls  on  a  tower  whoso  height  is 
120  ft.:  shew  that  at  a  point  24  ft.  from  the  tower  the  man 
subtoiuls  un  angle  of  31-.")'  nearly. 

10.  A  flagstaff"  standing  on  the  top  of  a  cliff  490  feet  high 
subtends  an  angle  of  -04  radians  at  a  i)oint  980  feet  from  the 
base  of  the  cliff:  find  the  height  of  the  flagstaff. 

11.  When  7j  =  0,  find  the  limit  of 
sin?i'  a'mn" 


(1) 


n 


(2) 


n 


12.     When  n  =  cc,  find  the  limit  of  -  nr^  sin  — . 

2  n 


When  ^=0,  find  the  limit  of 


13, 


1  -  cos  $ 


14. 


»nsin»H^-n8in?i^ 


15.  If  (9=  01  of  a  radian,  calculate  cos  f-  +  d\, 

16.  Find  the  value  of  sin  30°  10'  ,30". 

17.  Given  cos  i~  +  e\  =  -49,  find  the  sexagesimal  value  of  0. 


XXI.]  DISTAN'CE   AND   DIl*  OK   THK   HORIZON, 

Distance  and  Dip  of  the  Visible  Horizon. 

273.  Let  J  bo  a  i>()iiit  above  the 
earth's  surface,  liCD  a  section  of  the  earth 
by  a  plane  passing  thnmgh  its  ccitre  K 
and  ^-1. 

Let  AE  cut  the  cireuinference  in  // 
and  D. 

From  A  draw  AC  to  touch  the  circle 
BCD  in  r,  and  join  EC. 

Draw  AF  Hi  right  angles  io  AD;  then 
lFAC  is  called  the  dip  of  the  horizon 
as  seen  from  A . 


•269 


Thus  the  dip  of  0  • 
poipt  on  the  horizon  '  - 


is  the  angle  of  depression  of  any 
n  .1. 


274.     To  find  the  di-tance  of  the  horizon. 

In  the  figure  of  the  last  article,  let 

AD  =  h,     EB  =  ED  =  r,     AC=.r; 
then  by  riuc.  ii  i.  36,        A  C'^  =  A  li  .AI)\ 
that  is,  X'  =  h{2r  +  h)^-2hr  +  h  -. 

For  ordinary  altitudes  h-  is  very  .<niall  in  <(.iiipanson  with 
2hr ;  hence  approximately 

.r-=^-2hr   and    x=\l-lhi: 

In   this  formvda,   suppose   the   nRasurements   .m-   luaile   in 
miles,  and  let  a  he.  the  number  oi  fit  in  All;   then 

«  =  17G0x3x//. 
By  taking  r  =  3!»G0,,we  have 


x^- 


2  X  3960  X  a     3tt 


1760x3         2 
Thus  we  have  the  following  rule  : 

Twice  the  square  of  the  distance  of  th>'  horizon  measured  in 
miles  is  equal  to  three  times  the  hei  ''t  of  the  place  of  oh^rration 
measured  in  feet. 

Hence  a  man  whose  eye  is  6  feet  from  the  gi  ouud  can  see  to 
a  distance  of  3  miles  on  a  horizontal  plane. 


ir  I J 
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I'.xample      The  top  of  a  Hh.p's  mast  is  flfij}  ft.  aoove  tLe  sea-level 

and  trom  it  thu  lamp  of  a  liKbthouse  can  just  be  seen.     After  the 

Hlup  lias  suil..,l  dnvftly  towards  the  liKhtliouse  for  Imlf-an-hour  ti.e 

amp  t-an  be  st.,,  from  the  deck,  which  is  24  ft.  above  the  sea      Fi  d 

tlie  rate  at  whicli  the  sliip  is  sailing.  ° 

Let  L  denote  tlie  lamp,  /)  and  R  the  two 
positions  of  the  sliip,  /,'  the  top  of  tlie  mast, 
I'  tlie  point  on  the  deck  from  which  the  lump 
IS  stjtii ;  then  LCli  is  a  tangent  to  the  earth's 
surface  at  A. 

[In  jiroblems  like  this  some  of  the  lines 
must  necessarily  be  greatly  out  of  proportion.] 

L<t  All  and  A^  be  expressed  in  miles; 
then  since  />/;==  fid?  feet  and  AT  =24  feet 
we  have  by  the  rule  ' 

AIii  =  \^xmi  =  lO{); 

:.  .4J5=  10  miles. 
^C--'=x  24  =  30; 

.'.  J(  =6  miles. 

eart^iIre'^^er^^'Siiu ;'''"'"'  ''^  '''  ""'^  ^^  "*  ''  "^  -"^^  <>'  '^^ 
.:  arc  AD  =  Ali,  and  arc  A    =AK.  [Art.  2C8.] 

.-.  a.xcDK=zAD-AE  =  Ali-AC  =  .i  miles. 
Thus  the  ship  sails  4  miles  in  half-an-hour,  or  8  miles  per  hour. 

275.     Let  e   1)0  the  iminber  of  radi.ui.s  in  the  dip  of  the 
horizon  ;   tlien  with  the  figure  of  Art.  liT.H,  we  have 

EC        r        /      /A-i 


cos  6- 


EC  _     r        (      , 


•1  r      r-      '"  ' 

.-.    2sin'^-  = -  +  .. 

2      r      r- 

Since  fi  and  -  are  .small,  we  may  rq-iace  «iu  ^  by  |  and 
neglect  the  terms  on  the  right  after  the  first. 
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Lot  .V  he  tho  iiutither  of  (U'j,'ri'CM  in  0  radiuiis  ;  tlicn 

„     !j;<r)^_180       /l'A 
n  TT    V    ;•  ' 

Now  ^'/•=G3  nearly  ;  hoiice  we  have  ajipioxiiiiatrl}- 

„_  180  X  T^x  V-Vt 
^   ~      ~22xG3       ' 

or  ''^'^11  ^"''' 

a  formula  lonncctinc;  the  dip  of  the  horizon  in  degrees  and  the 
hoiyht  of  the  place  of  oh«ervation  in  miles. 


EXAMPLES.     XXI.  b. 

Here  n=-S,  (ind  radius  of  earth  =  '.V.W)  hh'Ick. 

1.  Find  the  greatest  distance  at  hich  the  lamp  of  a 
lighthoiis"^  can  be  seen,  the  light  being  t^-J  feet  above  the  sea- 
level. 

2.  If  the  lamp  of  a  lighthouse  begins  to  be  se«Mi  at  a  distance 
of  If)  miles,  find  its  height  above  the  sea-level. 

3.  The  tops  of  the  masts  of  two  ships  are  32  ft.  8  in.  and 
42  ft.  8  in.  alM>ve  the  sea-lexol  :  find  the  greatest  distance  at 
which  one  mast  can  be  seen  from  the  other. 

4.  Find  the  height  of  a  ship's  mast  which  is  just  visible  at  a 
distance  oi'  20  miles  from  a  point  on  the  mast  of  another  ship 
which  is  54  ft.  above  the  sea-level. 

5.  From  the  mast  of  a  ship  73  ft.  6  in.  high  the  lamp  of  a 
lighthou.se  is  just  visible  at  a  distance  of  28  miles  :  find  the 
height  of  the  lamp. 

6.  Find  the  sexagesimal  measure  of  the  dip  of  the  horizon 
from  a  hill  2640  feet  high. 
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7.  Aloug  a  straight  coast  there  are  li},'lithou«<,-s  at  intervab* 
of  24  miles :  liiul  at  what  hei<,'ht  tiie  laiiip  um.st  Ic  placed  so  that 
tiie  Ii,t,'ht  of  Olio  at  loast  may  Ijc  viaiLi  •  at  a  distance  of  ;j|  miles 
from  any  \Km\t  of  the  coast. 

8.  Fniiii  tlie  top  of  a  mountain  the  dip  of  the  hori/on  is 
l\si' :  find  its  heiyht  in  feet. 

9.  The  distance  of  the  horizon  as  seen  from  the  top  of  a  hill 
is  .3()-;>.")  miles  :  find  the  height  of  the  liill  and  the  dip  of  the 
horizon. 

10.     If  J-  miles  be  tlie  distance  of  the  visible  horizon  and  A' 
de;j;rees  the  dip,  shew  that 


..     X       /lO 


When  ^=0,  find  the  limit  of 

sin  4^  cot  ^ 
vers  2^  cot- 2^' 


11 


12. 


1  -cos^+siu^ 
1  -cos^-sin^" 


13.     When  6  =  a,  find  the  limit  of 


.        sin  ^- sin  a 
tf  —  a 


l^} 


coy  ^  —  ci  is  o 


K.  Two  sides  of  a  triangle  are  31  and  32,  and  they  include  a 
right  angle  :  find  the  otii'  r  angles. 

15.  A  person  walks  directly  towai-ds  a  di.stant  object  /',  and 
observes  that  at  the  three  i>.)ints  .J,  B,  (\  the  elevations  of  /' 
arc  fl,  2(1,  .3a  respectively  :  sliew  that  A/i  —  :i/iC  nearly. 


16. 


tan  0 


Shew  that  — .      continually  increases  from  1  to  oo  as  ^ 


continuallv  inci-eases  from  0  to 
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276.     To  find  the  expandon  of  tan  C.I  +  //)  ifcoin-^tri  ■•i!/>/. 
Let  LL(K]f^ A,  and  lMOS^B;  then  lLoX-^A^-II 


In  OX  take  any  jwint  P,  and  draw  P(^  and  PR  iierpondicular 
to  OL  and  OM  rospcctivoly.  Also  draw  ItS  and  AT  iKirpeudioiilar 
to  OL  and  /'(}  rosi>cctive!y. 

, ,    „,    /'V    ns+PT 


OS  "*■  0^' 


ff,s'    pr 

o.s-  "^  OS 


TIT 

OS  TP 


TR    TP 
OS 


Now 


RS  .         .    TR     .       . 

--  =  tan  ^1 ,   and    >„  „=  tan  -i  ; 


0S~ '   "    ■    TP 

also  the  triangles  ROS  and  TPR  are  similar,  and  thon-foro 

TP  PR  ,  „ 
— -=,  =  ^-,r  =  tan  /j. 
OS      OR 


ia.i\{A-\-B)  = 


tan  .tl  +  tan  B 
1  -  tan  A  tan  /» ' 


W.  K.  E.  T, 


18 


m 


I; 
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In  like  niaiiiier,  with  the  help  of  the  figure  on  page  95,  we 
may  obtain  the  expaihsion  of  tan  {A  -  B)  geometrically. 

277.     To  prove  geometriraUy  the  formulce  for  transformation 
of  sums  into  products. 


V     ' 


Let  L  EOF  he  denoted  by  A,  and  lEOG  by  B. 

With  centre  0  and  any  radius  describe  pn  arc  of  a  circle 
meeting  (f(f  in  II  and  OF  in  K. 

Bisect  L.  KOII  by  OL  ;  then  OL  bisects  HK  at  right  angles. 

Draw  KI\  IIQ,  Lit  ]>erpendicular  to  OE,  a?ul  through  L  draw 
MLX  i)arallel  to  (>i^' meeting  A7'  in  J/ and  (^11  in  X. 

It  is  easy  to  prove  that  the  triangles  MKL  and  NHL  are 
equal  in  uHVuspects,  so  that  KM=XII,  ML=LX,  PR  =  IIQ. 


Also  L.  (jOF=  a  -  B,  and  therefore 


l[IOL=lKOL  = 


A-B 


LEOL=n^ 


A-B     A-^B 


Bin 


.^    .    „    KP  ^  IIQ     KP+HQ 

'^'■''''^=oi'^oTi=-~m-' 

■^  {KM+LR)  +  (LR  -NH)  _^LR  ^ 


OK 


OK 


XXII.]  TRANSFORMATION   OF  SUMS   INTO    I'RODUCTS.  27ft 

.'.  sin  A  +  sin  B=2-\,  .  , , /.= 2  .sin  IKfl.  cos  KOL 
(JL    Oh 

,   .    A+Ii       A-n 

=  2  uni —     -cos — --    . 
2  2 

COS  .1+ COS  7.  =  ^^^,  +  ^^^^=       ^^^^ 

_{0R-  PR)  +  {OR  +  UQ)      ,  <tR 
OK  ~~OK 

=  2  ^^  i!^-  2  cos  /iVy/.  cos  KOL 
OL    Ok 

„        A+B       A-B 
=  2  cos    -J.      cos 


sin  ^  -sin  //  — 


A7'     UQKP-irQ 


OK     OH 


OK 


_  {KM+LR)~iLR-XIf) ^  .,  KJf 
OK  "  OK 

=  2  V/  •  ?rp = 2  cos  Z A'J/  sin  KOL 
KL    OK 

A+B   .    A-B 
=  2cos  — —  sni  -g     , 


since  L  /vA'#=comp'  of  lKLM=  l.  ML0==  L  WK 


,    A+B 


,     00      OP     0(^-  OP 

cos  B  -  cos  A  =  ,<rr  —  7  .  rr  =  ... . 


OH     OK         OK 

_  {OR  +  RQ)-(OR-PR)  _^PR_^  ML 
-  mr  '     0K~     OK 

=  2  !{4'  .  ^,=2  sin  ZA'Jf  sin  KOL 
KL    OK 


^  .    A+B   .    A-B 
=  2  sm     ^-    sui  ^r^ — , 
'2  2 


18—2 


l!i 


i 

'I 

m 


i 
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278.     Oeoine.tricul  proof  of  the  2 A  formuhr. 

Let  liPD  be  a  semicircle,  BD 
the  diameter,  C  the  centre. 

On  the  circumference,  t;ike  any 
point  /',  and  join  PR,  PC,  PD. 

Draw  Py  perpendicular  to  IW. 

Let  LPliD= A,  then 

lPCD=2A. 


[chap. 


N         D 


And  ^.\7'/>  =  comp'  of  lPDX=^  l  VBD=A. 
sin  2vl 


^  BP 


p.y_2PN_2Piy 

''  CP  ~  2CP  ~  BD 

=  2  sin  PBN  cos  PBD 
—  2  sin  .4  cos  ^1 . 


_  ON  _  2CN  _  CN^  GX 
cos  2.1  _  j,p  -  j^g  -  — -g^   - 


BP 
BD 


{BN-BC)^{CD-ND)  _  BN-ND 
BD  ~      BD 

_BN    BP     ND    PD 
~BPBD     PD' BD 

—  cos  A  .  cos  A  -  sin  A  .  sin  A 

—  cos?  A  -sin^yl. 

_  <^''^'  _  ^'^  -  ^^^'_       ^^^'_       2Z)iV 


=  1 


CP 

.DiV   DP    .     ^  .     .     .     . 

Up  '  nn       -  2  sm  -4  .  sin  A 


cos  2  A 


a-2sin2^. 
CN     BN-  BC     BN 


rp 


CP 


1  = 


2BX 
BD 


^BN    BP    ^     ^         . 
=  2  ^, .  j,jj~  1  =  2  cos  .4  .  cos  J  -  I 

=  2C08!«^-1. 


XXII.] 


VALUK   OF  8IN 

18". 

tan  2.1 

PX     'IPX 
ex  ~  :LVX  ~ 

21 
BX 

-  XJ) 

2  ^'^^^ 
BX 

~  B 

X 
V 

BX     * 

TIT 

TT 

PX 

BX 

2tan^ 

1  -  tan  A  .  tan  .-1 

2  tan  A 

1  -  tan''  .1  ■ 
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279.     To  find  the  vixlue  o/  sin  18'  geometrically/. 

Let  ABD  be  an  isosceles  triangle  in  which 
each  angle  at  tli.j;  luse  BD  is  double  the  ver- 
tical angle  A  ;  then 

A+'lA+iA^^^BQ", 

and  therefore  .-1  =  30°. 

Bisect  lBAD  by  AE;  then  AH  bisects 
BD  at  right  angles  ; 

.-.    L  BAE=^18\ 

Thus  sinl8°  =  ^f=-, 

A  B     a 

where  AB  =  a,   and   BE=x. 

From  the  construction  given  in  Imic.  iv.  10, 
AC=BD  =  2BE=2.r, 
and  AB.BC=AC^; 

.-.    a{<(-2.v)  =  {2.v)-; 


x  = 


-2«±\/20a='      -l±v'5 


8 


a. 


The  upper  sign  nuist  be  taken,  since  x  is  positive.     Thus 


sin  18' = 


/5  - 1 


iir 
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Proofs  by  Projection. 

280.  Dkfinitiox.  If  from  any 
two  points  A  ;ind  li,  lines  AC  and 
li/)  are  druwn  perpendicular  to  OX, 
then  the  intercept  CD  is  called  the 
projection  of  A  li  npon  OX. 

Through  .-I  draw  .1  £"  parallel  to  (tX    then 
CD = A  /;  -  A  n  cos  BA  E ; 
that  is,  C D  =  An  cof,  a, 

where  «  is  the  angle  of  inclination  of  the  lines  AB  and  OX. 

281.  Tit  shew  that  the  projection  of  a  strai<jht  line  is  equal  to 
the  projeetion  of  an  equal  and  parallet  straiifht  line  drawn  from  a 
fi.red  point. 

Let  ^17?  be  any  straight  line, 
O  a  tixed  point,  which  we  shall 
call  the  origin,  O/'a  straight  line 
equal  and  parallel  to  AB. 

Let  CD  and  OM  be  the  pro- 
jections of  A  B  and  OP  upon  any 
straight  line  OX  drawn  througli 
the  origin. 

Draw  A  E  parallel  to  OX. 

The  two  triani,'los  A  KB  and 
OMP  are  identically  equal ; 

.-.    OM=AE^CD\ 

that  is,  projection  of  C>/'  =  projection  of  AB. 

282.  In  the  figure  of  the  last  article,  ticn  straight  lines  OP 
and  Oi^  can  be  druwn  from  0  equal  and  parallel  to  AB  \  it  is 
therefore  necessary  to  have  some  mea  of  fixing  the  direction  in 
whi>  h  the  line  from  0  is  to  be  drawi  Accordingly  it  is  agreed 
to  consider  that 

the  direction  of  a  line  isji.ved  hy  the  order  of  tho  letters. 

Thus  A  B  denotes  a  line  drawn  from  A  to  7i,  and  BA  denotes 
a  line  drawn  fr  in  B  to  .1 . 


D  X 


xyu.] 
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Hence  0/*  denotes  a  line  drawn  from  tlic  oriuiii  imriiUcl  to  .1  />', 
and  ()Q  denotes  a  lino  tlrawn  from  tlic  origin  \  aallt  1  t>>  HA. 

Similarly  t'.io  »lireetion  of  a  |)rojeit<'d  line  is  li\(il  l.y  tli' 
order  of  the  letters. 

Thns  CD  is  drawn  to  the  right  from  ('  to  1)  and  is  jxisitive, 
while  DC  is  ilrawn  to  the  left  from  D  to  ('  and  is  n.-gative. 

Hence  in  sign  as  well  as  in  magnitndo 

OM=CD,   and   (,X=DC- 

that  is,  projection  of  <>/'  =  projection  of  AH, 

and  projection  of  6'(^= projection  of  liA. 

Thus  the  projection  of  a  strai<iht  Urn'  run  hi'  ri'jn\'s>'Htr(l  li.ir/i 
in  sifj/i  end  in(t(jnitu(h'  hi/  tl«'  projirtion  of  an  e(jtiiif  and  paralhl 
stralijlit  line  drawn  from  the  oriijin. 


P  Y 


283.  Whatever  he  the  direction 
of  Mi,  the  line  O/' will  fall  within 
one  of  the  four  quadrants. 

Also  from  the  definitions  given 
in  Art.  75,  we  have 

^p=cosA'0/*, 

that  is, 

whatever  l>e  the  magnitude  of  the 
angle  XOl'.     We  shall  always  sup- 
pose, unless  the  contrary  is  stated,  that  the  angles  are  measured 
in  the  positive  direction. 


\\ 


284.     Let  0  he  the  origin,  /'  arid  Q 
any  two  points. 

Join  or,  OQ,  PQ,  and  draw  PM 
and  QX  i>eri)endicular  io  OX. 

We  have 

OM^OX+XM, 

since  the  line  XM  is  to  be  regarded  as      O 
negative  ;  that  is, 


N    X 


the  projection  of  ^>/'= projection  of  0^^  + projection  o*"  V/'- 


280 


u 
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Hfnce,  the  projection  of  one  side  of  a  triamjle  in  equal  to 
the  Ki(7H  of  the  projections  of  the  other  two  nicfcs  tnhu  in  order 
Thus         -  ^     •' 

projection  of  0^^  =  projection  of  ^>/'-|- projection  of  P<^; 

projection  of  '^^Z' =  ;jrojcction  of  (^0+ projection  of  OP. 

General  Proof  of  the  Addition  Fonnulae. 

285.  In  Fig.  1,  let  n,  lino  starting  from  OX  revolve  initil  i*^ 
has  traced  the  angle  A,  taking  up  the  position  oSf,  and  then  let 
it  further  rev<.lve  until  it  has  traced  the  angle  11,  taking  up  the 
tinal  position  OX.     Thus  XON  is  the  angle  A  +Ji. 


t    - 


Fig.  I 


t', 
if 


In  OX  take  any  point  P,  and  draw  PQ  perpendicular  to  DM; 
also  draw  OR  equal  and  parallel  to  (^P. 

Projecting  upon  OA',  we  have 
projection  of  r>P= projection  of  0^+projection  of  QP 
= projection  of  6)<?  +  iirojection  of  0/f. 

.-.    OPcoH  X0P'=0Qcos  XOQ+OB cos XOIi (i) 

=  OP  cos  B  cos  XOQ+ OP  sin  B  cos  XOIi ; 
. • .   cos  XOP = cos  B  cos  XOQ + sin  7?  cos  XOP ; 
that  is,       cos  (A+B)  =  cos  B  cos  .1  +  sin  B cos  (90°  +  A) 
=  cos  A  cos  /i-  sin  A  sin  /?. 
Projecting/  upon  OF,  we  have  only  to  write  V  for  X  in  (1); 


XXII 


.] 
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2»1 


thus     OPcoH  yOP  =  0(J  cos  y()Q  +  ()/{  COS  ¥<>/{ 


COS  }7>/'  =  cos/ycos  }7>(^  +  sin  A\os 


yon 


that  is, 


COS  (A  +  li     !)0  )  =  C()S  /J  cos  (.1  -  !t(>  )  4-siii  li  cos  .1  ; 


siu 


(.1  +  /i)  =  siii  A  cos  /^  +  i"s  .1  sill  />. 


In  Fig.  2,  let  a  lino  stiiitiiij;  from  O  V  rcvolvo  until  it  has 
traced  the  angle  .1,  taking  up  the  position  O.l/.  ami  tlion  let  it 
•Ive  hack  oi/ain  until  it  has  traced  the  angl(>  A',  taking  uj'  the 


rcv( ) 


final  position  OX.     Thus  A'OX  is  the  angle  A  -  Ji 

Tn  ON  take  any  point  /',  and  draw  PQ  pori>cndiculur  to  MO 
j)roduced  ;  also  draw  0/{  eijual  and  parallel  to  (jP. 


i'lous  c;isf 


Projecting  vpon  OX.,  we  have  as  in  the  prov 
07^  cos  XOP  =  OQ  cos  XOQ  +  O/l  cos  XOP 
rr^OPco^n  80"  -  li)  cos  XOQ 

+  0/'sin(lSO'-/?)cos.\V>/f 

.• .   cos  XOP=  -  COS  /iocs  XOQ  +  >^m  /?c(.s  XO/l  ■ 


that  is, 


cos 


<)()" 


( A  -  B)  =  -  cos  11  cos  (.4  -  1 80°)  +  sin  B  cos  (A 
—  -conB{- cos  J ) 4- sin  7>  sin  .1 
=  cos  A  cos/?  +  sin  A  sin  B. 

Projecting  upon  0  Y,  we  have 

OP  COS  YOP  =  OQ  cos  YOQ  +  OR  cos  }'0/i ; 
=  OP  cos  (180°  -  B)  cos  J'Og» 

+  OP  sin  ( 1 80°  -  B)  cos  1  '0  R  ; 
.-.   cos  rOP=  -cos  i? cos  rO^^  +  .sin  /icos  }V>A' ; 

that  is, 
cosU  -/?-90')=  -cosJ5cos(yl  -270')  +  sin  7?cosi,.t  -  180'); 

, • .    siu  {A  -/?)=■-  cos  /i  (  -  sin  J )  +  siu  J?  (  -  cos  J ) 
—  sin  A  cos  /i  -  cos  A  siu  2i. 
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286.  'I'lu!  ,alH)vc  inotho<l  of  proof  is  aiiplicable  to  evorv  ciso, 
mid  therefore  the  A<l<htioii  Fonuulie  are  universiilly  c.stabri.slie.l.' 

The  universal  truth  of  the  Ad.litiou  Forinulie  may  aUo  Ihj 
(leihu-ed  from  the  .spiiial  geometrical  inve.stigatioii.s  of  Arts,  110 
and  111  hy  analysis,  as  in  tiie  next  article. 

287.  When  each  of  tho  angles  A,  li,  A  + /I  is  less  than  90", 
we  have  shewn  that 

cos (.!  +  //;  =  COS.  1  cos  />'-  sin  .1  sin  II (i). 

But    cos  (,1  +  /i)  =  sin  (7l  +Ji  +  iHf)  =  sin  (.1  +<)0'  +  />') ; 

fil**"  eos  ,1  =sin  (.1  +JKf ), 

*^"^  .  -  nil!  .1  =cos  (A  +90").     [Art.  i)8.] 

Hence  hy  substitution  in  (1),  we  ''ive 

sin  (T  +  !)U'  +  /y)  =  sin  (.1  +!Kr)cos7;  +  c<.s  (.1  -|.  DO^sin  />'. 

In  like  manner,  it  may  l)c  proved  tliat 

cos  (.1  +!>0"  +  /f)  =  cos  (.1  +90  )  cos  Z?-  sin  (.1+90')  .sin  B. 

Thus  tho  formulie  for  the  sine  anil  cosine  of  A  +  B  hold  when 
A  is  increased  by  90°.  Similarly  wc  may  shew  that  they  hold 
when  B  is  increased  by  90'. 

By  repeated  applications  of  the  same  process  it  may  be  proved 
that  the  formuhu  are  true  when  either  or  l>oth  of  the  angles  A 
and  B  is  increased  by  any  nniltiple  of  90\ 

Again,        oo8(.l +5)=cos  J  cos /i-sin  .1  sin /? (1). 

But  cos  ('.1  +  B)=  -siji  (A  +  /1-  90')  =  -  sin  (.1  ^0'  +  ]i) ; 
also  cos .  1  =  -  si  n  ( .  1  -  90°) , 

*"^  sin  A  =c(.s  (A  -  90').     [Arts.  99  and  102.] 

Hence  by  substitution  in  (1),  we  have 
sin  (.1  -JKr  +  B)  =  sin  (A  -  90^)  cos  B  +  cos  (.  I  -  90')  sin  /?. 
Similarly  we  may  shew  that 
cos  (J- 90'  +  /?) =cos  (J  -  90')  cos  B  -  sin  {A  -  90')  sin  B. 

Thus  tlie  foniuilfc  for  the  sine  and  cosine  <.f  .1  +  B  hold  when 
-!  is  diminished  by  90'.  In  like  manner  we  may  prove  that  thev 
are  true  when  B  is  diminished  by  90". 


XXII.] 


MISCKI.I.ANKOUS    EXAMIM.KS.       H. 


2t<3 


l'.v  ropciitiil  iu.i)lifati..n.s..t"  iW  saiiio  iw.hcvss  it  may  Im;  shown 
tlwit  tlu-  fonmilio  l.ul.l  Nvh.n  nili.r  or  l...tU  ..f  tl.o  an-l.-s  I  .tn.l 
/;  is  diininishcl  ».}•  any  nmltipl.-  ..f.H.  .  iM.rth.r  .1  xvill  ».-  Mm 
that  tlu^  fonnuhe  are  trur  if  eitl,n  ..t  tl .  an.^lcs  .1  or  /;  ,s 
incieusM  I'V  a  uinltii.le  ..f  DO  an.l  th.-  ..tlit-r  •  iluumisluMl  l.y  a 
nmltii»le  oP.M)'. 

Tlius  sin  I /'  + V)==^'"  ''^""*  V  +  ^"-^  ^'^'"  V. 

jiinl  i()s(/'+V)-C(.s  /'n.s  V-f*i"  /'-^iiiV. 

whore  P=A±»i.'M)',    and    V=/;±«.  !><>', 

/,)  aiul  n  hoing  any  positive  integers,  an.l  .1   and  />'  any  ariito 
angles. 

Thus  the  Addition  FonnuUe  are  true  for  the  algelMaieul  sum 
of  anv  t\vi>  angles. 


MISCELLANEOUS  EXAMPLES.    H. 

1.  If  the  sides  of  a  light-angle.l  triangle  aro 

cos2a  +  cos:J,:<+  2cos(n  +  ;i;    and    sin -J.i  4- sin -2,^  +  2  sin  (a +•,:<.), 

shew  that  the  hypoteimse  IS  4  cos-     ^    . 

2.  If  the  incontre  and  circum-centre  he  at  eipial  distances 

from  />(',  prove  that 

cos/7  +  cosr=l. 

3  The  .shadow  of  .i  tower  is  observed  to  he  half  the  known 
height  of  tiie  tower,  and  some  time  afterwards  t..  he  ecpial  to  the 
height :  how  much  will  the  sun  have  gone  .h)Nvn  in  the  mterval  I 
Given  log  2, 

ZtanG3°  2G'  =  lO-3OO9<.)0i,  ditl'.  for  r  =  3ir)n. 

4.     If    (l+>sina)(l+.sin/:i)(l+.siny) 

:=  (1  -  sin  <i)  ( 1  -  sin  /3) ':  I  -  sin  y), 

.shew  that  each  expression  is  equal  to  ±c<^s<i  cos/ii  cosy. 

5  Two  parallel  chords  of  a  circle  lying  on  the  .same  side  of 
the  centre  suhtend  72°  and  1  14'  at  the  centre  :  prove  that  tlie 
distiince  between  them  is  one-half  of  the  radiu.s. 

Also  shew  that  the  sum  of  the  s(iuures  of  the  chords  is  e-pial 
to  five  times  tlie  stpiare  of  tlie  radius. 


|1 

i 
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6.  Two  straight  railways  are  inclined  at  an  a!iglf«  of  00'. 
From  their  point  of  intersection  two  train.s  /'  and  (/  start  at  the 
same  time,  one  along  eacli  line.  P  travel's  at  the  rate  of  48  niile.>« 
l>er  hour,  at  what  rate  must  (^  travel  so  that  after  one  hour  they 
shall  be  43  miles  apart  I 


7.     If 
shew  that 


=  Ct  M 


(I 


+  l'OS 


/; 


8ni'a  = 


2.1-1/  y- 


8.  If  y,  (/,  r  denote  the  sides  of  the  ex-central  triangle,  prove 
that 

i>-^      1."      r^      -I'lhe 

.+    .,  +  -,+  -  I . 

/''     T     '■■      P'F 

9.  A  tower  is  situated  within  the  angle  formed  hy  two 
strai-ht  roads  OA  and  Oli,  and  .suKtends  angles  a  and  H  at  the 
points  .1  iind  li  where  tiic  roads  arc  nearest  to  it.  If  OA^a, 
and  (>B=b,  show  that  the  height  of  tljo  tower  is 

V"-  -  b-  sin  a  sin  /3  '  Vsiu  (a  -I-/3)  sin  (a  -  /3). 

10.  In  a  triangle,  shew  tliat 

>'H  V +?•,-'+,•,•■!= 1(5  A'-' -,,•■;-/>•-•-- cl 

11.  li  ADhe  a  median  of  the  triangle  ADC,  shew  that 

(1)  cotZ?.lZ^  =  2cot.l+cot/;; 

(2)  2  cot  A  DC=  cot  n  -  cot  C. 

12.  If  p,  y,  ;•  are  the  distiinces  of  the  orthocentre  from  the 
sides,  prove  that 


f^  +  ^  +  A^f^  +  ^.i'W^  +  ^.^Wf^".^ 
\P      1      <•)      \P     q      r)  \q      r     p)  \r  ^  p      q 


Grapiiical  Representation  of  the  Circular  Functions. 

288.  Dkfkvition.  Let  f{x)  be  a  function  of  .r  which  has  a 
single  value  for  all  values  of  ./•,  and  let  the  values  of  x  be  repre- 
sented by  lines  measured  from  O  along  OX  or  OX',  and  the 
values  of /(,t)  by  lines  drawn  perpetxli.ular  to  XX'.  Then  with 
the  figure  of  the  next  article,  if  OM  represent  anv  value  of  x, 
and  J//'  the  corresponding  value  of  /■(.;•),  the  curve  traced  out  by 
the  point  P  is  called  the  Qraph  of  /(.r). 


m 
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Oraphs  of  sine  and  cose. 


289.  Suppose  that  the  unit  of  length  is  rhoscii  to  n-pmspnt 
:i  rmliati  ;  thin  any  anj,'lo  of  fi  rudians  will  ho  ivprcsentfil  hy  a 
line  OM  which  contains  6  units  of  length. 


Let  J//',  drawn  per])ondieular  to  OX,  rejirosont  tlie  vahio  of 
sin  d  correspond in-JT  to  the  value  <>M  t)f  6  ;  then  the  curve  tracc<l 
out  by  the  ^wint  P  represents  the  graph  of  sin  6. 


n 


As  ^>J/or  Q  increases  from  0  to   , ,  Ml'  or  sin  $  iM.rea.ses  from 
0  to  1,  which  is  its  greatest  valu«>. 

As  0 J/ increases  from  ^  to  t:.  Ml'  ilecreaoCs  from  0  to  1. 

As  OM  increases  from  tt  to  '-^ ,  Ml'  increases  numeriwdly 

from  0  to  -  1. 

As  OM  increases  from  '-^y  to  27r,  MP  decreases  numerically 

from  -  I  to  0. 

As  OM  increases  from  ±tt  to  4:7,  from  \n  to  Vm,  from  <;,-r  to 

8ff, ,MP  i)asses  through  the  same  series  of  values  as  when 

OM  increases  from  0  to  27r. 

Since  sin  ( -  ^)=  -  sin  (9,  t'^e  values  of  MP  lying  to  the  left  of 
O  are  equal  in  magnituile  but  are  of  opposite  sign  to  values  of 
MP  lying  at  an  equal  distance  to  the  right  of  O. 

Thus  the  graph  of  sin  ^  is  a  continuous  waving  line  extending 
to  an  infinite  distance  on  each  side  of  O. 

The  graph  of  cos  fi  is  the  same  as  that  of  sin  B,  the  origin 
being  at  the  point  marked  ^  in  the  figure. 


28fi 
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Oraphs  of  tan  9  and  cot  9. 


290.  As  ])oforo,  su|ti)o«i'  that  i\u\  unit  of  lonjj[th  is  rli(»sen  to 
ro|ir«'s<'nt  u  r.ulinii  ;  tliiMi  any  angle  of  fi  radians  will  \w  repre- 
MMitod  hy  a  line  0-1/ which  contains  0  units  of  length. 

Let  J//',  tlrawn  poriKJiulicular  to  i)A\  represent  the  value  of 
tan  0  correspond iwK  to  the  value  0.}f  of  0  ;  then  tiic  curve  tiaccd 
out  hy  the  iM>int  I'  represents  the  graph  of  tan  0. 

hy  tracing  the  changes  in  the  v/ilue  of  tan  0  as  0  varies  from 

0  to  2n,  from  lin  to  in, ,  it  will  he  seen  that  the  graph  of  tan  6 

consists  of  an  intinite  mnnher  oi  diiiti>iitinui>Hn  equal  hranches  as 
represented  in  the  tigure  htlow.  The  i)art  of  each  branch  1)C- 
niMth  -VA"  i:^  convex  towanls  A' A'',  and  the  part  of  eacli  branch 
above  A" A'  is  also  convex  towards  A' A'';  hence  at  the  point  where 
any  biani  h  cuts  XX'  there  is  what  is  called  n  iioint  of  injfrjii'u, 
where  the  dinn-tion  of  curvature  changis.  The  pnxjf  of  these 
statements  is  however  beyond  the  range  of  !lie  present  work. 

The  various  branches  touch  the  dotted  lines  passing  through 
the  points  marked 

-2'      -  2  '      -2  ' ' 

at  an  infinite  distance  from  XX'. 


Graph  of  taa^. 


The  student  should  draw  the  graph  of  cot  5,  which  is  very 
similar  to  that  of  tan  0. 


rndf^^ 
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URAI'HM  or  SEC  6  AM)  C08KI'  $. 
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Oraphs  of  sec  0  and  cosec  0. 

291.  The  graph  of  t>cc6  is  r«>|>rost'iitotl  in  tho  figure  lulnw. 
It  nmnists  of  an  infinitn  nuniluT  of  iMpiiil  ft-wtoonn  Ivin^  altrr- 
iiiitely  alM>vo  and  In-low  XX',  the  veitox  of  earh  Kin.;  iit  tin- 
unit  of  tlistani-e  from  XX'.  Tho  various  fosttMtns  tumli  \\\v 
dotted  lines  pjussing  through  i\w  points  nrirked 

It        .  Hn- 
±2' 


+ 
—  •) 


at  an  infinite  distance  from  XX'. 


Graph  of  stcd. 


I. 


The  graph  of  cosec  3  is  the  same  as  that  of  soc  &,  the  origin 
being  at  the  jwint  marked  -  „  in  the  tigure. 


!! 


CHAPTER   XX III. 
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srMMATIOX    OF    FINITE    SKUIES. 

292.  An  expression  in  whicli  tlio  successivo  terms  arc  fornioci 
!)y  sonic  rc<,Milar  law  is  called  a  series.  If  the  series  ends  at 
some  assigned  term  it  is  callcil  a  finite  series  ;  if  the  nunil)er  of 
terms  is  unlimited  it  is  called  an  infinite  series. 

A  sericH  may  be  denoted  liy  an  expression  of  the  form 

«,+?<.+  «;,+  ...+?'„   ^,+M„-(-«„+l+...  , 

where  >'„+i,  the  (n  +  l)""  term,  is  obtained  from  n,„  the  h""  term, 
by  replacing  n  by  n+\. 

Thus  if  ?/„  =  cos(a  +  /c,:J),  then  ?^„  +  i  =  co!- (a  +  (n  +  l)^}  ; 
and  if  «„  =  cot2"-Wi,  then  ?/„  + 1  =  cot 2» a. 

293.  If  the  /•"'  term  of  a  series  can  be  expressed  as  the 
diflferencc  of  two  quantities  one  of  which  is  tlie  same  function  of 
/•  that  the  other  is  of  /■4- 1,  the  sum  of  the  series  may  be  readily 
found. 

For  let  the  scries  be  denoted  by 

Ml  +  ?<2  +  ^<3+ +«n, 

and  its  sum  by  S,  and  suppose  that  any  term 

Vj.  =  iv  +  J  —  x\  ; 

then    .S'r=(r.^-i'i)  +  (i'3-?0 +  ('•,- I'lO  +  .-.+K -t-„-i)  +  (4'».i-0 

Example.     Find     le  sum  of  the  series 

C08CC  a  +  cosec  2a  +  cosec  4a  + +  cosec  2"""^  a. 


co.sec  a  = 


1 


sm 


sinf  a 


sm  a         .    a    . 

sin     sm  a 


sin  „  sin  a, 

a 


wm 
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Hence  cosec  a  =  cot    -  cot  a. 

If  we  replace  a  by  2o,  wo  obtain 

cosec  2a  =  cot  o  -  cot  2a. 

Similarly,  cosec  4a  =  cot  2a  -  cot  la, 

cosec  2"  '  a  =  cot  ^""^a  -  cot  2"   '  a. 
By  addition,  -S'  =  cot    -  cot  2"  'a. 

294.     To  find  the  sum  of  the  sina  of  a  series  of  n  kjukjIcs  which 
are  in  arithmetical  progression. 

Let  the  sine-serie.s  be  denoted  iiy 
wina  +  sin(a  +  ^)+siu(a  +  2/3)-|- +.siii  [«  +  (^/,  -  1)^}. 

We  have  the  identities 

2  sin  a  sin  ^  —  cos  (  a  -  ^  |  -  cos  (  a  +  ^ )  . 

■2  sin  (a+/3)shi  ^=  cos  L  +  '^j  -c.s  (n  +  'g^)  , 

2  sin  (a  +  2^)  sin  ^  =  va .s  L  +  '''^\  -  os  L  +  '''^\ , 

2sin  [a  +  (n-l)^}sin|  =  cosra  +  '"~'  ^)  "  c<)«  ("  +  ""2      ii\ 

By  addition, 

2,9sni^  =  cosf  H-'^j- CO,- /«  +      ^      ^1 

,    .     /       « - 1    A    .     H^ 
=  2sin(a  +  -  _,     /:<jsin  —  ; 

„  -2     .     /        71  -  I  ^\ 

.' .    <y=-     ^  8in  (  «  +  -  —  ,3  ) . 

sin-:         ^ 
2 

H.  K.  E.  T.  IP 


'I- 
I 

I' 


[1     . 


K  , 
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295.     Tn  like  manner  we  may  shew  that  the  sum  of  the 
cosine-series 


COSa  +  COs(a  +  W+cos(a  +  2^)  +  ...  +  i:os{a  +  (n-l)^} 
sin  --  ,  _  1    \ 


sin 

296.     The  formultu  of  the  two  last  articles  may  bo  expressed 
verbally  as  follows. 

The  sum  of  the  sines  of  a  series  ofn  angles  in  k.v. 

.    n  diff. 
sm      2~        first  angle  +  last  angle 

=— ^?r''" ^        * 

sm  -- 

The  sum  of  the  cosines  of  a  series  ofn  angles  m  A.i'. 
n  dif. 


sin 


2  first  angle  +  lnst  angle 

(hjf.  -i 


sm    :i— 
2 

Example.     Find  the  sum  of  the  series 

cos  a  +  cos  3a  +  cos  5a  + +  cos  (2h  -  1)  a. 

Here  the  common  difference  of  the  angles  is  2a; 

piuxa        a  +  (2n-l)a 

.•    ,S'"  -cos    '         r 

bill  a  ^ 

siu  )(a  cits  Ha  _  sin  2na 

~         s^iiTa         ~  2  sin  a  ' 

297.     If  sin  "'^=-0,  each  of  tlio  expressions  fouiiil  in  Arts.  294 
and  205  for  the  sum  vanishes.     In  this  case 


vii 


2h 


'.''^^/._     or    8  =  "  '^,  where /•  isany  intc<,'er. 
2  '  '         /* 

H.Mice  the  sum  of  the  sines  and  the  sum  of  the  cosinvs  of  n  angles 
in  a rithmetieal  progression  are  each  equal  to  zero,  ichen  the  common. 

difference  of  the  angles  is  an  cfen  multiple  u/  -  . 
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298.     Home  sericn  may  be  brought  under  tlie  rule  of  Art.  i2!»; 
1)V  a  simple  trausforma*  ion. 

/  rumple  1,     Find  the  sum  of  n  terms  of  tlip  series 

co8a-cos(a  +  /3)  +  co8{a  +  2^)  -  cos  (a  +  :i/J)  + 

This  series  is  equal  to 

cos  a  +  COS  (a  +  /3  +  ir)  +  cos  (a  +  2^  +  iir)  +  cos  ^a  +  3,'?  +  :W)  + , 

a  series  in  which  the  common  ditTerence  of  the  angles  is  /3  +  ir,  and  the 
la.st  angle  is  a  +  («  -  1)  (/i  +  tt). 

sin        „     ' 
.  2  I        («-l  (^  +  7r)| 

.    p  +  tr  I  2  I 

Bin  ^  ^  ' 

Kxample  2.     Find  the  sum  of  n  terms  of  the  series 

sin  o  +  cos  (a  +  /3)  -  sin  (a  +  2/3)  -  cos  (a  +  3/3)  +  sin  (a  +  4/3)  + 

This  series  is  equal  to 

sin  a  +  sin  f  a  +  /3+ -  j +8in(a  +  2/3  +  n-) +  r-in  (  a  +  3,-i  +\M  + 

a  series  in  which  the  common  difference  of  the  angles  is  /3  +  -~ . 
.    n  (2/3  + it) 

sin-    ,  ^  ' 

4 

EXAMPLES.    XXIII.  a. 

Sum  each  of  the  following  .series  to  71  terms  : 

1.  sin  a  +  wiii  Sa  +  f^i'i  •">«  + 

2.  cosa4-<-OH(rt-/3'i+cos(a-2/3;  + 

3.  Hill  n  +  xin  (  a-     j  4-siiM  a-  "-  |  4- 

.  n-  ,  27r  ,  3n- 

4.  t-'os  -7  4-  {-OH  -r-  4-  COS  -7-  + 

k  k  k 

19—2 


Ill 


.4? 


:i 


I  .! 


Ill 
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Kind  the  sum  of  eacli  «>f  the  following  series  : 

5.  cos^+cos'|^+cos^J  + +  *"'^l<r- 

6.  cos|[4-cos^^+'7os^  + +cos^. 

7      sin -4-siir-+sin''^''  + to  »;- 1  terms, 

n  "■  *'' 

8.  cos^^+cos^%cos'^^  + t-,.  •^'H-  1  terms. 

9.  sin.a  +  sin(H-l)«  +  sin(.-2)a  + to  2m  terms. 

Sum  eacli  of  the  fallowing  series  to  n  terms  : 

10.  sin  (9 -sin  2^4- sin 3^ -sin  4^  + 

11.  cosa-cos(«-^)  +  cos(«-2,:{)-cos(a-3^)+ 

12.  cosa-sin(a-^)-cos(a-2^)  +  8in(a-3^)  + 

13.  sin  2^  sin  ^  +  sin  3^  sin  26  +  sin  A6  sin  3^  + 

14.  sin  a  cos  3(1  + sin  3a  cos  5  I  +  sill  5a  cos  7a  + 

15.  sec  a  sec  2a  +  sec  2«  sec  3a  +  sec  3a  sec  4a  + 

16      ,osec^cosec3<^  +  cosec3(9coscc.'-)6^  ^ 

+  c< >seo  -w  cosec  <  c'  + 

17.  t,ui_^seca-+tini.,,sec2  +  tan^.,set  ^2+ 

18.  cos  2a  cosec  3,.  +  cos  (i„  cosec  9 .  +  cos  18a  cose-  27a  + 

19.  sin  a  sec  3o  +  sin  3a  sec  Da  +  sin  9a  sec  27a  + 

20  The  circumference  of  a  semicircle  of  radius  a  is  divided 
into  'n  coual  arcs.  Shew  that  the  sum  of  the  distances  of  the 
several  pomts  of  section  from  either  extremity  of  the  diameter  is 

«(cot ;;-!). 

21  From  the  angular  points  of  a  regular  polygon,  peri)en- 
diculars  are  drawn  to  XX'  and  )' J"  the  horizontal  and  vertica 
d  a    cter  of  the  circumscribing  circle  :  shew  that  the  algebraical 
suras  of  each  of  the  two  sets  of  perpendiculars  are  equal  to 
zero. 
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299.     By  me.'ins  of  the  identities 

2  sill-  a~-\  -  cos  2rt,  2  cos-  a  ~  1  +  I'os  Ha, 

4  sin''  a  =  3 sill  a     sin  '.in,  Icos'  a  =  3  tosa  +  t  cs  Hu, 

we  can  nnd  tlie  siun  of  the  sipiares  and  cuhcs  of  th»'  sines  and 
cosineti  of  a  series  of  angles  in  arithnietiial  [n-ogression. 

Example  1.     Find  the  sum  of  n  terms  of  the  series 

8in-a  +  sin-^o  +  /:{)  f-sin-(tt  +  '2/3)  + 

2.S=  {1- cos  2a}  +  {1  -cos  {2a  +  -2fi)\  +  {1  -cos  ('2a\-  iji)]  f 

=  n-  {cos  2a  f  cos  (2a +  2/3)  +  cos  (2a  +  4/i)  + }; 

sinn/S        2a+ {'2a  +  {n -1)28} 

=  n-  -;  "^  cos i— . '—^*- ; 

sni  ^  2 

„     n     sin  )i^         ,.-       ,       ,.^, 
••    ^  =  2-2si^V'''^   """^"^    ^^'- 

Example  2.     Find  the  sum  of  the  series 

cos*  o  +  cos*  3a  +  COS''  oa  + +  cos^  (2n  -  1 )  o. 

iS=  (3  cos  o  +  cos  3a)  +  (3  cos  3a  +  cos  <)a)  +  (3  cos  ')a  +  cos  loa)  f 

=  3(cosa  +  cos3a  +  cosya+ )  +  (cosSa  +  cos'.la  +  cos  ITia  f ) 

3  sin  Ha 


Mn  a 


cos 


(o  +  (2»-l|al        sin  3ho  f 

I     -      2^  )     '-Mn3a^"M 


3o  +  (2»--l)_3a) 
•>  I 


„     3  sin  ;(a  cos /ia      sin3»acos3«a 
I  snia  '  1  Mn3a 


^''^ 


300.     'i'lie  followin' 
of  Art.  2!)3. 


er  oxaniiilo  •  'Mustrate  the  i)rineiip 


Example  1.     Find  tlie  siuu  of  tlie  series 
tun-' 


X  ,  X  J        ^t  X 

+  tan-'  ,+ +taii  ',- —         ,,    „. 

1  +  1. 2. j;'-'  1+2. 3. .(•••=  l  +  n(iii-l)x- 


As  in  Art.  2H»,  we  have 


tan-' , -— .,-^tan  '  (r  f  l)x  -  tan-'r.r; 

I  +  r  ( )•  +  1  >  .r-  ^ 

.-.  .S'  =  tan-'(;.  +  1)J--  tan  '.r. 


-r'  ' 
if' 


5'f 


i  ^ 
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Example:  2.     Find  the  sum  of  n  terms  of  the  series 

1         a       1  a       1  .       a 

tan  a  + .,  tan  .^  +  -^.  tan  .^._i  +  gj  tau  ^i,  + 

We  have  tan  a  =  cot  a  -  2  cot  2a. 

Replacing  a  by  "  and  dividing  by  2,  we  obtain 
.^tan;j,  =  .j,cot.^~  cota. 


2      2 


Similarly, 


2» 
By  addition, 


1         o       1      ^  a      1      ,  a 
^tan^.  =  ^,cot^-^cot-; 


,-1  tan  .2»  .  =  .2"  1  "^^^  2"-'  ~  2"^  *'°*  2^- ' 


S=-^cot    ",-2cot2o. 
"     2""'        2"""' 


[chap. 


p- 


EXAMPLES.    XXIII.  b. 

Sum  each  of  the  following  scries  to  n  terms  : 

1.  cos2<9+cos2  3(9  +  cos2  5^  + 

2.  sill-  a  +  sin2  L  4-  ^J  +  sin-'  U  +  ^^  j  + 

3.  cos2 « +cos2  /^„  _  ^- j  4-  cos2  f  a  -  -H  + 

4.  sin^^  +  !sin:'2^  +  sin3.3-^  + 

5.  sin»a  +  sin'''ra  +  -^-j4-siir'U+  Jj  + 

6.  cos^a+cosMa     "'^  j  +  cos^  U  -       j  + 

7.  tan  <9  +  2  tan  "2^  +  2^  tun  2-f)  + 

8  -      + +         -„-  + 

*     cos  a  +  cos  3a      cos  a  +  cos  5(i      cos  a  +  cos  7a 


:mM 
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9.     8iu'-^sin2^  +  -Hin2  2dsm4<J+    sin- 4<5  sin  8^  +  . 


.e 


0  .  .,  0 


0      .     .0 


10.     2  cos  0  sin^  ^  +  2''^ cos  -  sin-  y.;,  +  2'  t-os  ...jsin-  ^.,+ 


11.     tan 


1  .2+J^- 


:;  +  tau-' 


1.?>\X' 


.,  +  tiU 


-1 


;i.4+.c- 


.,+ 


12.     tan    '  ,  ,  .  ,  ,.,+  tiin-'  ,  .  .,  .  .,,  +  tan    •  ^  ^y,^.;,  f 


i  +  i  +  r- 


13.     tan-i 


2  +  P  +  l* 
2 


+  tan    ' 


1)2  +  ; 

4 

2  +  2-  +  2^ 

4 


+  tan    ' 


2  +  :v-+:i* 


+  .... 


14.     ta»-^ZiVl4  +  ^''"~' 1-2^  +  2^ 


+  ^'"^"i-3^+a^  +  - 


15.  From  any  point  on  the  circumference  of  a  circle  of  radius 
r,  chords  are  drawn  to  the  angular  points  of  the  regular  inscribed 
polygon  of  n  sides  :  shew  that  the  sum  of  the  squares  of  the 
chorels  is  2nr^. 

16.  From  a  point  P  within  a  regular  polygon  of  2/i  f'icies, 
pcriHjndiculars  iMj,  P^lj,  l*A^,  ...I'Aon  are  drawn  to  the  sides  : 
shew  that 

PAi  +  PA  ,  +  ...  +  PA.,n-i  =  I'A.,+  PA^  + ...  +  P.\,„  =  nr, 
where  r  is  the  radius  of  the  inscribed  circle. 

17.  If  J,-l.>.l3....1..,H  +  ,  is  a  regular  polygon  and  /'  a  point  on 
the  circumscritjcd  circle  lying  on  the  arc  Ji.Ij„  +  i,  shew  that 

PA^  +  PA3+...-\-PA.,„^^=PA.,■\-PA^  +  ...  +  PA.,„. 

18.  From  any  point  on  the  circumference  of  a  circl(%  peri)cn- 
diculars  are  drawn  to  the  sides  of  the  regular  circumscribing 
polygon  of  11  sides  :  shew  that 

(1)  the  sum  of  che  squares  of  the  porpfiKhculars  is  ; 

*j 

5  w  /' ' 

(2)  the  sum  of  the  cubes  of  the  perpendiculars  is  -  ,    • 
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MISCELLANEOUS  TRANSFOIiMATIOXS   AND   IDENTITIES. 


Symmetrical  Expressions. 

301.  An  expression  is  saitl  to  he  sipnmetrict.  vsith  respect  to 
certiiin  of  the  lettcir  it  contains,  if  the  value  of  tlie  expression 
roinaiiis  inialtcred  when  any  pair  of  these  letters  are  interchanged. 
Thus 

cos  a  +  cos /3  + cosy,         sin  «  sin /3  sin  y, 
tan  {a- 6)  +  tan  (/i -  ^) +tan  (y -  6), 
are  expressions  which  are  symmetrical  with  respect  to  the  letters 
«,  /?,  y- 

302.  A  synnnetrical  exjiression  involving  the  sum  of  a 
nunilur  of  quantities  may  ho  concisely  denoted  by  writing 
down  one  of  the  terms  and  prefixing  the  symbol  2.  Thus  2  cos  a 
stands  for  the  sum  of  all  the  terms  of  which  cos  a  is  the  type, 
2  sin  asin  y3  stands  for  the  sum  of  all  the  terms  of  which  sin  a  sin  4 
is  the  ty^)e  ;  and  so  on. 

For  instance,  if  the  expression  is  symmetrical  with  respect  to 
the  three  letters  a,  /3,  y, 

2  cos  ^  cos  y  =  (    ->  ^  cos  y  +  cos  y  cos  a  +  cos  a  cos  /3  ; 
2sin(a-^)  =  sui(a-^)  +  SMi(3-^)  +  8in(y-^). 

303.  A  symmetrical  expression  involving  the  product  of  a 
nunil)er  of  ([uantities  may  be  denoted  by  writing  down  one  of 
i]\o./iicti)r,i  and  prelixing  the  symbol  II.  Thus  II  sin  a  stands  for 
the  product  of  all  the  factors  of  which  sin  a  is  the  tyi)e. 

For  instance,  if  the  expression  is  symmetrical  with  re.si)ect  to 
the  three  letters  a,  [i,  y, 

n  tan  (a  +  ^)  =  tan  (n  +  6)  tan  (^  +  0)  tan  (y  +  d); 

n  (cosj3  +  cos  y)  =  (cos  ^  +  cosy)  (cos  y  4- cos  a)  (cos  a  +  cos /3). 
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204.  With  the  notation  just  oxpliiiiiod,  certain  thooriMns  in 
('hMl».  XII.  inv<)lvin<»  tho  thro  ani;los  A,  //,  (',  wliich  ar»>  con- 
n«'(t»'tl  by  the  relation  .1 +/i  +  <'=  IH)',  may  he  written  more 
concisely.     For  insfcinre 

2  sin  :>.!  ^411  sin  .1  ; 
2  sin  .1  ^  llK-os  *j  ; 
2  tan  .1=- II  tan  .1; 
5  tjin  ^  tan  .^  =  l- 

Example  1,     Fiml  the  ratios  of  a  :  b  :  c  from  the  eiiuutiona 
acosd  +  bh'me  =  c   and   acos  <^  +  fc  sin^^c. 

From  the  given  equations,  we  have  , 

(I  cos^  +  6  sin  tf-  c  —  0, 
and  a  oos  (p  +  hi^m<p-c-0; 

whence  by  crons  multiplication 

a b _c . 

sTn  0  -  sin  tf  ~  cos  61  -  cos  <^  ~  siii  tp  cos  0  -  cos  (^  sin  tf ' 

a b  _  f 

2  cos  ^2     '*'"^J~       2  sin  ^-^  sin -J-.^ 

Dividiut^  each  denommator  by  2  sm  ,  we  bavo 


a 


cos— 7  sin  --J  -       cos     ,j 

NoTK.     This  result  is  important  in  Analytical  Geometry. 

It  should  be  remarked  that  cos  (e  -  <p)  i-i  a  symnu^trical  function 
of  61  and  <f>,  for  cos  (t^  -  0)=cos{<^- tfl;  hence  the  values  obtanud  tor 
a  :  b  :  c  involve  0  and  tp  symmetrically. 

Example  2.  If  a  and  /3  are  two  different  values  of  0  which  satisfy 
the  equation  a  cont)  +  b  sin  e  =  c,  tind  the  values  of 


[  cos*  -  cos- 


sm 


a  +  sin /a,       sin  tt  sin/i. 
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From  the  Riven  pquation,  by  transpoFing  and  squaring, 
(a  cos  e-r)-  =  l>"  siu-  d  =  h"  ( 1  -  cos^  0) ; 
.-.  («»  +  b-)  cos2  0  _  2ac  cos  0  +  r^-b"  =  0. 

The  roots  of  this  quadratic  in  costf  are  coso  and  cos/j; 

2<ic 


.-.  co8o  +  cosa=    ^     ... 


and 


C-  -  Ir 
coso  COS S=    „       ,., 


(1). 

.(•2). 


And  4  co3-',^  cos'-*  (y  =  ( 1  -t  cos  a)  ( 1  +  cos  (i) 


%ic        c-  -  U^ 
a-  +  b^     a-  +  h- 

a'  +  i^' 

From  tlio  data,  we  see  that     -  a  and     -  j^  arc  \  alues  of  6  which 
satisfy  the  equation  a  sin  tf  +  i>  cos  ^ = c. 

By  writing  a  for  h  and  6  for  a,  equation  (1)  becomes 

,^-.a)+COs(^-^)=^f^'^^.,. 

2/T 


cos 


or 


Bino  +  Bin/3= 


'  +  b"-' 


Similarly,  from  equation  (2)  we  have 

O  o 

.     _     c--a- 
sm  a  smB=  -„--,„. 

These  last  two  results  may  alno  bo  doiived  from  the  equation 
(6  sin  <>-(•)-  =  «- cos'- e^  =  (/-(!  -&\n-e). 

Example  3.  If  o  and  /9  are  two  dilTerent  values  of  0  which  satisfy 
the  equation  a  cos  ^  +  h  sin  S  =  c,  prove  that  tan  .,  -  =  -  .  Also  if  the 
values  of  a  and  fi  are  equal,  shew  that  (;'-  +  ^-  =  c'-. 


1  -  tan'-* 


2  tail 


By  substituting    cos  d  ■■ 


1  +  tan- , 


and  sin  6  —  ' 


1  +  tun- 


tmr% 
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in  the  given  equation  n  cos  fl  +  fc  sin  tf  =  r,  wo  hiive 

all-  tan'^  -  J  +  2h  tan  ^  =  <'  (  ^  I  t'^"' .,  )  = 

that  is, 


2'.M) 


{V  +  a)  tail-    -  2^  tan    4-  (*-  -  *()  - ^ 


.(I). 


The  roots  of  this  tMiuation  are  tan     and  tan  '  ; 

a  (i        '2/>  ,       .       o  ^      ji      ('     <J 

.-.  tan  .  +  tan '  =  ,     ami      tan     tan     -  : 

.•.tan«:^='^"     Yl^'•-"U^ 
If  the  roots  of  equation  (1)  arc  equal,  we  have 


whence 


h-  =  (c  +  (i)(c-<i); 


NoTK.     The  substitution   here  employed  is    frequently   usoil   in 
Analytical  Geometry. 

Kxampli'  1.   If  cos  ^  +  cos  0  =  a  and  sin  5  +  sin  0  =  6,  find  the  values* 
of  cos  {e  4-  <t>)  and  sin  '10  +  sin  -'0. 

Fr  m  the  given  equations,  wo  have 

sin  B  +  sin  <p      h 
cos  6  +  cos  <p      a ' 


tan 


^  +  </) 


For  shortness  write  (  inster     jf  tan  -        ;  then 


cos  (f^  +  0)  : 


1  _  ,'J  _  a-  -  li^ 

■  1  +  t-  "  a-  i  U- ' 


and 


'2t  2ah 

Multiplying  the  two  given  equations  together,  we  have 
sin  'IB  4-  sin  'l<p  +  2  sin  (rt  +  0 1  =  2(ii> : 

.•.  Bin  '16  +  sin  2^  =  'J.i/'  ( 1  -  ^^s  ,  yi )  • 


?i? 
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Kxample  f).     Uesolvc  into  factorH  the  txpresHion 

cos- a  +  008-'^  +  cos-  >  +  2  cos  a  cos  (ic«ny     1, 

and  shew  tliiit  it  vuniwhes  if  uiiy  one  of  the  four  angles  ai(iky  is 
lin  oiUl  nuilti]ile  of  two  ri^ht  aii^'lcB. 

The  exiiressioii -cos-a  t-  (con'^ji  +  con'y  -  1)  (-2  cos  o  cos /icon  7 

=  coK'-o  +  (coH"''/i-  win*  7)  +  2  cos  a  cos /Sens  7 

-  cos- o  f  cos  (^  +  7)  cos  (/i  -  7)  +  cos  a  [cos  (/3  +  7)  t-  cos  (^  -  7)  J 

=  {coso  +  cos(/i  f-j)*  {(■o8a  +  cos{/i  -7)} 

,         0  +  ^  +  7         a-  ji-y        a'rji-y        a-  ji  +  y 
=  4  cos        _^        cos     ^        cos        I"        cos       "Z     '  . 

.  a  ±  d  i  V 

The  expreasion  vanishes  if  one  of  the  quantities  cos — ^^ — ^  =  0; 

that  is,  if  one  of  the  four  angles       ^        -  (2n  +  l)     ; 
that  is,  if  a  ±fi  t  7  =  (2n  +  1)  t,  '"here  n  is  any  integer. 

T^  I     ,.      T,  .       ^       f^in  a  sin  3 

h.riimiile  (1.     If  tan  0~ 

cos  0  + cos /i 

prove  ihat  one  value  of     tan  -  is  tan  _^  tan^ . 

From  the  given  equation,  we  have 

„^     ,        sin-aKin-iJ         (coso +  co8/i)-  + (1  -  cos'-a)(l  -  cos^H) 

sec- 0~l\ ~,  =  ^— ^ ^ rr~^ - 

(cos  a  -f-  cos  /i)-  (ec)ri  a  +  cos/3)- 

_1  4-2cosacos/J  +  C()S-o  COS-/3 
~  (coso-(;cos/i)-' 

rn  1  •       ii  ■*•  .  .,     1  +  COS  a  cos  3 

iaknig  the  positive  root,  sec  <?=  ; 

cos  a  +  cos  ji 

eoso  +  C')s/i 

.■.    cos  0—  .    '  -  . 

1  +  cos  a  cos  j3 

;      .~"s(?  _  1 -cos  a -cos,*J  +  cosa  cos/J  _(l-eo8  o)(l-co8/3) 

.(      0      1 +COS  a  +  cos/i  +  CdSacos/i  "(1 +e()so)  (l  +  cos/3) ' 

.-.  tan-'5  =  tan-'f,tau-'^; 
and  therefore  one  value  of  tan  .^  is  tan  ,^  tan  ^ . 
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tlxample  7.     lt»  any  triangle,  hIkw  tha' 

I'ri' COB  i4  =  (ifcf  (I +  411  con  A). 

I, 


I.  _"_''-''     . 
~Bin  A  ~  HJn  1 1     sinC  ' 

a  -  k  sin  A,     b     k  sin  /<,     r  =  fc  sin  C. 


Let 

HO  tli:lt 

liy  suhstitutiiiK  th'"     valu<H  in  the  ^'von  identity,  and  dividinj^ 
liy  /.••',  we  have  to  prove  that 

2  Miv^A  COB  J  =  sin  ^1  Hin  /(  sin  ('(1  +411  cos  ,4). 

Now  Hi;  siu''.(  co)4j      llisiii-.l  sin'2.1 

=  22;  (1  -cos  2.1)^111 2.1 
=  2i;sin2.^  -r  sin  1.1; 

and  it  has  heen  shewn  in  Example  1,  Art.  1:1;',  that 

2  sin  2.-1  =  411  sin  A  ; 

and  it  is  easy  to  prove  that 

i;  sin  iA  =  -  411  sin  2.4  =  -  S2I I  sin  A  .  11  cos  A  ; 

:.  8  r  sin^  A  cos  A  =  811  tsin  .4  +  :V2II  sin  .4.11  cos  A ; 

..  IS  sin' .4  cos  ^  =  11  sin  .4(1  f  411  cos  ^). 


EXAMPLES.    XXIV.  a. 

1.  If  6=a,  and  6  =  ^  satisfy  tho  eciuation 

1         ^     1    •    ,1     1 

-  cosf*  +  v  sm  6-  -  ., 
<(  0  <■ 

a  +  ;i      ,     .     a  +  ^  n-i3 

ove  that        a  cos  -  —  -  h  sin     .^    =c  cos  ^  ,^    . 

Solve  the  simultaneous  eijuations  : 

2.  -cosa+'Tsina-^l,  -'  cos)3+-'  sin /iJ- 1. 
a             b                         (I  " 

3.  -C08a+f  sina  =  l,  ^sina -Vcosa^l. 
a             0  a  V 
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If. 


If  a  and  ji  are  two  different  solutions  of  ftco.s  ^  +  /)sin  ^  =  f, 
prove  tiiat 

4.     co.s(a  +  ^)  =  -^^,.  5.     COS2-2     =,^^l;r 


6.     sin  2a  +  sin  2/3  = 


7.     sin-a  +  sin-/3  = 


8.     1  f  '« c(  >s  H  +  6  sin  a  =  '<  cos  /3  +  ft  sin  /3  =  c,  prove  that 

2'//*  .  2ab 

sm(a  +  ^)  =  -._j_^-^,,    .ind    cota  +  cot,y  =  ^,^~_^._;. 

If  cos^  +  cos^  =  «   and  sin^  +  sin<^  =  ?),   prove  that 

(,,24. /,-)■-'_  4^/2 


9.       COS  ^  COS  (f)  = 


10.     COS  2^  + COS  20  = 


4  (-^•■^  +  6-)     • 

('„2_//2)(r,2^^2_2. 


«Ht- 


11.     tan  ^  + tan  (^  = 


Hah 


12.  tan-  +  tan   ,=    .,  ,  ,„  ,  „    . 

2  2      «''  +  6-  +  2a 

13.  Express 

1  —  cos-  a  -  cos'-  3  —  cos-  y  +  2  cos  a  cos  /3  cos  y 

as  the  prcKhict  of  four  sines,  and  shew  that  it  vanishes  if  any  one 
of  tlie  four  angles  a±/3  +  y  is  zero  or  an  even  multiple  of  n. 

14.  Express 

sin^  a  +  sin"-^  8  —  sin^  y  +  2  sin  a  s'u  /3  cos  y 
as  the  pnxiuct  of  two  sines  and  two  cosines. 

15.  F.Npress 

sill- a  +  sin''^/3  +  sin-y-2  sin  a  sin /3  sin  y-  1 
urf  the  product  of  four  cosiues. 
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cos 


.S^: 


1  —  COS  a  cos  /i ' 
(I 


prove  that  one  value  of  tan  -   is  tan  -  cot  _^ . 


17.     If 


tan2  d  cos-'-   "^  =  sni  a  sm  {i, 

It 


prove  that  one  vahie  of     tan-  ^   is   tan  _,  tan  _, . 

18.  If  tan^(cosa  +  sin/:J)=-sin(iC(>s^, 

6   .     ^      a.       fir      ii\ 
prove  that  one  vaUio  of  tan  -  is  tan  ,tan  I  -  -  -1 . 

In  any  triangl(>,  shew  tliat 

19.  2"^  sin  B  sin  <  '=2rt6c (1  -1-cos  .1  cos  B  cos  ( '}. 

20.  2"  cosM  =  ''!^,  (1  -  4  cos  J  cos  />'  cos  ( ')• 

21.  2a''cos(5-C)  =  3a6c. 

22.  If  a  and  ^  arc  roots  of  the  equation  ,f  cos  ^  +  /'siii^=c, 
form  the  equations  whose  roots  are 

(1)     sin  a   and   am  (i  ;         ('2)     cos  2a   and   cos  2,:J. 


Alternating  Expressions. 

305  An  expression  is  said  to  be  alternathyj  with  respect  to 
certain  of  the  letters  it  contains,  if  the  sign  of  tl,o  fV;^''^^'\'\Y'l 
not  its  numerical  value  is  altered  when  any  pan-  of  these  letteis 
are  interchanged. 

Thus  cos  a  -  c(  IS  i%     sin  (a  -  (i),     tan  (a  -  (i) , 

cos2  a  sin  O  -  y)  +  cos-'  ^  sin  (y  -  a)  ■\-  cos^  y  sin  (a  -  ji) 
are  alternating  expressions. 

306.     Alternating  expressions  may  be  abridgeil  by  means  of 
the  symbols  2  and  II.     Thus 

2  siu2  a  sin  O  -  y        .iu"  a  sin  {ji  -  y)  +  sin-  /:*  sin  (y  -  .i) 

+  sin-ysin(fi  -/3); 

n  tan  (i3  -  y)  =  Un  (/ii  -  y)  tan  (y  -  a)  tan  (a  -  ./3). 


HI 


P'l 


m; 


* 
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Wo  shall  confine  our  attention  chiefly  to  alternating  expres- 
sions involving  the  three  letters  «,  /3,  y,  and  we  shall  adopt  the 
cifclical  arnuijcmciit  ii-y,  y-a,  a-fi  in  which  ^  follows  a, 
y  follows  /a,  and  a  follows  y. 

Example  1.     Prove  that  2  cos  (a  +  ^)  sin  (/3  -  y)  =  0. 
2  cos  (a  +  ^)  sin  {/^  -  y)  =  il  (cos  a  cos  ^  -  sin  o  sin  d)  sin  (/i  -  y) 

—  cos  ^  S  cos  a  sin  (/S  -  y)  -  sin  <y  2  sin  a  sin  (/J  -  y) 

=  0, 
since  2  corittsin  (/3-y)-0  and  2)  sin  asiu  (/:J     7)=0. 

Example  2.     Shew  that  2  sin  2  (^  -  y)  =  -  411  sin  (ji  -  y). 
sin  2  (^  -  y)  +  sin  2  (y  -  o)  +  sin  2  (a  -  /J) 

=  2  sin  (j8  -  a)  cos  (a  +  ^  -  2y)  +  2  sin  (a  -  /3)  cos  (a  -  /3) 
=:  2  sin  (o  -  i3)  {cos  (a-fi)-  cos  (a  +  /3  -  2y) } 
=  4  sin  (a  - /3)  sin  (a  -  y)  sin  (/3  -  y) 
=  -  411  sin  (Ji  -  y). 

Example  3.     Prove  that 

(1)  2tau{/3-y)  =  IItan(/l     y) ; 

(2)  2  tan /3  tan  y  tan  (/i  -  y)  =  -  II  tan  (^     y). 

^1)  From  Art.  118,  if  A  +  li  +  C  =  0,  we  see  that 

tan  A  +  tan  H  +  tan  (7  =  ti  ^A  tan  B  tan  C. 

Hence  by  writing  .4  =  ^  -  y ,  B  =  y-a,  C  =  a  -  /S,  we  have 
2tan(i8-y)  =  ntan(/3-y). 

(2)   From  the  lormulte  for  tan(/i-y),  tan(y-o),  tan(o-/3),   we 
have 

2  (1  +  tan  /3  tan  y)  tan  (/3  -  y)  =  2  (tan  /3  -  tan  y)  =  C ; 

whence  by  transposition 

2  tan /3  tan  y  tan  (/J  -  y)  =  -2tan()3-y) 
=  -II  tan(j3-y). 
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Ksaiiijih'   1.     Shew  that 

i;cos:}asin(,-i-7)~-  I  cos  {a  \  ji  \  ',}  11  >^in  (,i     7*. 

Since      2  cos  3o  sin  (^  -  ■y)-siii  (;{a  +  ;-i  -  v)  -  ^^i"  l-*"     .•"*+■>'- 

\\c  have 

2i;cos3ashi(/i  -7)--sni(3a  +  /-i  -7)     -^in  (".a  - /i  i  7)  1  sin  (:>,•*  i";     a) 
-sm(Hji-7+a)  1  8in(:{7n  a-/i)     >iin:t7     «-i-,"'l- 

ConibminR  the  second  and  thinl  terms,  the  foiii  tli  and  tilth  tciiuH, 
the  sixth  and  tirst  terms,  and  dividnif,'  by  2,  we  liave 

i;  COS  3a  8iu(/3-7) 

=  cos(a  +  ^  t7)  ■sin2(f:<-a,  I  sh»2(7     j:i)|siii2(a     7); 

:--4c()S  (a  +  [i  +  y)  U  sin(/-J-7K  [S<'l'  Kxample  2.] 

307.     The  folluwin;^  example    is  given  ,is  a  spe.iuieii   of  a 
concise  solution. 

hUample.     If  {ij  +  z)  iAW  a  +  [z  {- x)  tun  ,-:i  +  (.r-t-/y)  tan  7 :-.<», 
and  J-  tan  /S  tan  7  +  y  tan  7  tan  a  +  c  tan  a  tan  ^  -  s  r ;/  +  ~ , 

prove  that  .r  sin  2a  +  y  sin  2,i  +  z  fin  27  --  0. 

From  the  given  equations,  we  have 

X  (1  -  tan  p  tan  7)  +  y  (1  -  tan  7  tan  a)  +  -  (1  -  tan  a  tan  ,i)  ^  0, 
and  j-(tani3  +  tan7)  +  i/(tan7  +  tana)+:Uana  +  tun/i)-0. 

If  we  find  the  values  oi  x  :  n  :  z   by  cross   niultii  lication,  the 
denominator  of  x 

=  (1  -  tan  7  tan  a)  (tan  a  +  tan  /i)  -  (I  -  tan  a  tan  /i)  (tan  7  V  tan  a) 
-  (tan  /i  -  tan  7)  +  tan-  a  (tan  (i  -  tan  7) 
=  (1  +  tan"-*  a)  (tan  f3  -  tan  7) 
=  sec-tt(tan^-tan7) 

sec  a  8inJ/3  -jy) 
~  COS  a  cos  fi  cos  7 


Hence 


y 


sec  a  sin  (/i  -  7)      sec>sin  (7  -  a)    '  sec  7  sni  (a  -  ,i) 
.-.  X  sin  2a  +  y  sin  2§  +  z  sin  27  -  k-^  sin  2o  see  a  sin  (^  -  7) 

=  2/:S  sin  a  sin  (/i  -7) 
=0. 
H.  K.  v..  T. 


=  k  say. 


fe     .' 


u 


^1 


20 
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Allied  formulae  in  Algebra  and  Trigonometry. 

308.      Kioin  woll-knowii  algeV>r;ucal  itlentities  we  can  di'ducn 
soiuc  interesting  trigoimnietrical  identities. 

Example  1.     In  the  identity 

(x  -  a)  (h  -  (•)  i-  [X  -  //)  (c  -  ri)  +  (x  -  c)  (a  -  h)  -  0, 
put  a;  =  cos  2^,     <t  =  co8  2a,      /j- cos  2/3,     f  =  ci)s27; 

then  x-«  =  co82^-cos2a  — 2sin(a  +  <?)  8in(a-e), 

and  h-c  =  cos  2/3  -  cos  2^  =  -  2  sin  (j3  +  7)  sin  1/3  ~  7) ; 

.-.  2:  sin  (a  f  tf)  sin  (a  -  ^)  sin  (/3  +  7)  sin  ^/3  -  7)  =  0. 

Example  2.     In  the  identity 

2a-  (i-  -c)=  -  II  (/^  -  c), 

put  a  =  sin'^a,     ?(  =  sin-/3,     f  =  sin-7; 

then  h  -  c=h\n^§  -  sin2  7  =  sin  (j3  +  7)  sin  (/J  -  7); 

.-.  2  sin^a  sin  (/3  +  7)  sin  (/3  -  7)  =  -  II  sin  (^  +  7) .  H  sin  (/3  -  7). 

Example  3.     In  the  identity 

Sa»  (&  -  c)=  -  (a  +  ?>  +  (•)  II  (ft  -  c), 
put  a  =  cosa,     ft  =  cos/3,     c  =  cos7; 

.-.  2  cos'a  (cos/3  -  cos 7)  --  -  (cos  a  +  cos /3  +cos  7)  II  (cos/3  -  cos  7). 

But  2  coso  (oos/3-co87)=0; 

.-.  2  (4  cos'*  a  -  3  cos  o)  (cos  /3  -  cos  7) 

=::  -4(coso  +  coa/3  +  coS7)n(cos^-cos7); 
that  is, 

2  cos  3o  (cus  /3  -  cos  7)  =  -  4  (cos  a  +  cos  j3  +  cos  7)  II  (cos  ji  -  cos  7). 

Example  4.     If  a  +  i  +  c  =  0,  then  «»  +  ft»  +  c'  =  3ahc. 

Here  a,  6,  c  may  be  any  three  quantities  whose  sum  is  /.no;  this 
condition  is  satisfied  if  we  put  a^^cos  (a  +  ^)  sin  (^- 7),  and  b  and  c 
equal  to  corresponding  quiiutilies. 

Thus    2  cos3(a  +  »)  8in»(/3  -  y)^Ml  cos  (a +  6)  sin  (^  -  7)- 


XXIV.]     AI,(iKHI{ATt'Al-    IDENTITY    I'KOVKO    BY    TIU(i(  iNOMKTKY.     IVt? 

309.     An  al,i,'i>l)riiii';il  itlnitity  may  sniiu'tinu's  lio  fstuhlislicil 
l>y  tlit^  iiid  of  'rrigonoinotry. 

F..riimi>le.     If  J  -)  )/  +  z  -r  .ri/:,  piove  thiit 

a-  ( 1  -  //-) (1     :-)  +  ;/  ( 1     :-) ( I  -  .i")  i  -  ( I     .i-) ( 1     ;/-')      is,,: . 
By  puttini?  x  =  tana,  ii-^^iimji.  c  =  111117,   wn  have 
tan o  +  tan /3  + tan  7 --tun  a  tuii/^  tan  7; 


tan  a 


tun  fi  +  tan  7 


,       '    ■;■■■•  '  tan  1/^4  7)  •■ 

1     tan^i  tan  7 


whence 

.•    a-nv  -  (,-J  f  7),  where  n  is  an  integer  ; 

.-.  a  (-/i-t  7-"ir; 
.-.   -a  f  '2/i  f  27  - '2;i7r. 
From  this  relation  it  is  easy  to  shew  that 

tan  2o  +  tan  2/i  f  tan  27  -  tan  2a  tan  2/i  tan  27 ; 

2.r  2i/  2c     _  8J-I/2 

•'•  1  -  X-  '^  1  -  y-  ^  1  -  2^  -  (1  -  .r-Kl  -  (/-)  (1  -  -•-) ' 

.-.  x{l-  If)  (1  -  2-)  +  i/  (1  ~-  --)  (1  -  -r-)  f  z  (1  -  .r-)  (1  -  ../-)  ..  -ixj/--. 


■it  'i 


EXAMPLES.    XXIV.  b. 

Prove  the  following  identities  : 

1.  2sin(a-(9)sin(0-y)  =  O. 

2.  2  cos i3  cos y .sin  (/ii-y)  =  i.sin/:<sin  ysin  Qi-y). 

3.  2  sin  {(3  -  y)  cos  (^  +  y +^)  -  <)• 

4.  2  cos  2  O  -  y)  =  4 II  cos  ',/S  -  y ^.  -  1 . 

5.  2  sin  (i  sin  y  sin  ((S-y^=  -  ii  sin  (/:i  -  y). 

6.  2cot(u-/i<)cot(a-y)  +  l  -  i». 

7.  2  sin  3asin(/3-y)  =  4sin  {a  +  ,i  +  yj  11  sin  ,:J-  y;. 

8.  2  cos^  a  sin  (/3  -  y)  =  cos  (n  +  i:{  +  y)  O  sin  (,^     y). 

9.  2  cos  {6  +  a)  cos  (13  +  y)  sin  1,^  -  a)  sin  (Ji  -  y)  --  •>• 


10. 


.mi-  (i  sin-  y  sin  (ji  +  y)  sin  (/ii  -  y) 


-II  sin  o"i  +  y)-  *l^''>  i/^-y)- 


20     2 


■t  •" 
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Prove  the  following  identitios  : 

11.  2  iM.s  2,!i  fos  Sy  sin  (/ii  +  y)  si"  (/^  -  y) 

=    -  411  sin  (/i  +  y) .  H  si"  (/^  ->)• 

12.  2  c( w  4h  .si"  (i^  +  y)  si n  {j-i  -  y) 

=--  -  811  sin  (;:i  +  y)  •  n  sin  (ji  -  y). 

13.  2  sin  3a  (sin  ^- sin  y) 

=  4(sina  +  sin/i<  +  siny)  II  (sin /i-- sin  y). 

14.  2  sni^  (p-\-y)  si"-''  (JS -  y)  =  311  sin  (/i  +  y) .  II  sin  (,:< -  y). 

15.  2cos'(/iJM-y  +  <?)si":'(^-y) 

:^-  311  cos  (p  +  y  +  Bi.ll  sin  O  -  y). 

16.  \i  .r  +  i/  +  :  =  .ry.-,  prove  that 

17.  If  i/z+zx+a-i/  =  l,  prove  that 

2^(i-y-')(i-c^-)-4j-yc. 

310.     From  a  trigonometrical  identity  many  others  may  be 
derived  by  various  substitutions. 

For  instance,  if  .4,  Ji,  C  are  an)/  angles,  positive  or  negative, 
connected  by  the  rektion  A  +  Ii  +  V=ir,  we  know  that 

A        B       C 

si"  J+sin/i  +  sniC=4cos-  cos-  cos  ^  . 

Let  .4=jr-2<,,     /i  =  7r-2/3,     C=7r-2y; 

then  sm^l  =  sin2(j,  and  cos-=sma. 

Also  2(a  +  /3  +  y)  =  37r-(.l  +  /i  +  C)  =  2n-; 

.-.  o  +  /3  +  y  =  flr, 
and  sin  2a + sin  2)3  +  sin  2y  =  4  sin  a  sin  /3  sin  y. 


Agani,  let       '''  =  2~2'  '1~  V  2  "  2  ' 


then 


a  ,  yJ  TT  — u 

sin  J  —  cos    ,  anil   cos  —  =  cos    -j— . 


XXIV.]  IDKNTITIKS    UKUIVKD    HY   St'llSTITtrH  )N. 

AIho  a  +  fi  +  y=^^n -  2  (A  +  B+O  =  '^"^ '  -^  ; 

.■.  a-\-,i  +  y  —  Tr, 

and        cos^+cos    4-c()s'=4ci)s  cos  ros         ' 

^  1i  'Z  4  4  4 

Example.     If  /!  +  />'+''  =  «■,  slicw  that 

A  Ji  ('  ,  TT+A  T+Z;  TT        (' 

C03--+C08      -COS  -=4cos  -  —  cos      — cos 

J  ^  M  4  4  't 
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Put 


ir  +  .1       a         Tr  +  n  _fi         ' '  ^  t      7 
4^2'  4  2  ■  4^     "'  2  ' 


then    co8^-  =  cos(  a  -  .^  j=:^iiia,  and  cos  ,^  =cosf  7+ ,,  V 
80  *'\at  the  above  identity  boconiea 


sin  7, 


sin 


•     o       •  ,        a        (3        7 

a  +  sin  j3  +  sni  7  =  4  cos    cos  ^  cos     , 


which  is  clearly  true  since 


A    i    /<  +  C         TT         T 


a+/3  +  7=  .,  +"   '  '.i  '  ~  =  .■■  +  ;'.  =■"•■ 


311.     ^\'hen  A +B  +  C=^  Hit, 

tan  (.1  +  ^)  =  taii  {nn-C)       -tan  (' ; 
whence  we  obtain  "2,  tan  .1  =  II  tan  A. 

AVheii  n=0,  the  j^iven  condition  is  satisfied  in  the  case  of  any 
three  angles  whose  sum  is  0;  as  for  instance  if 

Hence  2  tan  (,i  +7     2n)  ~^  11  tan  (ji  +  y     2u). 

Example.     If  o  4-  /3  +  7  =  0,  show  that 

2;cot(7  +  o-i3)cot(a  +  /i-7)-  1. 

Put  (i  +  y-a  =  A,     7  +  a     /S-/;,     a  +  /i-7     C ; 

then,  by  addition, 

A  +  n-irCr=a  +  li  +  y  =  0; 

.:  cot  (.»  +  ;})=  -cot (7; 
whence  -  cot  .1  cot  /?  =  1 , 

that  is,  S  cot  (7  +  o  -  (i)  cot  {a'rp-y)  =  l. 
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312.  The  following,'  exfunplo  is  a  further  ilhistnition  of  tlu; 
niiunior  in  whidi  an  identity  may  be  estaVilisheil  hy  ui-propriatu 
.substitutions  in  some  simpler  identity. 

Example.     Prove  thai 

'21Ico9(/3  +  7)  +  IIco8  2o=Scos2ac08-(/3  +  7). 

In  Erample  5,  Art.  1H:^,  wo  have  proved  that 

4  cos  o  cos /3  cos  7  =  2  cos  (/3  +  7  -  a)  +  cos  (a  +  ji  +  y). 

In  this  identity  first  replace  a,  (i,  y  by  /3  +  7,  7  +  a,  a  +  ji  respec 
lively,  and  secondly  replace  a,  p,  7  hy  '2o,  2/3,  27  respectively. 

Thus         HIT  cos  (/a +  7)  =  2:2  cos  2a +  2  cos  2  (tt+/3  +  7), 
and  411  cos  2a  =  2  cos  2  (/3  +  7  -  a)  +  cos  2  (a  +  /3  +  7) ; 

whence  by  addition 

811  cos  (/i  4  7) +  411  cos  2a 

=  22;  cos  2o  +  2  cos  2  f;3  +  7  -  a)  +  3  cos  2  (o  +  ^  +  7) 

r^  22  cos  2a  +  2  [cos  2  (/i  -(-  7  -  a)  +  cos  2  (a  -i-  ^3  +  7) } 

—  22  cos  2a  +  22  cos  2  iji  +  7)  cos  2a 

=  22 cos 2a  {l  +  cos2  (^3  +  7)} 

=  42  cos  2a  cos'-^  (/3  +  7) ; 
.-.  211cos()3  +  7)  +  ncos2a  =  2cos2aCOS«{/3  +  7). 

313.  Suppose  that  A'li'C'  is  the  pedal  triangle  of  A  BC,  ancl  let 
the  sides  and  angles  of  the  pedal  triangle  be  denoted  by  »',  h',  c', 
and  A',  B',  C,  and  its  circvun-radius  by  R'.     Then  froin  Arts.  224 

and  '2'2r),  we  have 

R 


a'  =  a  cos  ^1 ,  h'  =  h  ei  )s  />, 


-'  =  f  cos  ( ', 


lf= 


.1  ' 


J'-180°-2.1,     /i'  =  180    -2/?,     r=18U^-2r. 


By  mciuis  ofthe.se  relations,  we  may  from  any  identity  proved 
for  the  triangle  ABC  derive  another,  as  in  the  following  rtse. 

In  the  triangle  AB(\  we  know  that 

2a  cos  J  =4fl  sin  .1  sin  B  sin  C  ; 
hence  in  the  pedal  triangle  A'B'C, 

2«'  cos  .1 '  =  Ui'  sin  A '  sin  B'  sin  C"; 
.-,  2rt  cos  .1  cos  (18(r  -  2.1 )  =  2A'II  .sin  (180"  -  2.1) ; 
that  is,         -  2«  cos  .1  cos  2.1  =  2R  sin  2A  sin  2/i  sin  2C. 


Ai 


XXIV.] 


II)KNTITIKrt   DKltlVKl)   HV    nL  IWTlTLTIoX. 


311 


Extiinplf.     In  any  triangle  AliC,  shew  that 

-iCOS'i.l. 

'2/>coos  /)'  cos  (' 
In  the  pedal  triangle  .I7>"(",  we  have 

/,'•-•  +  ,.'«_  ,,'2 

Mt  C 

hence,  hy  substitutinR  the  equivalents  of  r;',  h',  r\  A',  we  have 

J^Co8«7]4-rVos^(;-rt=e,.s^^^^^^^^^,     ,  ,,       -cos2.(  ; 
2bc  008  li  cos  C 

whence  the  required  identity  follows  at  once. 

314.  If  .1i/i/'i  be  the  ex-central  triaiis,'li'  of  A/:(\  we  may, 

as  in  the  prceetling  article,  from  any  identity  proveij  for  the 
triangle  ABC  derive  another  by  meai^    nf  the  relations 

„j  =  acosec;j,      /»i  =  6  cosec  -  ,       «,  ^  c  cosec   ^ ,      A',     2A', 

315.  The  following  Exercise  consists  of  miscellaneous  .jues- 
tions  on  the  subject  of  this  Chapter. 


il': 


'^ilSB^I 


EXAMPLES.    XXIV.  c. 

1.  Shew  that 

2  cot  (2a  +  ^  -  3y)  cot  i;-_'/3  +  V  -  3a)  -  1 . 

2.  Shew  that 

(1)  2nsin(;/a  +  v)  +  Hsin  •_'n  =  2  s^in  2asin-\3  +  y); 

(2)  11  sin  '3  +  y-a)  +  2lIsin  o  =  2sin-asin  ('^i^■•y-n)• 
3.     In  any  triangle,  prove  that 

( 1 )  «2  ^.^  )p2  J  _  hi  cos2  li  =  Rc  cos  r  si  n  2  i,  /i  -  .1  ,i ; 

1  n     ,.        o  .  li-A 

(2)  <t-  cosec2  ^  -  />-'  cosec2  y  =.  A  lie  cosec  -^  sm  — j-  ; 


(3)     2  (/>cosii-|  ccosC)cot.l  -  -2/^S  coa2.1. 
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4.     It'  sin  l'^"- 2  sin  a  sin  y, 

unil  coH  '2B'  I'f )s  2a  coa  2/i  ==  i-os  2y  cos  2 A, 

])r(>ve  tlifit  Olio  value  of  tan  ff  in  tan^  tan  8. 

t;vn,,tan_^  =tan;,, 


5.  If 

ami 
prove  that 

6.  If 


HOC  a  cos  ^  -  St  i '  p       ,  </»  =  coa  y, 
sin-'y  =  (soc  a-  l)(sec/i-  1). 

COM  ^  —  CJ  IS  a      siii"afos/3 
coH^-cos^     sin- /ii  coH  a ' 

a 


in'ovo  that  olio  vahie  of  tan  ,  is  tan  „tan  ^ . 

2  2        2 

7.  If      sin  ^  =  cot  n  tan  y   ami   tan  ^  =  cos  a  tan  ^, 
prove  that  one  value  of  cos  B  is  cos  [i  sec  y. 

8.  If  a  and  i'i  are  two  difTerent  values  of  d  which  satisfy 

6o'cos  ^cos<^4-</csin  ^sin  (fi  =  al>, 
prove  that 

9.  If /3  and  y  are  two  difForent  values  of  d  which  satisfy 

sinacos  ^+oosasin^  =  cosa  sina, 


prove  that 


cos /3  cosy      sin  3  sin  y 
cos-' a  sin^a 


10.  If  3  and  y  aro  two  diftercnt  v;dues  of  d  Avhich  satisfy 

/•-  CI  )s  a  cos  d  +  i-  (sin  a  +  sin  ^)  +  1  ==  0, 

prove  that       l-'-  cos  ff  cos  y  +  k  (sin  /3  +  sin  y)  +  1  =  0. 

11.  If  /3  and  y  aro  two  dittbrent  values  of  S  which  satisfy 
cos  6  cos  </)      sin  ^  sin  (fy 


cos-  a 


sin^a 


+  1=0, 


prove  that 


cos  3  cos  y     sin  (i  sin  y     , 
cos-  a  sni'*  q 


Hi 
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miscellaneoijs  theohems  and  examples. 

Inequalities.    Maxima  and  Minima. 

316.  Thk  methods  of  proving  trigoiioim'trinil  iiuMnialities 
arc  in  niany  cuhcs  idciitinil  with  tliose  by  which  iilgehruical 
iiiemialities  are  establislmd. 

Example  1.     Shfw  that  a-t»,u-0  +  b'-i'ot'-d  -^ab. 
We  have  a-  tan-0  +  h-  cot'-'fl  =  (a  tan  $     b  cot  d)-  +  -lahx 
:.  uMau" tf +  «*••' cot- rf..'2<(/>, 
unless  a  tan  5  -  /;  cot  d  =  0,  or  a  tau-  d  -  //. 

In  this  case  the  inequaUty  becomes  an  equaHty. 

This  proposition  may  b(>  otherwise  expressed  by  saying  that  the 
minitnum  value  of  «-' tan- <y  + 1- cot  ^  is  2ab. 

Example  2.     Sliew  that 

l  +  sin'a-hsin''^;3--8in  a  +  sin /J  +  sin  a  win /J. 
Since  (1  -  sin  a)'-  is  positive, 

l  +  sin'-a^'isino ; 
similarly  1  +  sin- /J  .^  2  sin  /3, 

and  sin-a  +  sin*^>2  8ina8in/i. 

Adding  and  dividing  by  2,  we  have 

1  +  sin-  a  +  sin^/S  >  sin  o  +  sin  /3  +  sin  a  sin  |9. 

Example  3.     When  is  12  sin  ^  -  9  sin-  6  a  maximum  ? 

The  expression  =  4  —  (2 -3sin  ^)'-,  and  is  therefore  a  maximum 
when  2-3  sin  ^  =  0,  so  that  its  maximum  value  is  4. 


. 
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317.      Tojiiid  the  nnmeriodlif  </reat>!gt  culues  of 
ftcas^  +  hsiii^. 


^ 


Let 
HO  that 
then 


a  =  r  cos  a  and  6  =  r  «i  n  <i, 
r2  =  a2  +  fc2  jmj  tftna=     ; 


(ioo.s^4-6Hin  ^  =  r(cos  dcosa+sin^Mina) 
-rcos(^  — «i). 

Tims  the  expression  is  numerically  greatest  when 
cos(tf-a)=  ±1 ; 
that  is,  the  greatest  positive  valuo=/-  =  V'a'''^-i^ 
and  the  niunerically  greatest  negative  vuluc=  -r=  -»J(i'-\-V^. 

Hence,  if  c-^>a^-irh\ 

the  maxinuini  value  of  a  coad  +  b  sin  6  +  <:  is  c-\-y/d-+h'\ 
i  nd  the  niininnim  value  is  c-  \/a'^  +  b'K 

318.  The  expression  a  cos  {a  +  6)  +  b  cos  (/3  +  6) 

=  (a  cos  a  +  b  cos  ;3)  cos  6  -  (a  sin  a  + 1'  sin  /3)  sin  ^ ; 

and  therefore  its  numerically  greatest  values  are  equal  to  the 
j)08itive  and  negative  scjuare  roots  of 

(a  cos  a  +  b  cos  jS)^  +  {a  sin  a  +  6  sin  (i)'^ ; 

that  is,  are  equal  to 

±  y/n'^  +  b'^  +  2ab  cos  (n  -  ^3). 

In  like  manner,  we  may  find  the  maximum  and  minimum 
values  of  the  sum  of  any  numlx^r  of  expressions  of  the  fdrni 
a  cos  (a  +  0)  or  a  sin  (n  +  d). 

319.  If  a  and  ^  are  two  angles,  each  lying  hpfirvn  0  and  - , 

vhose  sum  is  giren,  to  find  the  maximum  value  oj  cus  «  "OS  (i  and 
of  cos«  +  cos/:J. 

Suppose  that  a  +  /3  =  (r; 

then  2  cos  a  cos  (i  =  cos  (a  +  /3)  +  cos  (a  -  ^) 

—  COS  (T  +  cos  (a  - 13), 


XXV.] 


MAXIMA   AM>   MINIMA. 


315 


iUiil  is  tlicn^fort^  .i  iii.iviiiiuin  wln'ii  a  -  ji     <>,  or  n  -  fj    ", 
TIniH  tlio  nuixiniuiii  valuo  of  tus,'     -iji  i>  cos-'  . 

A. J      ,         n  +  ^         II     li 
gain,  fos<i-|-i-(iH^—  :Ji(>.s  — —  CDS 


—  o 


n»s   -  I'li.s  , 


and  M  therefore  ;i  in.ixiiiniiii  \\h>     a^^ji^  ^. 

Thus  the  inaxiruum  vahu-  of  «-(>sa  +  i"«>s  i  is  -Jkis 
Similar  theorems  lioUl  in  caso  of  the  sine. 


Ejiinipli'   1.     If  A,  J!,    ('  art!  the  anf,'lert  of  a  triaii^'le,  find  the 
maximum  value  uf 

sin  A  +  sin  li  \-  sin  C  and  of  sin  ,(  m\  I!  sin  t'. 
Let  UK  suppose  that  C  remains  constant,  while  A  and  /.'  vary. 

■A  ■         ,.  ■  .         ..       •        ^+^'  •<-'*  •        ., 

sma +  sin  y<  +  s!u  (  ='isin  cr)s  +smC 


c 


A  -  7." 


—  •J  cos -cos  +siu('. 


This  expression  is  a  maximum  whin  A~li, 

Hence,  so  long  as  any  two  of  ilic  aii^iles  A,  IS,  C  arc  unt,<iual,  the 
exproRsion  sin^l +  sin />  +  8in  C  is  nut  a  maximum;  that  is,  the 
expression  is  a  maximum  when  .(  —  H  =  C  =  ()G  . 

Thus  the  maximum  value  :^ .'{  sin  60 '  = '  ^'  . 

Again, 

2  sin  A  sin  li  sin  C  =  { cos  (A  -  It)    cos  f . I  f  P.)  ]  sin  <^ 

[cos  (,J  -  l!)  i  cos  C\  sin  C. 

This  expression  is  a  maximum  when  A  -  /{. 

Hence,  by  reasoning  as  before,  sin  A  sin  It  sin  ''  lias  its  maximum 
value  when  A  =Ji  —  (J  —  i'>0\ 

Thus  the  maximum  value  =  8in^  GO      '^'    . 
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Example  2.     If  a  and  ^  are  two  angles,  each  lying  between  0  and 
,  whose  sura  is  constant,  find  the  minimum  value  of  sec  a  +  sec  /i. 

11         cos  a  +  cos /i 

We  have     sec  a  +  sec  «  =  +  — -  = -— ~ 

'      CDS  a      cos/i       cos  a  cos  f{ 


•1  cos  cos 


'2  cos     y*^  cos     ^^ 


'cos(o  +  i3)  +  cos(a-a)  .,a-/^       ■   0^  +  ^ 


=:C0S 


a4-/3 


1 


+  ■ 


cos    ^'^  +  sin---      cos    ./  -sin    .^^y 


Since  a  +  /3  is  constant,  this  expression  is  least  when  the  denomi- 
nators are  greatest;  that  is,  when  o-;/3=    .J     . 


Thus  the  minimum  value  is  2  sec 


0  +  /3 


H!; 


I  1 

i 


320.     V/ «,  /iJ,  7,  8, arc  n  angles,  each  lying  between  0  and 

^  ,  vhose  Sinn  in  constant,  to  find  the  ma^vimxm  value  of 
cos  a  co.s  ;3  cos  y  cos  ^ 


Let 


a  +  /i  +  y  +  8+. 


,  =(r. 


Suppose  that  any  two  of  the  anglos,  say  a  j.nd  /3,  are  unequal ; 
then  if  in  the  given  product  we  replace  tlie  two  unequal  factors 

COM  a  and  cos  fi  by  the  two  equal  factors  cos        -  and  cos  ^   -  , 

the  value  of  the  product  is  increasetl  while  the  sum  of  the  angles 
remains  unaltcied.  Hence  so  long  as  any  two  of  the  anglos 
a,  3,  y,  8,  ...  are  unequal  the  ])ro<luct  is  not  a  maximum;  that 
is,  the  product  is  a  maximiun  wlien  all  the  angles  are  equal.     In 

this  case  each  angle  = 


n 


Thus  the  maximum  value  is  cos" 


n 


In  like  manner  we  may  shew  that 
the  maximum  value  of  cos  a + cos /3  + cos  7  + =  mcos- 


i^ 


XXV.] 


MAXIMA    AND    M'MMA. 


:517 


321.     The  inntlitKls  :>f  solution  used  in  the  following,' fxaniiiles 
jire  worthy  of  notice. 

Example  1.     Shew  that  tan  8a cot  u  cuiuiot  lio  httwetn  :{ iiiul     . 

„,    ,  .      „        .         tiui  3o       ii  -  tiui-  a 

We  have     tan  iJa  cot  a  =  .  =  ,     .,..,="  «ay ; 

tan  a      1  -  .i  tau-  a 


tan2  o  = 


H«  -  1  ~  1-  B»i  ■ 


TheHe  two  fractional  vahies  of  tan- a  must  he  positivt',  and  there- 
fore n  must  be  greater  than  3  or  less  than     . 

ExainpUi  2.     If  a  and  <<  are  positive  (luantities,  of  which  a  is  the 
greater,  tind  the  minimum  value  ot  a  sect^     itan  6. 

Denote  the  expresHion  by  x,  ami  juit  tan<^  — t; 
then  x=^a  Ji-\-t-  -ht\ 

.-.  //-f2  +  Ihxt  +  a;-  =  «-  (1  +  <-') ; 
.-.  t-  (/;-  -  a*)  +  2ij;f  +  X-  -  a^  ^  0. 
In  order  that  the  values  of  t  found  from  this  equation  may  In;  real, 
l)-x^-^{h--a-){x--a-); 
:.  0  'a-(a^-b-^-x-); 
.•.  .1  -  >  a-*  -  o: 
Thus  the  minimum  value  is  sjn-  -  b-. 

Example  3.  If  a,  h,  c,  k  are  constant  quantities  and  a,  1,  y 
variable  quantities  suhjict  to  the  relation  a  tan  a  +  b  tan  p  +  c  tan  y  -  k, 
tind  the  minimum  value  of  tan- a  +  tan- /i  +  tan- 7. 

By  multiplying  out  and  re-arranging  the  terms,  we  have 
(a*  +  63  + 1'2)  (tan-  a  +  tan^ /3  +  tan-  7)  -  {a  tan  a  +  b  tan  j3  +  c  tan  7  )- 
=  (b  tan  7  -  f  tan  fif-  +  (c  tan  a  -  a  tan  7)-  +  (a  tan  (i  -  />  tun  a)*. 

But  the  minimum  value  of  the  right  side  of  this  equation  is  /..n.; 
hence  the  minimum  value  of 

{a^  +  62  +  c^)  (tan-  a  +  tan^/i  +  tan- 7)  -  A-  -^ 0  ; 

that  is,  the  minimum  value  of 

k- 


m 


tan-aitan-/-i+tfti'.2  7 


a^  f  6^  +  c- ' 
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Ill 


m 


When  6  is  v;iri;il)le  find  tlic  niiniinuni  value  of  the  folluwiiig 
exj)res(si<)n.s ; 

I.  pcoid  +  n  tan  6.  2,     4  .sin-  6  +  cosco^  e. 
3.     8sec2<9  +  18cos2(9.                4.     3  -  «  cos  (9  +  cos'-' <?. 

Prove  the  following  inequalities: 

5.  tan- a -H  tan- 3-1- tan- •y> tun  )3  tauy 

-I-  tan  y  tan  a  -f-  tan  o  tan  /3. 

6.  Hin^a-f-sii-2/3>2  (sin  H-|-sin  3-  1). 

When  6  is  variable,  find  the  maximum  value  of 

7.  sin  ^-1-  cos  Q.  8.     cos  ^-f-  v'3  sin  6. 

9.     rtcos(a-|-^)  +  />sin  ^.  10.     p  cos  ^  +  fy  sin  (a4-^). 

If  <r  =  a-F/3,  where  a  and  /3  are  two  angles  each  lying  between 
0  and  ;^ ,  and  o-  is  constant,  find  the  maximum  or  minimum 
value  of 

II.  sill  a  +  sin  3.  12.     sin  a  sin /i. 

13.     tan  a -f- tan  (8.  14.     cosoc  a -H  cosi-o  3. 

If  .1,  /i,  C  are  the  angles  of  a  triangle,  find  the  maximum 
or  minimum  value  of 


15.     Cos  .1  cos  li  cos  ( '. 


16.     cot  ^1  +  cot  //  -f-  cot  C 


A  li  C 

17.     sin'-'^-f  .sin'---f-sin2^,     18.     sec,4-f  secZ)-t-secC. 


19.     tan2--t-tan2 


2  -f  tan-  - .    U  .ve  2  tan  ^  tan  ^-  =  1 .1 
20.     cot2  .1  +  cot2  B  +  cot2  a     [  ( 'x>'  2  cot  /?  cot  C=  1 .] 


21.     If />'^<4ac,  find  the  maximum  and  minimum  values  of 
n  sin'-  ^ -f  i  sin  ^  cos  d  +  r  cos^  B. 
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22.  I  f  n,  /S,  y  lie  l>i!t\veen  0  and  -  ,  shew  tli;it 

sinn  +  sin/a  +  siny>sin  {a+jd  +  y). 

23.  If  a  and  b  are  two  positive  qiiaiititii's  of  wliirh  n  is  the 
greater,  shew  that  a  tosec  0>b  cot  d  +  ^ii-  -  b'. 

nA      cji        u    .  sec^^-tand  ,.      ,  ..        ,  1 

24.  Shew  that       .,  ,     ^    -,  bus  lietwei'ii  3  ami   .. 

sec^<^  +  tand  ,\ 


25.     Find  the  niaxinmni  value  of 


tan-'^-fot-^+l 


tan'^t^  +  cot-^-l  ■ 

26.     If  a,  6,  c,  !•  are  constant  positive  quantities,  aiul  «,  /:j,  y 
variable  quantities  subject  to  the  relation 

a  cos  a  +  i  cos  /i  +  c  cos  y  =  /•, 

find  the  minimum  value  of 

cos^a  +  cos^yS  i  i-os^y  and  of  «  los- «  + />  cos^ /^  +  f  ci .  s- y. 


Elimination. 

322.  No  general  rules  can  be  given  for  the  elimination  of 
some  assigned  quantity  or  quantities  from  two  or  mo-c  trigono- 
metrical equations.  The  form  of  the  equations  will  often  suggest 
sjiecial  methods,  and  in  addition  to  the  usual  algel>raical  artifices 
we  shall  always  have  at  our  disposal  the  identical  relations  sub- 
sisting between  the  trigonometrical  functions.  Thus  suppose  it 
is  required  to  eliminate  B  from  the  equations 


Here 


A'cos^  =  a,    i/cotd=b. 

secd=:    ,  and  tan^=V; 
a  0 


but  for  all  values  of  0,  we  have 


.•.by  substitution, 


sec2d-tan-'^=l. 


*''^_/-i 
a^     ¥ 


From  this  example  we  see  that  since  6  satisfies  Uro  equations 
(either  of  which  Is  sufficient  to  determine  6)  there  is  a  relation, 
independent  of  6,  which  subsists  between  the  coefficient's  and 


320 


ELEMENTARY  TRIUONOMETIIY. 


[chap. 


it 


lit ; 
U: 

i! 


I  i 


I  i 


constants  of  the  equations.  To  detenm'iie  this  relation  wo 
eliminate  6,  and  the  result  is  called  the  elimiaant  of  the  given 
equations. 

323.  The  following  examples  will  illustrate  some  us(»ful 
methods  of  elimination. 

Example  1.     Kaminate  d  between  the  equations 

/ 003^4  w  sin  tf  + 71=0  and  2>cos  tf +  (/ sintf  +  r=0. 
From  the  given  equations,  we  have  by  cross  nuiltipheation 

cos  0         sin  0  ^       1 
mr  -  nq     iip  -  //•     Iq  -  mp  ' 

.-.  costf  =  , .  aadBm#=,  ; 

Iq  -  mp  Iq  -  mp 

whence  by  squaring,  adding,  and  clearing  of  fractions,  we  obtain 
{mr  -  nq)'-  +  {np  -  lr)'-=  (Iq  -  mp)'-. 

The  particular  instance  in  which  q^l  and  p—  -in  is  of  frequent 
occurrence  in  Analytical  Geometry.  In  this  case  the  yliminant  may 
be  written  down  at  once ;  for  we  have 

I  cos  0  +  m  sin  0=  -  ?j, 

and  i  sin  ^  -  in  cos  tf  =  -  r ; 

whence  by  squaring  and  adding,  we  obtain 

Example  2.     Eliminate  0  between  the  equations 
ax         by 


cos  0     sin  0 


=c^  and  Ztan^  =  m. 


From  the  second  equation,  we  have 

sin  0  _  cos  0  _  v'sin-  6  +  cos"'^  0  _  ^  1 , 

m  ■.        ^  I 


m  I 

.:  sin  tf  =  - 


1-—  —    -  :  f   u»a-t\*    CfUB  V  - — ■  i —    -         • 

s/m:-+i-  V '"'"+' 

By  substituting  in  the  first  eiiuation,  we  obtain 

..a 


7" 


m 


i/^+  /- 
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Example  8.     Eliminate  d  between  the  wiuations 

X  =  cot  6  +  tan  $  and  ij  -  sec  0  -  cos  0. 
From  the  given  equation; .  .ve  have 


1        ,      ^,     l+tan-(/ 

x-^       . ^  tan  e - 

tan  ti  tau  d 


ftnd 


soc"^ 

tan  0 ' 

2/ 

=  sec  ^  - 

tan-0 

~"  !-ec(?  ' 

1 

sec  0 


scf-  fJ  -  1 
sec  (^ 


From  these  values  of  r  ami  y  we  obtain 

x"y  =  see' 6   and    .r//'-  =  ta n' 6. 

But  sec2^-tan-^=l; 

that  IS,  x3(/"i -.r"'?/a  =  l. 

Example.  4.     Eliminate  ^  from  the  (Hiuations 

-  =  cO'<  tf  +  cos  2^  and  •'  =  sin  ^  +  si  1 1  'le. 
a  It 

From  the  given  equations,  we  have 

J-     ,        ?>e        0 
-  =  'Jc()s     -cos     , 
a  2         '2 

V     .,    •    'A>^        0 
r  —  2  sm    .  cos  , ; 
0  2         2 


and 


whence  by  squarinf^  and  adding,  we  obtain 

-..+    „:=  tens'.  . 
a-      1 1'  2 


But 


=  2  cos  „     4  eos'  -  -  3  cos  , 
a  2  \  2  2/ 

=  2cos-'|(^4cos2  J  -  :A; 

2.r      (x-      ij-\  (x-      >/        \ 
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324.     The  following  examples  jire  instances  of  the  elimination 
<if  two  quantities. 

Example  1.     Eliminate  0  and  <p  from  the  equations 

From  the  first  tMjuation,  we  have 

a  sin-  ^  +  .'*  c-i )s-'  0  -  m  (sin-  d  +  cos*  0) ; 
.-.  ((/  -  m)  sin-  ^  =  (m  -  h)  cos'^  tf  ; 

'..  .     "'  -  ^ 
.-.  tan-<^  = 

(/  -  m 

From  the  second  equation,  we  have 

h  sin-  </)  +  ('  cos-  0  =  ?'  (sin-  (^  4-  cos-  <p) ; 

«  -  « 
.•.  tan-0=, 

From  the  third  equation, 

a-tan2(9  =  ?;2tanV; 

a*  (m  -  6)  _  ?;-(»-><)  _ 

</  -  m  b- n     ' 

:.  a-  {bin  -b^-  mn  +  hn)  =  t*  {an  -  a"  -  vin  +  am) ; 
.-.  mab  {a  -  b)  +  nab  {a  -  b)  =  inn  {a-  -  b-) ; 
.•.   jnab  +  nab  =  nni  {(i  +  b) ; 

1111 

.-.    -  +  -=+,. 
n      m     a     l> 

Example  2.     Eliminate  0  and  0  from  the  equations 

,  .    0   .    <P     , 
.rcos  tf +  2/8in  fl  =  .r  cod  0  +  2/ 8m</>  =  2«,     2sm  ^  sin  o^^- 

From  the  data,  we  see  thr.c  0  and  0  are  the  roots  of  the  equation 
X  (08  a  +  y  sin  a  =^  2(/  ; 
.-.  (.r  coso-2,i)''  =  »/- sin''a  =  (/- (1 -cos-o); 
.-.  (.r-  +  y^)  cos^  a  -  4<i.r  cos  a  +  ■In'''  --  y-  =  0, 
which  is  a  quadratic  in  cos  a  with  roots  costf  and  cos  0. 


Hut 


1  -4  8in-    8in"^  =  (l     co8^)(l  -cos0) ; 


XXV.]  KLIMINATIUN.  3:23 

whence  cos  6  -i  cos  <^-=ci)s  0  cos  ,/> ; 

•■•  y'-=i'i  ("  -J-). 

325.     Tho  luothod  oxliibitcd  in  the  fallowing  oxiUiiido  is  one 
frequently  used  iu  Analytical  (Jeoint-try. 

Example.     If  a,  h,  c  are  unequal,  find  the  relations  that  hold 
between  tlie  coefficients,  when 


and 


a  cos  6  +  h  sin  ft-r, 
a  cos-  0  +  2a  cos  $  sin  0  +  h  sin-  9  =  c. 


The  required  relation  will  he  ohtaiufd  by  eliniinatini,'  0  from  the 
given  equations.  This  is  most  ponreiiientiy  douf  by  making  each 
equation  homogeneous  in  sin  0  and  cos^. 

From  the  first  equation,  we  have 

acostf +  ^8in  0  =  c  JcoH-O  +  ain-O; 
whence,  by  squaring  and  transposing, 

((!' - C-)  co^n- 0  +  2(11  cos 0  din  0  +  (h- ^  (■-)  sin2^  =  0   (1). 


From  the  second  equation,  wo  liave 

a  cos*  0  +  2)1  fos  0  sin  0+  1)  sin-  0  —  r'  (cos-  ('  +  >in-  0) ; 
.-.  (rt-r)cos'-^  +  2aco8  tf  sin  ^+('' -r)sin=^  =  0   ^2). 

From  (1)  and  (2)  we  have  by  cross-multiplication, 
cos*  0  cos  0  siu  d 

'2uir(b^r)'-2a(b'  -c")  "^  (fc-  -  C-)  (a  -  <•)  -  (a*  -  c-)~(^~) 

sin-  0 
~  2a  ((/-"^r-]~2a/<  (a  -  c) ' 

oos-^  cos  0  sin  f  sin- ^ 

-2ar{b-c)      {l>  -  c)(a-c}  (b -a)      2a  (a-c)  (a  +  c -h)' 

:.   -  4rt V  {b  -  c)  (a  -  c)  {a  +  c~  h]  r^  {b  -  <•)«  (<j  -  c)-  (b  -  «)». 

By  Bupposition,  the  quantities  a,  b,  c  are  unequal ;  hence  dividing 

by  (b  - c)  (a  - 1),  we  olitaiii 

4(( -I-  (a  f  c-     b)  f  ^    c)  (<(     (■)  (.1     bf  -  0. 

•J  I      5J 


'.i 


W  ' 


'l\ 
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Eliminate  6  hetween  the  eiiuations : 

1.  -cos^+v»in^=-l,      -sinfl -•;  c()s^=l. 
a  b  a  0 

2.  asec  ^-.r  tan  ^-y,      6seu^+_y  tan  ^  =  .i-. 

3.  cos^  +  ,sin^=(/,      cM)s2^  =  ?>, 

4.  X  =  sin  ^  +  cos  6,      y  =  tan  ^  +  cot  ^. 

5.  a  =  cot^+cosd,      i  =  cot^-cos^. 

Find  the  eliniinant  in  each  of  the  following  cases  : 

6.  x=cot  ^4- tan  ^,     y  =  cosec  ^  — sin  ^. 

7.  cosec  ^  —  sin  ^  =  a^,      sec  6  —  cos  6  —  IrK 

8.  4.1"  =  3(/ cos  ^  +  a  cos 3^,      4y  =  3«  sin  ^- a  sin  3^. 

9.  x= tiin''^  0  {U  tan  d-x),      y  =  sec-  G  0/  -  a  .sec  6). 

10.  .r  =  «  cos  ^(-2  cos  2^-1),      ^  =  6sin  ^  (4cos2^- 1). 

11.  If  cos(^-a)  =  ",  and  sin(<9-/3)  =  6, 

shew  that     a-  -  2(il)  sin  (u  -  /3)  +  i'*  =  cos-  v«  -  jS). 
Find  the  relation  that  must  hold  between  .r  and  y  if 

12.  .r4-^  =  3-cos4^,      j7-_y  =  4sin2^. 

13.  .r  =  sin^  +  cos^sin  2^,      //  =  cos  (9+sin  ^sin  2^. 

14.  If  sin  ^4-cos  d  =  a,  and  sin  2^  +  cos  2^  =  /», 
shew  that  (a-  -  />  -  1  )2 = a^ ;  2  -  <r2}. 

15.  If  cos  ^- sin  ^  =  ^,  and  cos  3^  + sin  3^  =  a, 
shew  that  <r-^3b-2/P. 

16.  Eliminate  6  from  the  equations : 

a  cos  fJ-  6  sin  ff  =  c,      2ab  cos  2^  +  ('/-  -  h'^)  sin  2^=2c2. 

17.  If  .r  =  a  cos  ^  +  6cos  2^,  and  y-asin  ^  +  tsin2fl, 
shew  that         d^  { (je + hf  +/';  =  (./•-'  +//2  -  lfi\^'. 
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18.     If; T-r — '=        ,  ,  iind  rt  cos  2a +  ii-ns  2^= c, 

tiUi  {O  -a)      (I -It 


shew  that 


(<-  + ''-  —  'I'X'  cos  2(1  --  //-'. 


19.  If  .i  =  a(8iii.3^-sin  ^;,  ami  y/^  aicos  ^- ens  :W', 
shew  that        {/^ -\-if-)  {•2>i- - .<•-  -  i/-/- ^ ■i't\i-. 

Eliminate  8  from  the  oquiitions: 

20.  a.-cos^-y  .sin^=«cos  25,      .r  sin  5 +^  cos  5 -2«  .sin  2^. 

_,  .     .  .,       /  ..  —  -7,     COS-  (i     sin-  0  1 

21.  Xiimd-}/cos0=^\/x-  +  i/^,         „     +   -,.,    --^    „.    .,. 

(I-  (>•         .v-  +  >/' 

„„      X  cos  5      1/  sin  5,  ..  ^       /    ,   ■   .,  ^     ,  ,  ^ 

22.  +*^^— 5 —  =  1>     .i-sin5-ycos5^-V«f-.sin-5  +  />-'c'os-5. 

23.  If  cos  (a  -  .3f))  =  m  cos»  5,  and  sin  (a  -  35)  -=  /«  ^in^  5, 
shew  that  ?Ji-  +  m  cos  a  =  2. 

Eliminate  6  and  0  from  the  equations: 

24.  tan  5  +  tan  (|)  =  J-,     cot  ('  +  cot0  =  y,     6  +  (f)  =  u. 

25.  sin5-|-sin  0  =  «,     cos  5  +  cos  0  =  6,     5 -</>  =  «. 

!26.     asin'^  5-|-/'cos-  5  =  '«cos-^  +  fesin-^  =  l,     «tan  5 -/^  tan  0. 

27.     If '-cos5  +  r  sin  5==- cosf/j+f  siii(i)--l,  and  d-ch  =  a, 
a  b  a  b 


shew  that 


„  +  ■;.;  =  sec-     . 


28.  If  tan5  +  tan<^  =  r/,     cot  5  +  cot  </j  = /*,     5     ^--h, 
shew  that  «/>  C-f />  -  })  -  {a  +  //)-  tan- «. 

Eliminate  5  and  (\>  between  the  conations : 

29.  acos"^  6  +  bshi'$  =  inco^-(l),     asin- 5-h6co.s-5  =  /<Min'-</), 

m  tan-  5  -  ft  tau''  <^  =  0. 

30.  A- cos  5+^/ sin  5  =  2a  ^/3,     a.-cos(5-|-0)-t-j/sin  (5  +  <^)--=4a, 

..'.  cos  (_rf  -  0)  +y  sin  {0-(p)  =  -la. 

31.  csin5  =  asin(5-F0),     «sin(^     6sin5,     cos  5  -  cos  <^  —  2»i. 


. 


N*« 


■I 
1*1 


320  ELKMKNTAKY   THUiONOMKTRY.  [cHAP. 

Application  of  Trigonometry  to  the  Theory  of 
Equations. 

326.  In  tho  Tliroiy  of  Palliations  it  is  shewn  that  the  sohi- 
tion  of  <niif  cuhic  cciuation  may  be  made  to  ilcpond  on  the  sohition 
of  a  cubic  eiiuatioii  of  the  form  j,-' +  ".''  + /'  =  <».  In  icrtain  causes 
the  sohition  is  very  conveniently  obtainttl  by  Trigonometry. 

327.  Consider  the  equation 

.1-3- yu; -/•  =  (» (1), 

in  whieli  each  of  the  letters  y  and  r  represents  a  positivt;  tiuuntity. 

PVom  the  identity  cos  3^  =  4  cos^  ^  -  3  cos  6, 

^3        ^     cos  .3^     ^  ,^, 

we  have  cos'^-^cosd-      ,      =0  (2). 

4  4 

Let  x=ii  cos  (9,  where  y  is  a  positive  quantity;  then  from  (I), 

cos^^-^T,cos(9--^  =  0 (3). 

If  the  equations  (2)  and  (3)  are  identical,  we  liave    j  =  v;  «^'  that 

y  =  4-  f./  -^ ,  since  y  is  positive  ;  and 

cos3g  _  '"  _       /-^Tr^ 
~4  //^  ~  V  U4'y3  ' 

/27r^ 
whence  cos  35=^     -3. 

Hence  the  values  of  6  are  real  if  27»'-<4y3  ; 

thriis,if  (0' <(!)'• 

/27r2 
Let  a  be  the  smallest  angle  whoso  cosine  is  equal  to  */  -  y  ; 

then  cos  3^  =  cos  a ;  whence  3^  =  imr  +  a. 
Thus  the  values  of  00s  6  are 

cos-,     COS        — ,    cos  .    [Sfto  Art.  264.J 


A 


XXV.]  ArPI.ICATIOX   TO  THK   THKOHY  OK   Kgl' ATIONS.  3:!7 

But  .<•  =  //  C(  )S  0  ^   »/    ,'j  C().H  0, 

aiul  therefore  the  roots  of .»-''     q.r  -  r--()  ;ire 

328.     Following  the  uiethiHl  explained  in  the  preeeding  nrtitle, 
we  may  use  the  identity 

.   ,  .     ."5    .      ,     sin  3^ 

snr  »-    mil  f}+  i> 

4  4 

to  obtain  the  solution  of  the  equation 

each  of  thr  quantities  re))resented  bv  </  and  /•  IxMni;  jxisitive. 


Kxamplf.     Solve  the  ccination  j--'     I'i.r  +  H  =  0 
We  have 


H   .      .     sin:{«      , 


In  the  given  equation  put  x  =  ti  sin  0,  win  r.    /   s  positive ;  then 

12  8 

sin»d-    „  sin  0  t-    .,=-0. 

y-  y 

3      12        ,  . 

sin3^      H      1       ,  .    „.     1 

4  J/'     H  2 

Suppose  that  d  is  estimattd  in  soxafzesinial  measure ;  thin 
3^  =  M.180°  +  (-l)»;iO°. 

By  ascribing  to  «  the  values  0,  1.  '2,  3,  4  we  obtitin 

6  =  10°,    tf  =  uO  ,     ^  =  130°,    ^  =  170",     <*  =  2ol)°; 

and  by  further  ascribing  to  n  the  values  5,  0.  7, ...  it  will  easily  be  seen 
that  the  values  of  sin  d  are  equal  to  some  one  of  the  three  (lUiintitiea 

sin  10^    sin  50^     -  sin  70^ 

Bnt  ar-y  sin  0  =  4  sin  8,  and  therefore  the  roots  are 
4  sin  10°,    4  sin  50",     -  4  siu  70^. 


■I; 


f  ■■ 


t1  i 


t 


^28  KI.KMENTAKY  TRIC.')>oM(  T'tY.  [cHAP. 

Application  of  the  Theory  if  Equations  to 
Trigonometry. 

329.     Ill  tlu'  TliLM.rv  of  Ivumticus  it  is  mIicwii  that  tin  oquiition 
whose  roots  are  f/p  a.^,   ',,  ,  ,i^i^ 

(.*••  -  </i)  (x  -  a..  ■   J-  -  a.j) (,,•  -  <,„^  .^  0, 

or        x''-.S^.r>^-i+S...l•"---^\.l■"    '+ +(-   l)".V„-<', 

wliiTc  >',  -=.suiii  of  tlie  roots; 

»S.j  =  suiii  of  the  i)riKiu(ts  of  the  roots  takt-n  two  a'  a  time; 

Xj  =  sum  of  the   jiroduL'ts  of  tlie  root,H  taken   thru?  at  a 
time; 

>'„  ^  i>r<Hliu;t  of  the  root>. 
[See  jLiil  and  Kni-'litV  //(V//,er  Ahjrhrj,  Art.  W.l^  aiul  Art   r);?i>.J 

F.Xiimplf   1.     If  a,  /3,  7  are  tlie  values  of  ^  which  satisfy   the 
cijuation 

'/ tan-'»<?+(2<;-j-)tan#-f-;/  =  0  ..    .  (1), 

shew  that  {':)  if  tau  a  f  tan  ^=/*,  tiien -(/(•'- (2« -.r)  A  :^// ; 

(ii)  if      taiiatan/3=A-,   then  j/--r02<(  -a-)MA;-  =  a'''A-='. 

(i)  From  the  theory  of  equations,  we  have  from  il), 
tan  a  +  tan  /3  +  tan  7  =  0 ; 
.-.  //  r  tan  7^0,  or  tan  7  -z  -  /; 
But  .( tan'  7  +  (2(«  -  .(•)  tan  7  4  ;/  -  0 ; 

.-.  (//(■'  + (iff -.(•)  //     y     ■! 

(ii)  From  the  theory  of  equations,  we  have  from  il), 
tan  a  tan  ^  laii  7  = 

. .  K  tan7=  -     ,  or  tan  7—  -    , 
u  ak 


Substitutinf,'  in  a  tan^  7  +  (2(i  -  .r )  tan  7  ^  //  =  0,  we  have 


,i->;^^i.- 


XXV.]  APPrU.vTIOX    V       rn»     THKOKV     .K    K., 

J  xample  2.     hii*  w  that 

,/-T  ,/2jr 

V  ■«       ,  \.  ■.'.       J 


;wy 


COH- 


Suppose  that 

I' IS  '6i 

^•; 

then 

-1< 

-'0-:u. 

l!(.S 

..  cos'tii 


The  roots  of  this  cuhi    in    'i-  $  ut' 


CO-  a.  Cm,- 


+ 


a).,V.  '8  (';-■»). 


where  a  !■<  any  atss^lt    whiih  ph 
Hhortness,    Ifnote  trie  rtM)t^  liy  a, 


ci;     tion  cos.'Ja- Jt.     For 

-'{/■■  +  .      .  (jM 


CO-- 


1 1)^ 

-'tt       \  /'2-r       \      3 


.iso.    It  .-.e 


-.  ;ui  \  integtr.  wo  hiive 

sin  26>. 
'i  110  value      f  sin  0  foiuul  from  tliis  eqiuition  are 


.    2;r  4jr  Ott  Btt 

8111  -.  ,  sin       ,  sill  — -  ,  8111  -  , 
i)  5  5  5  ' 


t«.         -.1    a;. ltd  by  giving  to  ?i  the  vnhies  0,  1,  -2,  S,  4      It  will 
oaa-        h<      aen   that   no   new    values   of  sin  6  are  ohtained  hy 
n  the  values  5,  6,  7, 


sill    -    ■: 
0 


tn-  rr 

sin  -'  =  -  sin  -  . 


and 


sin 


87r 


sm  ^  ; 


iieuce  rejecting  the  zero  solution,  the  values  of  sin  0  found  from 
tiie  equation  8in3dJ=  -sin  2<J  are 

±  sin  p ,  and   +  sm  —  . 


M 


330 
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'i .' 


'I   s 


I 


IK 


[chap. 
If  wo  put  sin  0~.r,  the  oquation  .sin  .3^=  -  sin  iid  becomes 

Dividing  by  .r,  anil  thus  removing  the  solution  x=0,  we  have 

(3-4a-2}2  =  4(l-y-'), 

or  lG.v*--20.c-+5  =  0. 

Tlii.s  i.s  a  quadratic!  in  x',  and  ius  we  have  just  seen  the  vahies 
of  X-  are 

•   ,«■        ,     .   „2jr 
sni^  -  ana  sm" 
5  .') 

From  the  tiieory  of  quatiratic  equations,  we  have 

5  6       16      4' 

.   o»r    .   ,2jr       5 

Example.     Shew  that 

.    2ir       .    4jr       .    Ktt      1    ,„ 
sm  y  +  sm  y  +  sm  ^  =  ^  V7. 

If  70  =  2mr,  where  n  is  any  integer,  we  have 

8in4tf=  -sinStf. 

The  values  of  sin  0  found  from  this  equation  are 

,,     ^   .    2jr       .    .    47r       .    .    Stt 
0,    :tsm^  ,    ismy,    ism    -, 


smee 


sm  --  =  -  sm  -=-. 
7  7 


If  sintf =x,  the  equation  sin  4^=  -  sin  3^  becomes 
4jr  (1  -  2.r-)  J I  -  .r- =  4x3  _  3^. . 
whence  rejecting  the  solution  .r  =  0,  we  obtain 

IG  (1  -  4x^  +  4x*)  ( 1  -  x2)  =r  ICx*  -  24x2  +  9, 

or  61x«-112x*  +  5(5x«-7  =  0  

The  values  of  x^  found  from  this  equation  are 


."in" 


2ir 

7  ' 


sm- 


„47r 

7  ' 


.SiU- 


.(1). 


7  ' 


XXV.]  AIM'MCATION   OP   THK   THKOUY   OK    KQUATIONS. 

hence 


331 


.   „2ir       .   „4ir        .   .,8ir      \V1      7 


But 


'irr 


■Jtt        .    27r    .     8t        .     It 


Stt 


sin  -     sin  „  +Rin  „   sin   „  4  sin  „   sin 
7  7  7  7  It 


1  (/        2ir  OrrN       /        f.n-  10,r\       /        \ir  1  V\) 
=      - 1  cos  _   -  COS  „    1  +     COS  _       '.IS  -  „         f      cos            (■  )S    _ 

2  IV         7  1)^1  1   J       \         1  I    J\ 

=  0. 

/  .     'Itt       .     lir       .    HttX-       .    „27r       .   ..It       .    „Ht      7 
.-.  (sin  „  4- sir.       +sin  ^    \  ~ain-  ^  J  sm-  ^    -sin-  ^      .^; 


.•.  Sin  -_  +sin       (-sin  „ 


.>v 


/7. 


331.     If  7^  =  2«7r,  where  n  is  any  integer,  wi;  have 

4(9  =  2»7r-3(9; 

.-.  cos  4^  =  cos  3^. 

Bv  giving  to  n  the  values  0,  I,  2,  3,  the  vahies  of  cos^  obtained 
from  this  equation  are 

2jr  -in  (irr 

4  I  I 

It  will  easily  be  seen  that  no  new  values  of  cos  ^  are  founii  by 
ascribing  to  n  the  values  4,  5,  G,  7, ;  for 


Rtt 


fin- 


cos 


IOtt 
7 


-  » 
< 


Now  eos  4^  =  8  cos*  ^  -  8  c(  )s-  ^  +  1 , 

and  tiierefore  if.r^cos^,  the  equation  cos  4^  =  c.>s3^  becomes 

8x*-8.r2+l=4.r-ar, 
,„.  8j,-*  -  4.J>"'  -  8.1-2  +  3.<-  + 1  =  0. 

Removing  the   factor   J'-l,  which  corresiwuds  to  the  root 
co8^=l,  we  obtain 

Kr'  +  4.r2-4.i--  1=0, 


the  roots  of  which  equation  are 


27r 


Grr 


cos        ,  O'S        ,  cos  -_- . 


:h) 


'u^ 


! 


332 
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Example  1.     Find  the  values  of 


tau=  ^  +  tau-'  y  +  tan2  —  and  tan  ^  tan  ^  tan  "^-  . 

If  76=nir,  where  ii  is  any  integer,  we  have 
tan  4^:=  -tan  3^. 

By  writing  tau  0-t,  this  equation  becomes 
1-6V-+V  ~l-3r-" 

The  roots  of  this  cubic  in  t^  are 

tan^'^,     tan-y,     tan^'J^''. 
.•   tan-  ^  +  tan-  y  +  tan-'  ^  =  21, 
and  tan  ~  tan  ^^'^  tan  y  =  ^7. 

the  positive  vahie  of  the  square  root  being  taken,  since  each  of  the 
factors  on  the  left  is  positive. 

Exa.iiple  '2.     Shew  that 


and 


sec*^  +  sec^  "J^  +  see-*  y  =  416. 


Let  y  denote  any  one  of  the  quantities 


i 


cos^ 


7  ' 


COS'' 


7' 


CDS'* 


7  ' 


then  2y-l  +  x,  where  .r  denotes  one  of  the  quantities 


COS  ^    ,     cos 


•Iff  (iff 

COS  _   , 
7 


From  Art.  331,  the  equation  whose  roots  are 

2jr  4ff  Off 

cos       ,     cos       ,     cos    - 

Sj^H  l.r--4.r-l=0; 


XXV.j  APPLICATION   OF   THK   THKORY   OF   KQUATIONrt. 

whence  by  substituting  x  —  2)/     1 ,  it  follows  that 


3:i3 


,2ir 


,3,r 


CDS'*-,      COS--        ,      COS-    _ 

7  7  7 


are  the  roots  of  the  equation 

H  (2y-lf-\-i{2y  -  1)-     l  {■2,)     \)  -  !-(», 

r)4//-'-H0^-  +  '24v     1    .0. 


or 


ami 


2.  Cuh-  _  co«^ 


:i7r       K()      5 
7  " 
'Jtt     24      3 


.-.   cos-  -  +  COS    ^  -t  eos-^        _ 

<  <  7        i>4      4 


04      H' 


By  squaring  the  first  of  i}ieae  equations  and  subtracting,'  twice  the 
second  equation,  we  have 


,  ir             ,  27r  .  Att      13 
cos*  „  +  cos^   --  +  cos*  _  =  .  . , 

*                /  /        li> 

By  putting  r  =  -  ,  we  see  that 

.,  ir           „  2jr  .,  3jr 

see-  _• ,    sec-  —  ,  s.  c-  -_ 

pro  the  roots  of  the  equation 


sec*  -  +  fiec" 
7 


Hir 


ec*  ^  i=:(24)2-(2x8n)r=lir,. 


!« 


1     I 


332.     To  find  cos  rid  and  sin  't0,  we  niav  prDocoil  as  follows: 
cos  rtS  4-  cos  ^  =  2  cos  3^  cos  20 

=  ('4  cos''  (9-3  cos  6)  (4  cos-  ^ -  2^ ; 

. .  • .  cos  r>6  =  1  <;  cos''  0  -  20  cos""  0 + r»  cf)s  6. 

sin  5^  4-  sin  ^  =  2  sin  :W  cos  2^ 

.-- .  3  sin  ^  -  4  sin''  <?H2     4  sin-  B) ; 
.-.  sinr)^-ir)sin''(9-iOsiti''/'4-r.  sin  fl. 

Tt  is  easy  to  prove  that 

cos()^  =  32cos''  ^-  4Sit>s^  ^4- 1«  cos'-  t^  -  1, 
and  sin  Gd-cos  6  '32  sin''  0    32  sin''  0  '  (isin  ff). 


"^  :■» 


i-\~ 
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EXAMPLES.    yXV.c. 

Solve  the  following  equations  : 

1.     .r-"»-3.r-l=0.  2.  ^••■'-a/-+l=0. 

3.     .r''-:U-^/3  =  0.  4.  8.r'-  (u-f  „/2  =  (). 

5.     8«V-0'M-  +  2,sin3.1=().      6.  .i-' -  3'<-'.f     •_'.<■' cos  3.1  =0. 

7.  If  sin  (I  and  sin,i  are  the  roots  of  the  C(iuation 

«sin-^  +  />si!i<J  +  c'^(), 
shew  that  (1)  if  sin  a  f  2  siu/:<^^  ],  tlieii  <i--\-2b--\-'A,th-\-ac=i\ 
(2)  if  <,'sin«     r/sin/3,  then  a-k-c—  ±l>. 

8.  If  tan  a  and  tan  /S  are  the  roots  of  the  c«iiiation 

a  tan^  B-h  tan  ^  +  f  =  0,  and  if  a  tan  a  +  0  tan  /i  =  2b, 
shew  that  i-  (2(/  -  /-)  +  c{a-  h)-  =  0. 

9.  If  tan  <t,  tan  (i,  tan  y  are  the  roots  of  the  equation 

a  tixn^  e -It  {'I't-j')  tan  e+t/  =  0, 
and  '\i  a  (tan2a+tan2/i)  =  2.r- .'xj,  siicw  that  .r±y  =  3(/. 
10.     If  COSH,  cos  j3,  cosy  arc  the  roots  of  the  oiiuation 

c<  )s^  e  +  a  i;os-  B-^-b  cos  6 + c  =  0, 
and  if  CI  -s  ,1  cos  ^  +  cos  y)  =  ib,  \ )r(  )ve  that  abc  +  2/!»^  + 1-^  =  0. 


Prove  the  following  identities : 

11.  sec  (I  +  sec  (  "^  +  a  W  sec  i  ~^  -  a  \ 

12.  sin-^a+sin'-i  (^-'j^  +  „Usin-'  ("!j"'  +  '.)  -  'I 


3  sec  3a. 


3 


13.     c(  >sec  a  +  C(  )set 


>sec(|^  +  «) 


+  cosec  (       +  (I )  =  3  coseo  3a. 


.     cosec^  -  +  cosec*   -  =  4. 

O  .') 

1«;  '-'^^  ■'r  I  1         -T         47r  I 

10.     cos    .    -f  »(is    .    =       ..andciis  .    cos       = 

■>  o  2  ."^i  T)  4 


XXV.]  Al'l'LICATlUN    OV   THH   TllKiJKY    UK    Kl^LAl  IONS.  Xi:t 

16.     Form  the  ecuuitiou  who.so  routs  nrv 
(1)     COS  _  ,  fu.s  _   ,  cos  _   ; 


{2)    .....2^^.  Mn-^_^,  MM-^-j. 

17.     -Form  the  equution  wliusc  ri«)ts  ,ire 

.    ,n        ...  i'tt        .    „  '.in 
siu-  _ ,    Mill-    _    ,     sill-    _ 


and  «hew  tliat    H  sin* 

H    -I 


"-■'  .    ,»n      21 


w      3 


nn 


find  2  coHCC'*    -  =»  3:2. 

1»>  H=.l  t 


18.     Form  the  eijuation  whose  roots  ;ir(> 

,,,  StT  477  f)7r  Stt 

(1)     cos  y  ,  cos  ,^  ,  CCS  ^^  ,  COS  ^^^  ; 


377  .'•.TT 


(2)    cos     ,  cos       ,  i-os       ,  0"s 
1)  '<  '(  ' 


iTT 


19.     Form  the  eqiuition  wliusc  roots  ;irc 


.,77  „  2rr  ,,377  .,477 

cos-       ,     cos-  ,     cos-  ,     I'OS-  , 


tI-4 


n     4 


and  shew  that  2  cos*       -=  ,  .,  •"iil    5  sec'       =ll2<t. 
20.     Form  ihe  e<iiiation  wliose  roi>ts  arc 

.,77  .,277  .,377  „   477 

tan-  ,j,  tan-  ,^  .  Ian-  ,^  ,  bin-  ,^  , 


11  il       i  lO  ^I"  .1..   -77  ,   477 

and  shew  that    cot-     +  cot-       H-cot-        -!>. 


21.      Prove  lliat 


:77 


,,  377 


(1)     coscc-  _-|-cosec-   _  +  co.sec- -„  =  8  ; 

IT          -n         377         4n-         •')7r  1 

/'•*\         I'oS             CilS              COS              COS     -        <'OS  -, 

-         nil       li       11       ii  32 


V    '»t^    'U:      fSS^ 


ml 


II 
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1.  If 

prove  that 
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MISCELLANEOUS  EXAMPLES.    L 

a  tan  a  +  b  tan  fi  =  [a-\-  h)  tan  "        , 
ffl  COS  /3  =  6  cos  a. 
1 


[chap. 


sin*  a      cos*  a 


6^ 


2.  If 

prove  that  \v'  +■ 

3.  Shew  that 

.T  .         ,1'        a  ,       ftv      ^\\      ^        .  (  sin  a  cos  /3  \ 
2  tan    '  -  tan  -tan    -  -  -\\  --  tan  - '        -         •     ^  I . 


1_ 


4.     If  the  equation 

sin^"-*--^      cos-'-'^-rf 


Hin-"a 


+ 


cos-'"  (I 


-.1 


is  true  when   n  =  I,  prove  that  it  will  be  true  when  n  is  jv.;y 
positive  inteijcr. 

5.  If  rt  fOs^+A  sin  ^=(;  and  (7  cos- ^+ A  sin- 6*  =  f, 
prove  that  Ait'-h"^  +  (\>  -  c)  {a  -  c)  [n  -  h  '-  =  0. 

6.  Prove  tlie  followiiii;  identities  ; 

(i)       2  sin  (3 -  y)  cos  (n  -  jS)  i-os  (a  -  y j    ^  -  II  sin  ili -  y) ; 

(ii^      2  sinasin(3-7)eos(/iJ  +  y-n)  =  0; 

(iii)     2  sin  a  sin  (fi-y)  sin  ((3-fy -<!)=•=  211  sinO-y). 

7.  If  /'  he  a  ]i()int  within  a  triangle  A  /i(\  such  that 

S.  PAB=  L  PBC=  L  PCA=a,, 
prove  that  [\)     cota)  =  cot  .I -J-eot  Z^  +  cot  T; 

( 2 )     cosec-  o)  =^  cosec^  ^1  +  cosec'^  /i  +  c(  )s«h'-  ( '. 

8.  A  hill  of  inclination  1  in  ](]'.)  faces  West.  Shew  that  a 
railway  on  it  which  runs  S.E.  has  an  inclination  of  1  in  23!t. 

9.  Two  vertical  walls  of  equal  height  a  are  inclined  to  one 
aiiotlicr  at  an  angle  a.  At  noon  the  l)readth  of  their  shadows 
;ire  h  and  r  :  shew  that  the  altitude  &  of  the  sun  is  given  hy  the 
tMjuatiuii 

"'-  sin'-'y  cot-  0  —  /<--f-<'-  +  2/>CC0Sy. 


MISCELLANEOUS  EXAMPLE;^     K. 


i.     {/ii('lin/in<f  ('/i<i/>t>'r.'<  I      17/.  1 


'\ 


1.  Express  in  degrees  and  )iiiiiiir'>s  .md  also  in  ;,'railes  tlio 
vertical  angle  of  an  isoset^les  trianu''e  in  uincii  cacli  of  the  angles 
at  tlie  base  is  twelve  times  the  veriual  aiigk>. 

2.  The  angles  of  a  triangle  are  as  4  :  ")  :  t;  Kxpress  them 
in  radians. 

«      T^  xi    r  t'l^tvl  -tan  .1      ,       ,    •    >  , 

3.  Prove  that       -.     ^        ,=1-2smi-.1. 

cot  .1+ tan.  I 

4.  If  A  is  an  acute  angle  and  sin  .1  ■-  ,  tiiid  the  value  of 
tan  A  +  sec  .1 . 

5.  The  adjacent  sides  of  a  parallelogram  are  l.')ft.  and  30  ft., 
and  t'.ie  included  angle  is  (id  .  hud  the  length  of  tiie  shorter 
diagonal  to  two  placet;  of  decimals. 

6.  A  tower  .Wft.  high  staTids  on  the  edge  of  a  cliff.  From 
a  ]K'int  in  a  horizontal  ))lane  througli  the  foot  of  the  clitt",  the 
angular  elevations  of  the  top  and  bottom  of  the  tower  are 
observed  to  be  n  and  (i,  where  tann=l'26  and  tin /i -^  1 "  1 H5. 
Find  the  height  of  the  clifi'. 


r 


7.  Find  the  length  of  10  degrees  of  a  meridian  upon  a  globe 
GO  ft.  in  diameter. 

8.  The  sine  of  an  angle  is  to  its  cosine  as  8  to  lo,  find  their 
actual  values. 


H.  K.  K.  T. 


22 


I 


3a8 
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9.  Kind  the  values  of  ^  from  tlu>  «^<iuation 

4  .sin-d  +  ^':i=  2  ( 1  +  ^nVj  win  A 

,-       ...  ^  -J      .•     1  -1  1  »  Ji  sin  n  +  7  cosa 

10.  It  tan  (I  =  , .  ,  iind  the  Viuiic  or  ^.  „    •       ■ 

I)  u  cos  a  — J  sin  a 

11.  Prove  that 

( 1  +  sin  J  +  ct>s  .-1  /-  =  2  ( I  +  sin  .1 H^  +  ^'^^  -4). 

12.  Simplify  the  expression 

2  sec^.I  —sec*  J  —2  cosec^vl  4-e'osec*i4, 
giving  the  result  in  terms  of  tan  .1. 


hi 


,,  sin  a -cos  a 

13.     Jitan^  =  -. ,  prove  that 

snia+cosa 


^'2  sin  ^  =  sin  a  —  cos  «, 

14.  Shew  tliat  the  values  of 

sin  45"  -  sin  30'        ,     sf  ■■  55°  -  tan  45'' 
cos  45"  +  cos  60"  cosec  45°  +  cot  45° 

are  the  same. 

15.  Prose  that  the  multiplier  which  will  convert  any  number 
of  centesimal  seconds  into  Enylish  minutes  is  •0054. 

16.  Prove  the  identities: 
tan  A  -  tan  B     tan  B 


(1) 


cot  B  -  cot  ^1      cot  A  ' 


1  +-tan-^  _  n  -  tan  ^\'" 
^' '     1+  cot-' ti~\l  -cot  6 J  ' 

17.     Solve  the  equations  : 


(1)     sin^  +  cosec^: 


/£>' 


(2)     cosd  +  sec^  =  2i. 
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18.     A  iiiuii  running  on  a  circulir  track  ;it  tho  rato  of   10 
miles  an  liour  traverses  an  arc  which  subtends  Ml    ut  tiie  centre 

in  36  seconds.     Find  the  diai;!'  ter  of  the  circle.      Take  tt  ^'"j"  . 

7 


19.  If  AD  is  drawn  perinnidicular  t)  A'.",  the  hasc  of  an 
equilateral  triangle,  and  DV=im,  tiiul  AD.  Theiue,  t'loin  tiio 
figure,  shew  that 

cos2  6(»cot-3(r=-=  ^'\ 
4 

20.  Prove  the  identities: 

(1)  (sin2.1  +cos2J)(tan2.1  -  l)  =  (tan2.1  +  1)  (sin'''.!  -  cos-,!). 

(2)  sin^a  cos2/3  -  co.s-n  sin-/i  =  .sin-'a  ti\i\-;-i  Ccosec-^i-  e-..s(y- 1). 

21.  In  a  triangle,  right-angled  at  (',  find  e  and  h,  given  that 

a +  (--281,     cos/?=--10ri. 

22.  On  a  globe  of  6  milt  s  diauieter  an  arc  of  -1  fur.  h:>  yds. 
la  measured:  tind  the  radian  measure  of  the  angle  subtended  at 
the  centre  of  the  globe. 

If  this  was  taken  as  the  unit  of  measurement,  h.ow  wt)uld  a 
ri  ''it  angle  be  represented  { 

•>Z.     Shew  that 

(1)     sin  6 cos  e  Isin  (|-  e\  cosec  ^  +  cos  (^-6) ^e.- ^|  =  1; 


tan 


(2) 


sec  0 


a 


,«,'-« 


sur'^ 


-i^ot-'O. 


24.  From  a  station  two  lightho\ises  A,  li,  .re  seen  in  direc- 
tions N.  and  N.K.  resi)cctively  ;  but  if  .1  were  lialf  as  far  ott'  as 
it  really  is,  it  would  appear  due  \V.  from  li.  Compare  the 
distances  of  ^l  an  ;  li  from  the  station. 


li 


25.     Find  the  numerical  value  of 

3  tan24r)' -  sin^  GO'  -  \  cof-^  30=  +  \  sec^ 4:/  , 

and  tind  x  from  the  equation 

cosec  (90°  -  A)  -  x  cos  A  cot  (90°  -  ^1)  =  sin  (iW  -  .1). 

22—2 
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26.  I'ntvo  tlic  identities: 

(1)  (sin  .1   -  cDsoo  /l)-4- (<'<>s  .1  -  si>c  A/'^cof-A  +Uin-A  -  1  ; 

(2)  (cot  fi     3)  (3  c( >t  ^  -  1 )  =  (3  c-( )soc-' ^-10  c-ot  6). 

27.  If  f..t  .1  -4r.,  (ind  tliu  v.vlue  ..f  -  *""  '^  " '"""  '^- 

:i  .sill  .1  +3c<)s  J 

28.  Find  two  vuliips  of  fi  wliich  satisfy 

2  fos  d  c( )t  <9  +  1    -  cot  (9  +  2  cos  ^. 

29.  If  an  arc  suUonds  l'(»'  17'  at  tlio  ccntro  of  a  ciivlo 
wlio-c  radius  is  (»' iiicjics,  ti;.d  in  s('\,(<,'csinial  iiicastiro  the  an^'lo 
it  will  siihtcnd  in  a  circle  whoso  radius  is  8  inches. 

30.  Lookin,^'  duo  Soutli  from  the  top  of  a  c'ift'  the  an<,des  of 
depression  of  a  rock  and  a  life-buoy  are  found  to  Ite  {:,'  an<l  CO  . 
If  these  ohjirts  are  known  to  he  110  vards  apart,  tind  the  height 
of  the  cliff.  .  1       »  h 


i:: 


'.'  ' 


1 


1! 


31.     Prove  that 

1+cns.l      sec.  II 


4 


1-cos.l       If  sec.  I  1+scc.l 

32.  Solve  the  e((  lations  : 

(1)     8sin-'^~L',„s^  =  .'-,  ;  (-2)     rnim^  r-scv-u=ll. 

33.  "What  i     the    iifterenco  in  latitude  of  two  places  on  the 
same  meridian   w  hose  distance  apart  is    1 1   inches   on    a   globe 

wlio.se  radius  is  .'')  loot  ?    Take  tt—  _~  . 


34.  (Jiven  that  sec  .1  =■  "j  ,  hud  all  the  other  Tiigononictrical 
ratios  of  ^1. 

35.  "Whirli  ()f  th(>  following    statements    are    |>ossiblc,  and 
wliich    inipMssflile  f 

(1)  4  siii-'^=-- .-)  ;  (-2)   (a^  +  /--,)  cos  0-=  Hah  ; 

3)  (//(--f  «-' I  i'(»Mee  ^  = ;«--/(- ;      (4;  stv  ^  =  2'37r). 
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36.     W.ilkiiii;  down  ii  liill  iiiiliiifil  ti>  tlio  lion/oii  at  nw  niii,»Ii' 
0  Ii  iiuiti  olwcrvt's  ail  ol.jcct  in  the  liuri/.otital  piano  wlnof  an^'lc 
of  (Icpn'ssioii  is  (I.      Half  way  down  tin*  liill  the  anglu  of  depro 
sion  in  li.     I'rovc  that  cot  (J  —  2  cot  d  -  cut  ,i. 


■'I 


II.     {Aft'T  (7nif>fi-r  X//.) 

37.  in  a  triaii!,'!*'  <r  =  i':.  ^'-2,  <■  :><\  ('.<)(»' :  fm.I  //,  h  and  tho 
jHJriicndicular  from  Ton  c. 

38.  I'rovo  tliat 

(2  .sec  J  +3. sin  ^1)  ^.Icoscc  .1  -  :i  cos  ,h 

=  (2  coscc  -1  +;?  COS  A)  (.3  sec  ,1      2  sin  A"". 

39.  Finii  the  values  of  sin  iXid  ,  coscc  (  -  510'^  tan  r.To  . 

40.  Kind  all  the  ani,'U>s  la'twceii  »)  and  ;")(«)  which  satisfy 
the  t'cination  tan-'^=l. 

41.  The  ant^le  of  elevation  of  the  top  of  a  stet  pie  is  ."iS^ 
from  a  point  in  the  same  level  as  its  has(>,  and  is  It  from  a 
point  -12  feet  directly  ahovo  the  former  point.  (Iivcii  that 
tan.'jS  .:I(;  and  tan '41 '=!•(;"),  shew  that  tho  heigiit  of  tin; 
steeple  is  l()">ft.  approximately. 

42.  From   the  formula   tan  .1  -     "      "'        find  tan  l.V  and 

I   •  cos  -2. 1 

tan  T'l ',  and  solve  the  equation  set;-  0     i.  tan  ff. 


J' 


I 


r  .i 


43.  Shew  tliat 

(1  +secd  +  tan^}(I  4-coKec  fi  +  nttfi 

=  2    1  +tan  f^+eot  ^  +  Hec  ^  +  cosce  S). 

44.  In  a  trianu'le  .1  /IC  right -angled  at  ("shew  that 

sin-.  I      co>-'.l      (I'-M 
sin-  Ji     cos-  />'        (i-fi- 

45.  Kind  all  the  angles  less  tiian  four  right  angles  which 
satisfy  the  cijuatiou 

2co8-^=  1 -t-sin<^. 


i  I 
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46.  Dc'tcnniiio  tlio  value  of  sin  (270"  +  .1    whon  h'xu  A     •Q. 

T)  4 

47.  (Mvni  .siiirt^    .,  H'mli=^^  ,  find  tlm  v.iliie  of  cos(n+/9), 


and  dcdiiro  ^in(4")''^-<^  +  /3)=  ' 


9  Vii 
130    ' 


Ao      ^^    1         ro.sj_o>s3.1    ,  .      , 

48.     ifrtJueo    .         .       .  to  ft  siiiglr  term   an>l  tr;ue  the 

NlM  •>*!  —Sin  a\ 

clmnges  of  the  expression  in  sign  and  ni.i<putu<l<'  as  ,1  increases 
from  0"  to  ISO'. 


i 


/3 

49.  If  los  A  ^  -  \,  ,  lind  tan  -1,  drawing  a  diagram  to  explain 

the  two  values. 

50.  From  a  halloon  vertiially  over  a  straight  road,  the 
angles  of  depression  of  two  consecutive  milestones  are  ohservod 
to  be  45"  and  <iO  ;  find  the  height  of  the  balloon. 

51.  rind  tlie  value  of 

(I)      c-ot-;'--cos2!^-^sec^5_.4Mn2":; 
(•2)     2  .-;w-  ISO"  >  in  0 '  -  cos  in  -|-cos(!C 


3rr 


52.     IVove  the  following  identities: 

(!)     sin*„  +  -2.sin^a(  1- -        .,    )  =  l-eos<a: 
V       cosec- a  I 


1  +  tan2 


(2) 


(:-) 


l-tan2(|-^] 


=  c(;.jec  iJ^; 


(3)     co.^^  10°  + sin  40''  =  ^/3  sin  70°. 

53.  ]f  h  tan  ff^a,  find  the  vahie  of 
a  sin  5-/>cos  0 
it  sin  ^f  ft  ens  $' 

64.     Pro\e  tliat 

4 cos  18°  - 3 sec  1H"==2  tan  18°. 


^^S^^W^^^^STi 
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55.     Fiiiil  tlie  ViUui's  of 


tivn(-2»0),  cosa:!!'.**,  lot^-HM)). 


Pn»ve  al«o  tluit 


.    3t 


xn\       _  ci IS  ^  +  COS  TT  =  >'•<■  „ 


56.     A  railway  train  is  tr  ivollini,'  on  a  iiirvf  of  Iialf  .i-inilf 
radius  at  thf  rato  of  -'O  inilt-s  an  liour:  tliion;^-li  what  angU-  lia.>> 

.>■) 
it  turni'il  in  10  ^otonds/      '"  iko  n     "_  . 


57.'    If  sc»a=  1  ,     lul  the  vahio  of 
5 

2 -.3  cot  (I 
4  -  S)  V  Mt'c-  a  -  1 

58.     I'rovt; 

(1)     2-2  tan  .4  cot  2.1  =soc-'  .1  : 

,,,s(^^-.0)- cos  ('[  +  <?] 


(2) 


sni 


Cir^")  -'"i-:-") 


+  s'2=^  (). 


59.    When  .4  +  /?  +  r=180;  simplify 

cos  .1  cos  ( •  +  cos{A  +  /i)  co;^  r+fi) 
^  *  ^     cos  ".TsinT^-T i n  V .  1  +  A' J  cos    ^  +  //)  ' 

cos.l  cos /i  <os<^ 

^'^     sin^Minf     sinC'sin.i      sin.l-in/j 


60  A  flasTstaff  100  feot  hi-h  stands  vertically  at  tiio  contru 
of  a  hori/.-ntld  ciuilatrial  tri;ui,u'lc  :  if  ca.  !i  side  of  tlic  tr:an<r  .i 
anl.tcnds  an  anj;lc  of  (30'  at  the  top  of  the  flagstatl,  tmd  the  si.lc 
of  the  triangle. 


^h 


I 


61.     Prove  that  the  product  of 

sin  ^ ( 1  +  >*in  0)  +  cos 0i\  +  c( .s S) 
and  sind(l  -sin  ^)  +  cos  ^  :  1  -cos^) 

is  equal  to  sin  26. 


n 


rSv^JSiS-^^^ST 


m 


!|i 
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62.  Shew  that 

(l-sin^)(l-  .si,.,/„=.JHi,/.+  '^-   n.s^^'^V'. 

(.52  '2    } 

63.  Prove  th.'.t  th.'  value  of 

«in(<i  +  ^)  -Hin{a-6) 

is  the  same  for  all  values  of  fi. 


64.     If  .l  +  /;+<'=lMO,  prove  that 


A        /{'(• 


cos-     eos 
'2  •>. 


-|-C'O.S      ,  COS 


/I        C-A 


(' 

+  fos     eos 


A-n 


=  siu  A  +Min  li  +  s\\\  C. 

a 

65.  If  tail  -  =  cose. •  0  -  .sill  (i,  shew  that 

/) 
t<  >«-'  ^,  —  oos  ;j(i    ( >r  v(  ).s  K  )S  . 

66.  A  iiiaii  stands  at,  a  point  A'  on  the  hank  A)'  of  a  river 
witli  .straight  and  parallel  .sides,  and  olwerve.s  that  the  line 
joining  A  to  a  point  Z  on  the  opposite  hank  niake.s  with  A)' an 
aii>rle  of  .••,()  Jl,.  theti  jr,„.s  l>(mi  vards  aloni;  tlie  hank  to  V  nmi 
hn.ls  that  )"Z  makes  with  l.V  an  angle  of  CO  .  Find  the  hreadth 
of  the  river. 


t; 


67.  It  i.s  found  that  the  driving  wheel  of  a  hicyole,  32  iiiohes 
in  diameter,  niake.s  very  nearly  KhM)  revohitions  in  travelling 
'2':U-2\  yard.s.  I'.so  this  oh.servation  to  ealciilate  ^to  three  phiees 
of  deeniials)  tlie  ratio  of  the  eireunifercncc  of  a  circle  to  its 
diainetci'. 

68.  If  a+  ■<  +  yv=.  ^ ,  prove  that 

•sin-'(i  +  sin-'^-f-.sin'y +  2.sina.sin/i.sin  y—  I. 

69.  Trove  that 

(1)     vf'^"  d+taii  2.l)(co.s.J-fco.s;).l)  =  2sin:}.l  ; 

(2;     sin-'  A  cos*  A  -       +       cos  2.1  -  /^.  v< .«  4d  -  },  co.-h  6^. 
1"       u«.  Id  A'2 
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W                           V       ..      ,    .,              ,              ,.   MM  li.Jd       Sill. Ill 
.     If  n—  .    ,  fiiul  the  valuo  <>t  -. — -  . r— .    . 
!!>'                                        Mil  Itia  +  siii  »a 

71.  If  ,1 +/i  =  !':!.•) \  l>r..s,  tliat 

f(»t  .1  flit  /»'  I 

I  +cot.i  ■  1  +i(it /;    -J' 

72.  I'rovc  that  tot  ^     tan  S-  -2  tut  -J^  :  and  Ikmki'  .shew  that 

tjm^+2tani'^+Uai»  \fi-  vutO     Ho.ts^. 


i! 


73.     Simplify  1  - 


SI 


n-'  fi 


1+iot^      l+taii^' 


74.  Kliiuiiiatn  .1  lictwocn  tlio  o(|natioiis 

.r".3sin.l  -.sin.'}.!,     _;/   =n)s  3.1 +3  <i>s  .1. 

75.  Two  flatrstaffs  stand  on  a  hnri/ontal  plane.  .1,  //  ai-« 
two  i)oints  on  tin-  lino  joinini^  tlio  K.i.scs  of  tht>  tia;.,'>tatl"s  and 
lK:'twoeii  thoia.  The  anj^les  of  elevation  of  tlie  tops  of  tlu^  tl.ii;- 
stafl's  us  soen  from  .1  .are  30  and  <)<>  ,  ,ind  as  snii  from  //,  <!0' 
and  4r)  .  If  tlie  leni,'t,h  of  .1//  is  .30  ft.,  find  the  hei','lits  of  the 
flagstiift's  and  the  dist.iiuc  lietween  them. 

76.  I'rove  tlie  identities: 

( 1  ^i     eos- . I  -(- eos-  /;  -  -2  .-. .s  ,1  <•< IS  /;  e. .s  . . I  4-  /,'      .sin-   A+/i); 
(2)     2  sin  "..I  -sin  3.1  -3  sin  .1  =  Jsin  .1  eos-.l    1      ^siii-.l). 

77.  A  s<pKire  i.s  inscribed  in  a  circle  the  circumference  of 
which  is  3  feet.  Kind  tlie  nunihcr  of  in'h(>s  in  flio  lem;th  of  a 
side,  correct  to  two  places  of  decimals.     tJisen 

^  -:-31M.3,  ^'-2     ril  12. 


78.  Points  .1,  /i,  (\  />  .lie  t.iken  on  the  ( i.cumference  of  a 
circle  so  tli.vt  the  .ires  ,1/;,  A'C,  and  r/>  sul.tend  re,>peciive!\  at 
the  centre  angles  of  lOS ',  (iO',  and  3<i'.     Shew  lliat 

Ali  =  JiC-\  CI). 


I.    i 


i^ 


«: 
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79.  Prove  thut  cot  in^  +  cot  Tf) '  +  cot  13r>*  -  o.-sec  30*  =  1. 

80.  From  Uie  equations 

cot^  J  +. sin  (9)  =  4m, 
cot^(l  -.siii^)  =  .tw, 
dcrivo  the  n-lation  {m--  n-)-  —  vti). 

81.  Prove  the  identities : 

(1)  s'"(n+/3)cosi3-8in(y  +  «)c(my  =  sin(/S-7;t.-os(«  +  ^y4.y); 

(2)  tin^.l  -tun  J)  sei;  J+.s(v;<j;):^2Hin  .l.soo.lscc3.L 

82.  I'rove  tliat  n>.sfrtoH<;<rc(H  12*  co,  T.s'      i- 

83.  From  the  formula  cot  A  =-- '  "^.*^""  ^'•'  ,  ,,n,ve  that 

cot22'30'  =  v/2+l. 

84.  An  observer  or,  l^.anl  a  ship  sailing  due  North  at  the 
rate  of  ten  miles  an  hour,  sees  a  lighthouse  in  the  Fast  and  an 
hour  later  notices  that  tlie  same  lighthouse  hear-  SS  E  •  find  in 
miles  to  two  places  of  decimals,  the  distance  of  tlie  sllip  from 
tho  Jij^hthouse  at  the  hrst  ohservatioii. 


;ii 


111.     ; After  Chapter  XVI.) 

85.  Prove  that 

(1)  '^i'l -I  ^ill(//-0  +  si^l/^-in(r-.l)+smC^sin(>l -//)=(); 

(2)  UiuO^      ^^i»<'  +  sin2.9 

I  +  i-os  t)  +  cos  '2(i ' 

86.  If  fi+/i-f-y=-(t,  pr„v<>  that 

C0S,|  +  ''0H,':i4C0Sy.     Jcoh"cos'    .-..s'''    -  1 

2         :i         •' 

87.  In  any  trian^'le  prove  that 

f'--<-  ,•■'-'■>■  „     <f-'-//-' 

-~   los.I-f.  cos/;+  cosf     O. 

0  (• 


83.    If 

prove  that 
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89,  Prove  tliat  loj^,,  /» 1(  (g,,  '•  Ic  >;,',. "  =  I . 

IJivtM)  I.)g,y3  =  -47712,  l()g,„s==-iM ):?(>:),  tin.l  tlio  v:ilu.-s  of 
log,„-J-l,      l<)g,o.')4()0,      At.ui:5'). 

90.  If  .l+/;  +  r=J)(r,  prove  tlwit 

L-ot  .1 +ent /;  +  cot  r-   cot  .1  .Mt  IIv,aC\ 

and  if  .1,  /^''  aro  in  Arithiii(>tic,il   l'i<>\'r<*>^i«iu,  show  tint  this 
equation  gives  ti:^  v.iliie  of  i-ot  '")  . 


91.  Sliow  that 

(1+sin  2.1  +n)s-J.I  /--It-os-.l  .  I  +sin  lM  . 

92.  Ill  a  triaiii,'le  when'  </,  l>.  A  Jin-  lmvih.  sIh-w  that  c  is  one 
of  the  roots  nf  tlic  I'ljiiaticin 

.>----J/u'<'.is.|  +h-     (*•--.<  I. 


93.      Prove  that    '. 


ii- !)        sin  12' 


.sin4H"      sin  HI" 

94.  If  .1  +  //  +  ''-  I'^O,  I'i-"Vf  that. 

.1        n       (' 

cos  ^j  +c()S  _^  4- 1 'OS  ^^ 

=  4  cos  (  4.'>      -  ■     i  CMS  ^  4."'  )  rns  (  1.")'  '  .1  )  ' 

95.  Civeii  Asin  L'T    i:.'     !)n(;H)2n."), 

/,  sin  27    »<;■     '.tiifisjc,*;."), 
/.  sin^'  !»«;(;k20'i7, 

find  fi. 

%,  Prove  that,  if  .1,  /S,  <'  are  three  aii^'les  siieli  that  tlu<  sina 
of  ,  'ir  eosint's  is  zero,  tjic  iiroduct  nf  thi-ir  cusines  is  one- 
twelfth  of  the  sum  «  f  the  cisiiifs  of  3.1,  Ml,  \M\ 


l;^ 


If^ 


4 
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97.  If  A   l.<-  l..-tw.>.Mi  1' TO   , -It  1.1  :m)\  !uu\  sill  A      -  "     tiii.l 

the  ViilucH  of  .siiii>.|  and  t.ui 

^  ■ 

98.  Sdlvc  till'  oijii.itioii 

Hoiicf  tiiiil  the  value  uf  tan  I.')'. 

99      (;iv,.n   l...-,„2=.  *.!..;}(«),   I...,,, ;{.;()  =  L'n5(;:?02a,   find   the 
logantlnus  ..1  -ui,  -},  d,  and  .shew  tliat,  log.,;}o  =  4-!)(M;M). 

100.  l'r..v.'  tliat 

i.„.s(,f-_y^.-)  +  .-...s(y_,-  -.,.;  +  , -..s    .-.■-y)  -  I  .•ns.rn.sy  n,.s; 
vanish.-s  when  .r+y  +  ;  is  an  odd  multiple  <.f  a  ri,i,dit  aiiKlo. 

101.  If  rut  ,1 -/'.<-■'+.'■-+.'•  ^  f()t,i  -('.,•  +  .,■- 1+1, J, 

tally     (./•    !+.,•    -  +  ./-';-*, 
sli.'w  that  <i+/i     y. 

102      Show  h..w  to  sohv  a  .•i.,-ht-an.t,'l..d  tnanj,do  of  whi.h  ono 
.icut.>  aiigh'  aii<l  the  opix-site  side  aiv  ^'iven. 

,f 'Ti''-,''u.t"  ^'"'  ^'■''"'.-'•'  i"   ^^''i-l'  the  side  is  '2H  and  the 
gl'.'.M    ,>.!  :i(,-S  ,  given  lo-:iS  _  •4-J7I -)H(),  log.}--)     r>r,:i-2l-27, 


an 


103.     If  tan  .!        ^ 


x':i 


1       ..,  and  t.ui/;        ^"     . 

104.     '11.-  sides  of  a  trian-I.,  are  .,;  y,  and  v^-  +  .*v/+7/.'  fi 
Its  greatest  .iML'le.  T^'/'-r.y," 


find 


105.      Prove  that  COS  ,(  ~  sin    I  is  -i  f'i,f,.t.  ..«•         o  <  ,         r.  i 
,J  that  Ml  toi  ot  cosS.-l+sinSvt; 


eos-J  -(- 


""H"-l;j+-i-'-^h'' 


t 
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106.      Ill    .iiiv    tri.inulf,    if   tan  '        '  .  ami    t.m    '      ~    ,  timl 

•2      <!  •_'      .57 


t.iii  ('. 


Slu'w  also  tliut,  in  siuh  u  triaiii^lc,  -/  *  -•     :i/<. 

107.  Simplify 

|..t^+o.t^^^;:^)j{,an(^';-,.hta..^';+7>jJ. 

108.  ff  '(      I't,  /'-.">!,   r^  i:\  tiinl  til.'  vahif  ..f  .1.  i,'i\vii 

/,  fail  -J  I   »  r  h;"    :••(;•;;{  I  n;:.. 


109.    If 
provo  tliafc 


tan  /; 


//  >iii  .1  CDS  ,1 


I      /isin-.l 
tail,.!    -  /;  -     1      ,>'  tan  .1. 


110.  (iivon  ]«>!,' r)-=-()'.>^!t7,  timl  lu^'-J(Mi,  loi,' -i CJ."),  Injr  s'GiiT), 
iiiul  also  A  .sin  30    and   A  com  I.")  . 

111.  I'rovc  tlif  idiMititics: 

(1 )     (s.-c  iM  -  ■_'  fot  v-l      :5<>  )     iscc  -2.1  +  •-'   tan    .1  +:V)  ) ; 
{•2}     I  +t:<>H2H  cos  2i --- 'cos-d  fos-,:<-f-sin-'(i  sin- •<  . 

112.  In  a  tiiantilc.  /;  =  (i()  .  C^^'M^,  flr- i;i2  vanls.  /!('  is 
])ro(lii.  Ill  to  />  ami  the  aiiiilo  .!/>/<'  1")  ;  find  r/>  and  tlic  \<vr- 
ju'iidiciilar  from  .1  on  AT,  i,'iv(>n  tliat  ^''A     1  ,-,  approNimatclv. 

113.  Ill  ■my  triani^lc  |iri)V«^  that. 

((/+W  +  '')  tan  ^  ~'i  ^'"1  _,  +f'cot    ^  -  >■  cot      . 


ii 


114.      If    t,ho    si.h's    of    a     trian.^'lc    aiv    CS  ft..    Tf)  ft.,    77  ft. 
resjM'ctivcly,  find  tho  least  an;ilc  nf  the  trianj^le,  given 

loj,'L'=-:}ni !).'},  A.(.s:>t;  :u'    ! I  ;c.i. ■.:«»,  dirt',  f-.r  i'=-«;:<-_'. 
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115.  If  siii.l      r,  tiinl  A  lies  hftwecn  1)0   ;iii(i  iwr,  find  the 
values  of  .sin  i  .1     <»()),  .•..,sf«; ,' l'TO"  -  .1  i. 

116.  I'rove  that 

1<  >g„  if  -- 1.  ig,,  />  X  1(  .g,,  C  X  1<  "K,,  ( /. 

(iiv.ti  lni,',„.'-,  =  -«j;)>s!)7,  find  h)<,',„8, 1..-,  10,  l(.g,^,(-o;j2)«. 

117.  I'rovo  that 

f. w  (4  lio  ■  4-  J )  +  cos  («>0  -  .  1 )  =  CO.S  J . 
DediR'o  the  value  of  ios  lor>  +k)s  If)'. 

118.  Find  the  values  of  tan  '^  from  the  equation 

cos  .»-sin  (I  cot  /a  sin  .r^cos  a. 

119.  If  sin  J  :  sin  c-'.l  +/>')  =  "  :  '".  i>r«>vt«  that 

cotr.i-f /;)=         ,.,,t  .1. 

120.  A  tower  A/S  stands  on  a  horizontal  i)]ane,  and  AC  AD 
arc  the  shadows  at  noon  and  (i  r.M.  If  A/)  is  17ft.  longer  than 
.It',  and  no  18  .O.Jft.,  find  the  height  of  the  tower  and  the 
altitude  of  the  sun  at  i:oon,  when  the  altitude  at  0"  I'.M.  is  45'' • 
given  tan  III    JM'--  -CrJ.  ' 


121.  I'l-ov.!  that 

(!)     s\,iHff  +  s\u-2fi      J  sin ''^  cos  ■'■''.•OS  3/9- 
(I'l     sin  Is  +cosls'     ^':.'c(.s:i7\ 

122.  (Jiv...,  In-.-jd     1  :,.-,(;:$(  )2,   i,,-is  -i(;si:i41,  Hnd  h.-' 40 

/  - 
.and  lo^'      ' 

\      '•' 

123.  (iiven  />     [)■-,,  c=n.  .1  .=  1  »4\  find  the  reituiii.ing  angles; 
-iven  log. •{     -47711' i;},  A  cot  V2   =!»•.-, II 77(;o, 

A  tail  Hr  i!>^=:»ltj«;i7f).'.,      A  tan  Ml    1h'  =  !)k;(;(K)7M. 


"^ws^ieiUMnsu- 
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124.  In  any  tri.uiglo  jnuvo  tliat 

fl)  /»*'sin'- .1  -«■•'  ros  ,1 -f-«()s //(OH  r   ; 

(i)  ftf  cos  .1 -fcffciis //  +  •_'.//<  niv,  ('     ./-'+■//■ 

125.  If  tan'^  -  Uaii",  prove  tliat 


tall 


5  -  :j  ca 


126.      Slunv  tliat 


sin  (3*;  +  .1 )  -  .sin  {'Mi'-  -  .J)  +.siu  (7:i    -  .1       m;-i  k'i'I  +  .l):«=Bin  J. 


127.     If  sill  f? 


find  tanfl,  ami   ••vplHiii  liy  iri;aiis  of 


figure  why  then'  ar»(  two  vahit 
128.      I'rove  tliat 


(\)     sill -J.l +i'u> -J/j 


>  =:.'sni     -; 


G^--'  /'*;-- (I  •'  '') 


{'!)     (siti  fl  —  .sin  f/)i>c'o.s(/>-rros^  —  :i  .-iuf?  -  '/»  i  o: 


,  ^'  +  '/j 


I 


i 

'I 

I 


129.  In  any  triani,'It\  if 

(sill  .1  +  sill  />  +  sin  (' }   sill .(  +siii  />'  -  sin  T;     3sin  .f  >;ii  /;, 
provi!  that  r=(J()  . 

130.  Prove  that  lo^,,  h  x  !og^  d—  log^  tl  x  lo.,'^  /,. 

131.  If  lo-:i(H»i     :v:',Mi:i»7i,  lo;,' -J -.•;$() UA  tin.l  logiJ'iiHiTr). 

132.  If"     7,  /'     >^.  '•     !»,  >hc'v  that  tlu;  'fiiL,'th  of  lino  juiiiing 
D  to  the  niiikllt'  point  <4'  AC  is  7. 


133.      If  tan  .1  hsiT  .1  —•2,  p)-.ni;  that  sin  A  -  '.  when  .1  is  less 
thnn  !><)'. 


134.      Prove  that 

3      4< OS  -J. I  f  cos  i.l 
3  +  4Ln>:i.|  -f-iM>s  4,1 


^f,an*.(. 


m 
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136.       Slu'W  th.lt 

sill  .3, 1  -l-c.is.3.1       I  +-i'siii-J.I 
sill  ."J. J     cos;}. I       I      lisiii:.'.! 


t.iii'.i     irt"\. 


136.        If  .'^.ns,^ 

//  CMS    /{ 

pniVM!  tliat         ./tan  .1  f  vtiiii  //      .r+i/^Um'    ^   '. 


jl*. 

.J, 


if  I 


137.  <;iveii 

loi; ;jr.    -.^-MOfm,  l(.^'3:j:>     r.iiss.-^,  ini; li-i:.    asDKic. 
tiiiii  lu^ri,  l(«^7.  aiiil  li      .;. 

138.  Ill  a  triaii.Lric,  ,/     ;{.s  i,  /..;!;>,(»,('-=  DO' ;    find  th.^  ..tli.T 
.■uij,'l('.s;  j,'ivcii 

loL?  11=1  (MKV.tiiT,      /.  fan  111    lit' .    lOOfJ.WSSC  ; 
lug liU -r  1  •3()103(K.,      A  tan  4!>   liO'  -.  10-0<;r)UH  1 . 


139.  If  cos^ cosdcos/j,  provo  tliat 

tiin  -        tan         -  -  tan-     . 

—  si  li 

140.  Prove  that 

s'li^  .siii</>  sin^  siii0 

CDS  fJ -t- sin  f/)      cos^     sin^      ros  0  -.-^in  f/j      ros0  +  >in5' 

/*  / ' 

141.  If    in    a    triani,'li'    f  i (»  +  />)  .-os  ^^  =•-/((<?  +  ,•)  cos     ,  provo 

that  /-     ,•. 

142.  IVovc  the  iilontitioH: 

.  cot  .J  +COS(><-  .1  /TT        .l\        ^  ,1 

^'^        tan.^+scc.l   -■H4+L')"''2  = 

(2)     sin^M  +sin-'(  liid  + -I  i  +  sjn^  (-Jiu^  +  .l).:.  - -sin:{.1. 

4 

143.  Ciilculatc  tlir  value  of  \'  |,s  x  (MHTt,  having  givon 

log  3     -477 1 2 1.3,  l.)g48r)ol)-- 4  08020-1)7.   "log  48.^)00  =  4-680:2787. 


MlSCKl.l.ANKOI  S    l;XA^I|■I.l:s    K. 
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144.  Fintl  tlio  otlicr  audit's  uf  a  tiimu'lc  \vlicii  onf  ;ui'_'!f  is 
112'4',  the  hi(lcM)|>{M).siUi  to  it  .'iT:?  vanis  Innj.  ami  aii-tlicr  miIi 
;i!>4  yards  lo.ig;  ^ivi'U 

log  .'")7:r:2-7."tf^  !.■)»•!.     l<>^';i!U     :i-."»'t:>i;M;i', 
Zco322'4'  =  U!)GG'.m;'.4,     A>ih  I'M  ;?.")^=1»  suiJ7;,7. 

/-.siiilJU  ;jr.'-l>\S(»4t:i'<l. 


IV.     {After  Clotfjtrr  .\\///, 

145.  \n  any  triaiiglo  provo 

cos  ^J  ros  />'  ciis  / ' 

,»■  +  /.-•  +  <•- 

146.  r.iviMi    ](.j,' 7-  •H4">0!)M),    ami    In;^  17      l-:i:jn  i  m<.».    nii'l 

17  •J'^l* 

log  111),  log  „  ,  ami  IdL'         . 

147.  If  .1,  IS,  ('  a:v  th.-  ai^U's  of  a  triaiiu'Ic,  an. I  if 

Cd.s  (^  >iii  /i  +  .-!ii  r  )  -  sill  .1, 


provo,  tliat 


,      ,0  II        C 

tan-  ,  -tall       tan   ,  . 


\ 


148.  Piovctliat  till'  "lianioter  of  a  lirclc  i-^  a  ni'Mii  |'ri'|"vr- 
tional  iK'twtMMi  til.'  li  ii^tlis  of  tiic  sides  oftlu'  cqiulati  r a!  tii.m.'le 
and  the  regular  hex  lu'oii  tliat  i-iiTiiiiiscrili(>  it. 

149.  (iiven  that  tlu'^iilcs  </ and  A  of  a  trianuif  ait-  n>|n'(iiMly 
50  v^^  ft-et  and  ir)(»  fi,  and  that  the  aiii,'!*'  o|i]..»itc  the  -id--  ''  is 
4r)  ,  find  {iri'hotit  l'»jaritli)ii.'<)  the  twn  vahu's  .if  ■.  .\l»i  haviir.^' 
giv(>ii 

log.-i-    ■I771l'I:5.     As!ii71    .•'..•5      i»l»77<>N:$i', 
A  sin  71   ;n      !»;i77Ii':..S, 
ii'id  the  twii  vaiufs  of  the  angle  />. 

150.  I'rovo  th.it 

Tlieiifc   i'ld  .la-  SI  Ml  to  /(  terms  of  the  series 
e<)s:iri'os  e  ;>.>' f    i).s  fii  .  3./' cosee^V-'  -|-ccis    •!  .  .3-'.imo^ci- .'Vm;  4- .... 


W.  K.    K.    r. 
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t 


151.  IVr)V(>  tlio  identities; 

(1)  cohM +sin-M  .•osL'/;---i-.,sa//  +  siii2//oos2.1  ; 

(2)  .sin.'J.i  +cu.s«;;{     .osa'. 

152.  Kind  all  the  |><.>iti\e  angles  Ic-ss  tliaii  two  riL'lit  ancles 
which  .satisfy  the  ocjuation 


tan*.l      ltan2.J+.3=.(). 


153.  IVove  that 

.0     .,      ,.'i<?         t. si  lid) 
eot  ,-  .}  cut 

i  '2       l+:icos^' 

154.  The  tantrents  of  two  aii-h  ,  of  a  trianu'Ie  are  '"^    and  '^ 

^  4  ♦  1  ■> 

rcsi>cetiv.'ly.  Kind  th.-  tan,i,'ent  of  the  third  angle,  and  the 
cosine  of  ea.h  an-ie  of  the  triangle.  Also  uud  the  third  an-'lo 
to  tiio  nearest  secoiul,  h.ivnig  given  ° 

log:j;j=^  i  r)is.M:w,    log^i;    i-74si8so, 

/.  tan  .-.:>   2i)       \<\-2±t[>n27,     DitK  f..r  I'  =  i8s8. 

155.  it'  in  i>  triaii-Ie 

{<i-  +  l,')  sin  (A  "  /;)==^;„2 _//.;',. si II  (.i  ^  /;^ 
Hhew  tliat  the  triangle  is  .itlier  isosct  le.-,  or  right-angled. 

156.  If  /•  ,ihil  /.'    iv  t1i(>  railii  of  the  in-einle  and  circum- 
rircK-  ■■1  .1  tri.uigle,  prove  that 

u   „  (      .--1  ..fi  „  <| 

8rA  ^ros-  ^^  +CO.S-  ^,  +COS-  /.  -^■lh.Jr-li-a  +  -2nb-a--h--c^, 


157.  In  any  t^  r.ngle  |ii'>vo  that 

,  ,,         co.sC  CIS  B 

sill  //cos  .1  Mil  ('co.s.l  ■ 

158.  <  iiven  I..-<;     •7781,-)1,  ]og.|-.l=:  •fM.^t.'i.-J,  log  1 -8  -  -a.V)-??.? 
find  lo^-J,  lu-;{,  I,,-  II.  °  ' 

159.  Iiovf  the  identities: 

(1)     sin  :M. sin. I  -i^  'os:?.!  ^  I' tan  (GU'  +  J)  tan  rtJU"- .Ij; 
\:2j     (siiiL'.l-  sin:iy;;tan,.l4-/;  -  li^sin'-ij  -sin^Z/j. 
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160.  Fitnl  tho  ,[,'ro.at«>st  /ii;-!.'  of  n   tii.itiul.'  wlios*.  si.I.-s  hio 
183,  l:t'»,  ami  214  fi-ct  rcNpoitivcly  ;  given 

I..g82=lf>i38i:«),  '     l..--'M5    :247I2!)17. 

lo-r  101  =2()«M32I-J,     A  tin  3r  2(!'  =  9-83<;o:,l3." 

1<  .g  11 3  -  2().-)3<  »7K4,     /.  tan  3  i^  27 '  ^  !)-83r)322 1 . 

161.  A  oirch"  and  .i  regular  ixt.igon  have  tlie  s,un.'  in  liinefer  • 
comparo  ti.eir  an^as,  given  ^'2  -  1   HI,  rr-   :<  141»). 


162.     If  tlu-  .sides  r.f  a  trianglo  In?  in  aritluneti.  ,il  pn."- 
and  if  a  l»o  the  least  side,  then  '^ 


resMiun, 


oos  A  — 


.3/. 


163.     Jf  ft  si n(<^ +  «)  =  />  sin  (&  i-H'^,  prove  that 

U  cos  (I  —  //  COS  ^ 


)t^. 


I>  sin  ,i     «  sin  «  ' 


164.  In  tho  anihigiioiis  case  shew  that  Mio  cin-uni-cinles  of 
tho  two  triangles  are  Ofpial. 

165.  From  a  point  .1  on  a  level  plain  the  angle  of  elevation 
of  a  kite  is  a,  and  its  direction  South  ;  and  froni  a  place  //,  wiiidi 
is  c  yards  South  of  A  on  tli-  plain,  the  kite  is  s<>en  due  Nortii  at 
iin  angle  of  elevation  ,±  Vind  the  distance  of  tlu'  kite  from  .1 
and  its  height  ahovo  tiie  ground. 

166.  If  «  +  ^4-y^2jr,  express  cos  «  +  cos /i -f- cos  y  M  in  tlie 
f(  rii:  t)f  a  product. 

167.  Prove  that 

cos  1<M  -f-cos  S.I  +3cos  4.(  t  3cos  2.1  ^8cos  A  cos' 3.4. 

168.  in  any  triangle  shew  tliat 

It  =  ■''■  ■*■  ''•'■  ^'"'^  "^  '*' '  "^ '*'  "^ ^- 


il 


169.  I  f  taii'i  a  =  2  tan^  </>+],  then 

cos  2^  +  sin-0=O. 

170.  Prove  that 

tan  J  tan  (Go'  +  A)  tan  (12U'  +  A 


tan  3.1. 
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171.  I f  ill  a  triangle  .-1  =  2/?,  then  a^  =  b{c  +  h). 

172.  Shew  that  the  lengtli  of  a  sido  of  an  equilateral  triangle 
inscriln^d  in  a  circle  is  to  that  of  a  sijuare  inscribed  in  the  same 
circle  as  ^/3  :  v/2. 

173.  In  any  triangle  prove  that  tan  (  '.^--1  /'  ,  =  — .  tan  ' ^ . 

Tf  ^e  =  7h,  and  vl  =  G" 37' 24",  find  the  other  angles;  given 
/  tan  3°  1 8'  42"  =  8-7(;240(;9,     L  tan  8'  1 3'  50"  =  9"  1 603( )83, 
log  2  =-30103,  dift".  for  10"- 148G. 

174.  If  />  he  the  middle  point  of  the  side  HC  of  a  triangle 
ABC,  and  if  A  be  the  area  of  tlio  triangle,  prove  that 

AC^~AB-^ 


cot  A  DB--^ 


4A 


1^ 


if    : 

'n      f 

(     *■ 

'P       f 

n 

-  f- 

!     -^ 

,w^. 

i ! 

|M" 

^  1 

v. 

175.  Prove  that  tan  20"  tan  40'  tan  80'  =  tan  GO". 

176.  If,  in  a  triangle,  l^^^+\,c==2,  and  A  =  30", find  B, C, 
and  a. 

177.  Prove  that  the  rectangle  contained  by  the  diameters  of 
the  circumscribed  and  inscribed  circles  of  a  triangle  is  equal  to 

2ahc 

<i->rh-\-c' 

178.  Solve  the  triangle  when  «  =  7,  6=8  v'3,  A  =30°;  given 
log2=-:5010.3,         Zsin  8i"47'  =  9-995Ci88, 

log  3  = -477121.3,         diff.  for  l'  =  183. 
log  7  =  -8450980, 

,_-      ,,.  „^      sia  2a+sin  2n' 

179.  It  sin  23=,  ,-r  ~    .     .  ,, 

prove  that      tan  ( _7  +  /iJ )  ^  ±  tan  ( -  +  <» )  taii  (  7  +  «' )  • 
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180.  On  a  plain  at  Bonie  diatiiiicc  fiotn  its  base,  a  Tixmiitain 
is  found  to  have  n  elevation  of  28  .  At  a  station  lyiiij;  3  niilfs 
77  yards  furtlior  away  from  the  mountain  tlie  angle  is  reduced 
to  16".     Find  the  height  of  tlie  moiuitjun  in  feet. 

log  1-(;071  =    -iOfJO,     L  sin  IC.  -  t)-4  103, 
i<sin:2>s  -  t)(!71(>,     A  sin  l:i'  =  9-3179. 


181.     Prove  that 


(1)     tiin 


A  +  n 

2   ' 


-  tan 


.1  -  /; 

•I 


2  sin  /; 
cos.l  +cos// 


(2)     4 


eos' 


A-\  sin**  .1  =  4  cos  2.1  -  sin  2.1  sin  \A. 


182.     If.l+/?  +  6^ 


IT 


and  cos  .1  +eoM  ('=2  cos  /?, 


shew  that 


1  +  tan   ,  tan 


.^  =  2(^tan^  +  tan^j, 


or  else  .1  +  C  is  an  odd  multiple  of  ir. 
183.     Shew  that  in  anv  triangle 


cos  .1  +COS 


n  -  sin  r'= 4  sin  ^  sin  (  4o^  -  '^^  j  sin  (  4')''  -     ) . 
184.     With  the  usual  notation  in  any  triangle,  prove  that 


I 


be     ca      ah 

-  +  —  +  - 


,,  ih       !•       c       ti       a 
[d      a      h      h       (' 


4 


and 


meets  the  side  liC  iu  D 
that 


186.     Tf  a  =  40!)(),  /)  =  .38r)(),  c  =  .'J811,  find  .1,  given 


log  r)-87')5  -=  •:(•)'.)(  >4 18, 
log  1-7855-  2')!  7r)!)9, 


log:V85=-r)8.i4G();, 
log:V811  =  -r)81(»38!), 


L  COS  32°  1  .i'  =  !»!)27230(i,     L  eos  32°  1 G'  ==  9-927 1509. 


187.     Prove  that 

( 1 )  cosec"  e  -  cot"  ^  =  1  +  3  cosec2  fi  eot  -  6 ; 

(2)  cos  (15"  — ji^see  15°  — sin  (15°  -a)  cosec  15'  — 4 sin  a. 


\i 
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188.     Prove  that 
s\n(A+n  +  C) 


cos  A  CO    '}  cos  0 


^  =  tan  A  +  tan  B  +  tan  C  -  tan  A  tan  2?  tan  C. 


prove  tliac 


-      1025 

log4100  =  ;j  +  12(/. 


190.     In  any  triangle  prove  that 

( 1 )     {(i^-h'^-t^)  tan  A  +  (a^  -  b^+c^-)tau  B=0; 
cos  2A  _  cos  2/?  _  1  _  1 


191.  Find  the  area  of  the  triangio,  whoso  sides  are  68  ft., 
75  ft.,  77  ft.,  i-osiMictively ;  and  also  tind  the  radii  of  the  three 
escribed  circles. 

192.  If  the  bisector  of  the  angle  A  of  the  triangle  ABC 
meet  the  opjrosite  side  in  D,  prove  that 

2/>c         4 
AjJ=, cos  V  • 

h  +  c         2 


iJ 


m 


V.     (After  Chapter  A'lX.) 

193.     Solve  the  equations : 

(1)     sin  5^-sin  3^  =  sin  ^sec  45° ; 


(2)     cot^  +  cot(^^  +  ^')  =  2. 


194.     If  2.sec2(j  =  tan^  +  cot)3,  shew  that  one  value  of  a+^ 


IS 


TT 


If 


195.     If        cus'^  13  tan  (a  +  <9)  =  sin^  ^  cot  (a  -  d), 
then  tiin-  6  =  tan  (a  +^3)  tan  (a - /3). 
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196.  If  JOi,  P'.'j  P3  '-^^'^  ^''<^  porponiliculars  from  the  ;ui,i,'iilar 
points  on  the  sidfs  of  a  triangle,  prove  that 

(1)     8IP=  "■''■^    ; 
IhPiPi 
111-' 

(•2)        -^,  =   -.,+      ';, COhC. 

Pi  Pi-         Pi-         P\Pt 

197.  Find  the  perimeter  of  a  regular  (piimlecagoii  circum- 
scribed about  a  circh;  whose  una  is  138(5  sq.  ft. ;  gi.  en 

tan  IJ  =-:>13. 

198.  The  top  of  a  pole,  placed  against  a  wall  at  an  angle  a 
with  the  horizon,  just  touches  che  coping,  and  when  its  foot  is 
movetl  a  feet  further  from  the  wall,  and  its  angle  of  inchnation 
is  /3,  it  rests  on  the  sill  of  a  window :  prove  that  the  perpen- 
dicular distance  from  the  coping  to  the  sill  =  '^  cot     ,^-  . 


I 


199.     In  any  triangle  prove  that 

<(h - r^r.^     he- r.^fj      '''  -  V; 


/••> 


200,     Prove  that 


1  i^ 

(1)     cos-i^=2sui-i'-;     [-2)     3tan-' -  -tan->  ,^. 
\   '  4<)  I  4  i>- 

201.  Prove  the  identities : 

(1)  (tan  .1  +sec.l).    t\^  =(cot.l  +cosec  .lUan  ^-ir)'4-^  j  ; 

(2)  cos  2.1  +COS  2/i  -  4  sin  (4r»°  -  .1  '  sin  >  t') '  -  fi)  cosM  +  li) 

202.  Given  log  3  = --ITT  121 3,  log  7  -  8  ir)()'.»80, 

ZHin2r)i'  =  !)G373733; 
shew  that  the  perimeter  of  a  regular  tigure  of  seviii   sides  is 
greater  than  3  times  the  diameter  of  the  circle  ciicumscribmg 
the  figure. 

203.  If  tan  (A  ="—-,'  cot  --.,  in  any  triangle,  prove  that 

^     a  +  b        2 


m 


sin 


r  =  fa  +  /A  I 

cos(p 
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204.  Tlie  sidt's  of  a  triangle  are  237  and  158,  and  *he  con- 
tained angle  is  GG'4()';  ii.se  tlie  formuho  in  the  last  question  to 
find  the  base. 

log  2  =   -ao  1  ( )3,     L  cot  33"  20'  =  1 0- 1 8 1 97, 
log  71)  =1  80703,     Z  sin  33' 20'=  9-73998, 
log22G87  =  4-3rM78, 

Ztan  IG  54' =  9-48262,     Zsec  16'  54'  =  10-01917, 
Z  tan  1G\')5' =  9-48308,     Z  sec  16°  55'=  10-01921. 


205.     Shew  that  sec  ^  = 


v/^  +  v'i 


2-f-2co3  4d 


206.     Prove  that 


sin 


V73 

and  solve  the  ccjuation 


3    ^        ^,     H  _    1      5ff 


,      _.^-l  ,  ,      _,2.r-l     ^      _,23 

tan    ' , +tau    •  .,       .  =tan    '.,;-. 

.r+1  2.t  +  l  3G 


W  i 


III 
•■i 


P    It 


207.  Tf  .r,  »/,  2  are  the  jx^rpendiculars  from  the  angular 
points  of  a  triangle  \\\  >n  the  opposite  sides  a,  6,  c,  shew  that 

/a*-     ry      az      a'^  +  h'^  +  c^ 

c  '^  a'^  h  ^'        ^Tt^  ' 

208.  1 1'  sin  (a  -6)  =  cos  («  +  ^),  shew  that  either 

6  —  mn--.   or  a  =  /«7r-4-r, 
4  4 

where  m  is  zero  or  any  integer. 

209.  The  vertical  angle  of  an  isosceles  triangle  is  120°; 
shew  that  the  distance  between  the  centres  of  the  inscribed  and 
circumscribed  circles  is  to  the  base  of  the  triangle  in  the  ratio 

^'3-1:^/3. 

210.  If  in  a  triangle  37?  =  4r,  shew  that 

4  (cos  -.1  +  cos  li  +  cos  ' ')  =  7. 


I 
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211.     If        '         \  =  ,— ,      >  prove  that 
cos(^— a)      1+nr^ 

tan  (  -  -  ^  J  =  wi  cot  (  7  -  a  )  • 


212,     Solve  the  equations : 

(1)  sinr)d-sin3d=r^2co8  4d; 

(2)  (l-tan^)(l+sin2^)  =  l4-tand. 


213.  If  cos ^4+ cos /?  =  4 sin'-  in  any  triangle,  prove  that 
a  +  b-2c. 

214.  A  flagstaff  standing  on  the  top  of  a  tower  80  ffot  high 
subtends  an  angle  tan"*  ii  **  *  point  100  feet  from  the  foot  of  the 
tower :  find  the  height  of  the  flagstaff. 

215.  Prove  that 

(1)  cot-i7+cot-i8  +  ('t-n8  =  cot-»3; 

(2)  4tan-_^-tan-i4  =  J. 


216.     If  2  sin  --  =  -  Vl  +sin  ^  +  v''l  -  sin  A,  shew  that  A  lies 

77 


between  (871-1-3)^  and  (8n  +  5)-. 


217.     Prove  that 
Bin* 


218.     Iftan^=,^'^'a^,  tan<^  =  ,^^'"'^„ 
1-07  COS  0  1  ~  y  cos  6 


prove  that 


sin  6  _x 
sin  <^     y ' 
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219.     Solve  tlic  cqii!itii)n 


tan->(.r  +  l)  +  tan-i(.r-l)  =  tan-i 


31' 


ami  prove  tliat 


xec-  (tan-'  2)  +  cosec-  (cot^ '  3)  =  lii. 

220.     Prove  that  iu  any  triangle 

sin  10^  +sin  lO^+sin  10C=4  sin  5A  sin  5/7  sin  5C ; 

57T  +  A     ryjr  +  B     5n  +  C 


also  that  the  sum  of  the  cotiu''ents  of 
is  ecjual  to  their  product. 


Si» 


221.  If  (li,  d.,,  d^  arc  the  diameters  of  the  three  escribed 
circles,  shew  tliat 

dyd.,  +  d.^d.^  +  d./t^  =  {n-\-h-\-  c)K 

222.  To  determine  the  hreadth  A/i  of  a  ravine  an  observer 
places  himself  at  C  in  the  straight  line  AB  produced  through  B, 
and  then  walks  100  yards  at  right  angles  to  this  line.  He  then 
finds  that  AB  and  BV  subtend  angles  of  15°  and  25"  at  his  eye. 
Find  the  breadth  of  the  i-avine,  given 

L  cos  25°  =  9-9572757,     L  cos  40°  =  9-8842540, 

Zcos75°  =  9-41299G2, 

log  37279  =  4-5714643,     log  3728  =  .3-5714759. 


:>'  i 


i 

^^Br  r: 

* 
i 

i 

223.  Prove  that 

( 1  -  cos  ^)  {sec  B  +  cosec  /9  ( 1  -J-  sec  0)]^  =  2  sec'-  ^  ( 1+  sin  6). 

224.  If  in  a  triangle  ('=-60',  prove  that 


1  1     ^        3 

a+c      l>  +  c     a  +  b+c' 


225.     Prove  that 


2  cos  ;'   =  V2  +  V2-f-V' V 


/2 +2  cos  .4 


the  symbol  indicating  tlie  extraction  of  the  square  root  being 
repeated  n  times. 
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then  ^--^  ^- 
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=  ^ -i'a-tjin-i  tan  rt  K- . 


227.     The  sides  of  a  triangle  are  sucli  that 
a       _       6       _  c 

1  +  7n-n'^  ~  tmH^-*  ~  (1  -  m-)  (1  +/i'^)  ' 


n 


prove  that  .1  =  2  tan  - '      ,  i?  ^  2  tan"*  mii,  and  the  area  of  the  tri- 


1  '" 

angle  =    .,       „. 


228.     A  flagstaff  A  feet  liigh  placed  on  the  ,owf>r 

^  feet  high  subtends  the  same  angle  0  at  two  points  .  .ot  apart 
in  a  horizontal  line  through  the  foot  of  the  tower.  If  *9  he  the 
angle  subtended  by  the  line  a  at  the  top  of  the  flagstaft',  shew  that 

h  =  a  sin  /Scoscc  0,  and  2/  =  a  cosec  6  (cos  6  -  sin  3). 


Ji      : 


229.  Prove  that 

^  tan  -  +  T  tan  -  =  -  cot  -  -  cot  6. 
a         2      4         4      4         4 

230.  A  regular  polygon  is  inscribed  in  a  circle  such  that 
each  side  is  -th  of  the  radius;    shew   that    the  angle  at   the 

centre  subtended  by  each  side  is  eciual  to  sec"'  — " 

^  2wi-  -  1  ■ 

231.  At  what  distance  will  an  inch  subtt  nd  an  angle  of  one 
second? 

232.  If  tan  " ' .;/  =  4  tan  -  •  .»•,  find  y  as  an  algebraical  function 
of  .r. 

Henc!e  prove  that  t^in  22"  .30'  i.s  a  root  of  the  equation 


3(i4 
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233.      lfcos2a  =  ^".\   fin.l    t;ui ,.    and    explain    tho  double 


ans\v«;r. 


234      U  0,<l>  l>o  tl'«  greatest  and  least  angles  of  a  triangle, 
the  mdcs  of  whicli  are  in  Aritlituetical  I'n.^ress.on,  shew  that 
4  ( 1  -  c(  )s  ^)  ( 1  -  cos  (/))  =  cos  6  +  cos  0. 


;|[ 


.^i:     fi 


235.  Solve  the  equations  : 

(1)  sin7^  =  sin4(9-sin^; 

(2)  tan  X  -  s'3  cot  x  +  \^   s'-^- 

236.  I"  fi"y  triangle  pi-ove  that 

(\)     sin  liA  sin  (/i-  C)  +  shi  3/;  sin  (r'-.l) 

^  ^  +sin3rsin(.l-/^)=0; 

(2)     a'sin(/>'-r)  +  /Psin(C'-. !)  +  '•■' sin  (. I-..      0. 

237       1 BC  is  a  ti-iangle  an.l  a  point  /'  is  taken  on  .1 B  so  that 
AP  :  iiP^m  :  n.     If  the  aTigle  CJ'B  is  ^,  shew  that 
{ni  +  n)  cot6=h  cot  .1  -  )/*  cot  A'. 

238.     If  n,  ^  are  luio.iual  valu(<s  of  6  satisfying  the  equation 
rt  tan5  +  '>sec^  -1, 

find  a  and  b  in  terms  of  a  and  (3,  and  prove  that 

2l>{\-a) 
sin  a  +  cos  n  +  sni  /3  +  cos  /3  =     ,  ^  _,.j 


1 +<«■■' 


239.     If  "h     sin-'^  +  cos"^,  prove  tiuit 


V;  -  u. 


240  V  building  on  a  square  1  -ase  A  BCD  has  tho  sides  of  the 
bise  AB  .'nd  CD,  Parallel  to  tlie  banks  of  a  river  An  observer 
sSndi  g  on  the  bank  of  the  river  furthest  froni  the  buddn.g  m 
the  sa.ne  straight  line  as  DA  finds  that  the  s,de  .1/?  sub  ends  at 
his  eye  an  angle  of  45%  ar.d  after  Avalkmg  a  yards  along  the 
bank   hi«,  iinds  that   DA   subtends  the  angle  whose  sine  is  ^. 

'2 
Prove  thid  the  length  of  each  side  of  the  base  in  yards  is  '--  ^    . 


I   ^ 
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241.     I'rtive  the  idpiitities: 

( 1 )     iioacc ^1  -  sin  .1 )  (wo  .1  -  I'os  A )  =  i^t.iii  .1  +  i-nt  A ) 


(^) 


tixn  0 


+ 


Aff 


1 


{l+t!Ui-d)-  l+Cdt'^tJ) 


Sill 


>e 


■)^ 


242.     If  sin  45cu.s  ^— ■, +siM  '  ,  los  -    ,  tint'  one  Viiliic  of  0. 


i\ 


243.     Prove  that 


t<in 


-1 


imii 


^^,+tan-' 


•2p'j    _ 


m-  —  n- 


where 


.V= 


=-taii-> 


mp  -  nq,  3  -  nji  -\-  inq 


244.     In  any  triangle,  jtrove  that 


tan- 


tan  - 


n 


tan  -^ 


a 


+ 


4- 


-  h}'{a  -cj      {b-c}  {h  -  a)      (<•-</)  (c-lt) 


and 


245.     If  r, ,  r.,,  /•,,  Ix!  the  radii  of  tli(!  three  escribed  circles. 


o-^O-:^^-' 


shew  that  the  triaiii'lo  must  he  riirht-an''led. 

246.  The  sides  of  a  triangle  are  2.37  and  ir)8,  and  the  con- 
tained aii^'le  is  r)8'40'3'i>'.  Find  \>y  tlie  aid  of  Tallies  tlie  value 
of  the  base,  without  previously  determining  the  other  angles. 


247.  If  tau(J  +/r!  =  3t,in  A,  shew  that 

sin  (2.1  +  2/})  +  sin  2.1  =  2  sin  2/i. 

248.  Prove  that 

4  sin  (^-a)sin(»j^-n)cos  (fi—mB) 
=  1  +  cos  (2d -  2m0)  -  cos  (2^  -  2n)  -  cos  (2viS  -  2a). 


3flfl 
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m\ 


249.  PcrnrndicularH  aro  diawn  from  the  angles  A,  li,  C  of 

an  acute-anKletl  triani,'It!  on  the  opjKwiti;  sides,  and  i)r(^durcd  to 
meet  the  cinnniRcrihinj,'  ciide:  if  those  produced  parts  bo  «,  ^.y 
respectively,  sliew  that 

-  +  ''  +  '"  =  2  f  tan  .4  +  tan  li  +  tan  C). 
a      fi     y 

250.  If  -1  and  fi  arc  two  angles,  each  positive,  and  lesH  than 
90*  and  such  that 

3sin2.H-2sin'/;=-l, 
3Hin2.J  -2sin2/;=0, 

prove  that  vl+2Zf-JK)^ 

251.  Prove  that 

(1)  cot-'(tivn2x)  +  cot-i(-tan:}j?)  =  A-; 

(2)  tan-i  -" "^ -  tan-i  J  I ^  =  „i,ri    ^  J~ "^.-_  . 

252.  In  any  triangle  prove  that 

a  sec  $  =  b-'rc, 


where 


J 


(f>  +  c)  sin  ^  =  2  \/bc  cos  '- 


East  of  North.     Find  the  distance  Ixjtwccn  the  pouits  by  the  aid 
of  Tables. 


I  ' 


253.  Prove  the  identities: 

(1)  cos  ^  cos  (2a  -  fi)  =--=cos2  a  -  sin^  (a  -  ^) ; 

(2)  {x  tan  a  +?/  cot  a)  (.r  cot  a  +//  tan  o) 

=  (.>.+y)-  +  4a.ycot2  2a. 

254.  If  2^=  A-^n  +  C,  shew  that 

cos2 S + C082 {S-A)+ cos'^i  ( ^- _  /J)  ^ cos2 {S -  C) 

=  2  +  2  cos  A  cos  Ji  COS  C. 
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255.     If  sin    'a  fsin    '  ,:<4-«iir  '  y  =  »r,  prove  tlmt 


n  v^  I  - o-+,-i  \^1  -  ^J-  +  y  V  1  -  y-  -  i'«i,iy. 

256.  In  ft  triaiii,'lo  a-3(;,  H     73    l.V,  r..Ar>°  30' ;  (in.l  /laud  r 
by  the  aid  of  Tah'u^N. 

257.  Tf  p  l)o  tlio  radius  of  tli<»  cinh'  inscriKid  in  tli«'  iiod  il 
triangle,  j.rovo  that 


-//(I 


.-.I  cos^/;  -.•(,. s-'C 


258.  J,  II,  C  are  the  tops  of  po.^ts  at  o.iual  intervals  l.v 
the  side  ot  ft  rom,  ;  t  and  t'  are  the  ta.,-eiits  of  the  an-le.s  whieJi 
AU  and  lit  Htihtend  at  any  point  /' ;  T  \h  the  tauyent  of  the 
angle  uhich  tlie  roud  makes  witli  Pli  :  >!.e\v  that 


2      1      1 


t  J 


259.  In  any  triangle  prove  tliat 

(coH  n  +  cosC     !-f2eos.li      />  +  c 
1  +cort  ,1  -  2  cos-  .1  a    ' 

260.  With  the  notati(Mi  of  Art.  21  f),  prove  that 

.1  /       fU      CI 


261.     Prove  tiiat 


sni 


-1 


1 


.1/,  "^/;/,^(73"^'■ 


l 


3-^^"'"3-ii+«'"-\/n  =  2- 

262.  Finil  the  rehitioii  lutween  a,  /3,  and  y  in  order  that 

cot  (I  cot  /3  cot  y  —  cot  a  -  cot  ^  —  cot  y 
should  vanish. 

263.  If  .1  + /;+''=  rr,  prove  that 


tan.l 


tan  /> 


+  . 


tan  C 


tan  Ij  tan  V     tan  ( '  tan  A      tan  A  tan  li 
=  tan  A  +tan  />'  +  tan  C-1  (cot  A  +cot  i?-f-cot  C\ 


A.' 


% 
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264.  A  man  travelling  due  North  along  a  straight  road 
observes  that  at  a  certain  milestone  two  objects  lie  duo  N.E.  ami 
S.W.  resiHJctively,  and  that  when  he  reaches  the  next  milestone 
their  directions  have  become  S.S.E.  and  S.S.W.  respectively. 
Find  the  distance  between  the  two  objects,  and  prove  that  the 
sum  of  their  shortest  distances  from  the  road  is  exactly  a  mile. 


r  1 


265.  Prove  that 

tan  20"  +  tan  40°  +  ^3  tan  20 '  tan  40"  =  v/3. 

266.  Solve  the  equation 

cot^  ^+6  cosec  2^-8  cosec^  2^=0. 

267.  U  A+B  +  C=l 80°,  prove  that 

1  -  2  sin  ^  cos  C  cos  A  +  cos^  A  =  cos^  B + cos**  C, 
and  if  A+B  +  C=0,  prove  that 

1  +  2  si  n  5  sin  C  cos  A  +  cos^  A  =  cos^  B + cos^  C. 

268.  If  in  a  triangle  cot  A,  cot  B,  cot  0  are  in  a.p.,  shew  that 
a^,  h',  c-  are  also  in  a. p. 

269.  If  a,  /3,  y  are  tlie  angles  of  a  triangle,  prove  that 
(^3|  +  ^_,,^  +  ,o.s(''^  +  n      2^)  +  cos(-^  +  ^-2y 


COS 


=  4  COS 


5a- 2«- 


fi-y         5/3-2y-a         r)y-2a-^ 


COS 


cos 


]i 


i:     =  ;] 


PL  ^ 


270,     If  the  Slim  of  the  pairs  of  radii  of  the  escribed  circles 
of  a  triangle  taken  in  order  round  the  triangle  be  denoted  by 
1,  hi  hi  *"^  *^''''  corresponding  differences  by  d^,  d^,  rfg,  prove 
that 


271.     If  cos  A  =  \ ,  shew  that 
4 


o,    •    A    .    5A     „ 
32  isni  r  sm    v  =11. 
2  2 


■i     r  , 
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272.  Pnno  tliat  all  auglus  wliiih  satiNfy  the  equation 

taa-^  +  2tan(?=rl, 

are  inoliuled  in  tins  fonnula  (8«-  l)'^  ±  ^  wliuro  n  is  zero  or  any 
integer. 

273.  Prove 

( 


1 )     cos  ^2  tan->  ~  \  =  isiu  U  tan   '  .^J  ; 

(2)     tan-^^f -"    +tan-f*^^'"'Un. 
u +  .3  cos  2a  \     4 


274.     If  in  anv  triangle 


cos 


A  ^1       /he 

2       2  V  f  "^  A ' 


shew  that  the  square  described  with  one  side  of  tl;e  trian<;lo  as 
diagonal  is  equal  to  the  rectangle  contained  hv  the  oHk  7  Uvo 
sides. 

275.  Find  B  and  C,  having  given  .1  =.")0',  ^=^110,  a  -='.)7. 
logl-19=-075.-)470,         Zsin  70'  =  9-!)729858, 

Iog9-7  =  -!)867717,     Zsin  70°  l'=9-973().'}18, 
Zsin  5(r  =  9-8842540. 

276.  Circles  are  inscribed  in  the  triangles /),Z',/-;,  /l^K.F.,, 
A''3^3»  where  7>,,  /;,,  /\  are  the  2H)ints  of  contact  of  the  circle 
escril)cd  to  the  side  JJC.  Shew  that  if  ;■„,  rj,,  r„  be  the  radii  of 
these  circles 

~  -  =  1  -tan  V  :  I  -  tan  --  :  1  -tan 


>  ill 


^n 

i  jj 

1 

{J 

i! 

1 

I? 


rb 


4* 


277.  Reduce  to  its  simplest  form 

tan-(    -^^^^^^   ^-eot^if   ^°«^ 

278.  If  cosJ+cosZ?  =  4sin2-  in   any  triangle,   shew  that 


the  sides  are  in  a.p. 
n.  K.  i:.  T. 


L'-i 


if  • 


m  :  ; 
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279.  Kxi)ress  4  i'os(i«:<).S|3f<wyC()s  J^  + 1  sin  a  sin  ^s'\n  -ysin^ 
as  tlie  sum  of  f(»iir  cosines. 

280.  If  /  ')0  till!  iii-f(Mitn'  of  a  tiiauglo  juul  pj,  p.^,  p,,  are  the 
circiun-railii  of  the  triangles  JUC,  CIA,  A  IB,  prove  tliat 

p,p.P3  =  2/-/f-'. 

281.  A  monument  A  liC'DE  atimdn  on  level  ground.  At  a 
point  /'  on  the  ground  the  portions  Ali,  A(\  AD  suhtend  angles 
a,  j3,  y  respectively.  Supposing  that  AB=^2,  AC=16,  AD=18, 
and  a-\-li+y=lHO\  find  AI'. 

282.  If  a  and  /3  bo  two  angles  both  sjitisfying  the  equation 

rt  cos  2d +  6  sin  26  =  r, 

prove  that 

.,     ,        .,  , .     a'  +  a>-  +  b- 
coa^'a  +  vos-  8=        .,     ,.  -    . 
a-  +  0- 


!?? 


1;; 


(i 


■-ti 


283.  If  r = 22^',  a  =  ^/2,  /.  =  V2 + v/2, 
solve  the  triangle. 

284.  U  A  +  n  +  C=l 80',  prove  that 
sin''  ..4  +  sin^  ^  +  sin^  C 

A        li        (\        3A        .3Z?        3C' 

=  .3  cos  —  cos    -    cos    -  +  cos      ,    COS    ^    COS'' . 

2         2         2  2  2  2 

285.  In  the  ambiguous  case  in  which  a,  h,  A  are  given,  if 
one  angle  of  one  triangle  be  twice  the  corrcsi)onding  angle  of  the 
other  triangle,  shew  that 

a  v'3  -  -lb  sin  A ,  or  Ab^  sin^  .J  =  rj2  {a  +  .3ft). 

286.  If  the  roots  of  :t^—px--r  =  0  Jire  tan  «,  tan /3,  tany, 
find  the  value  of  .sec' <i  sec- /i  sec^  y. 

287.  If  a-i-ji  +  y  =  7r,  and 

tan-(/3  +  v-u)tan-(y  +  «-/3)tan-(n  +  ^-y)  =  l, 


r>r)vc 


that 


1  +  CO, 


S  (1  +  Ci  IS  ft  +  CO.S  y 


=  0. 
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288.  Prove  that  the  side  of  a  regular  hoptaj^on  inscril)ed  in 
a  circle  of  railius  unity  is  given  hy  one  of  the  roots  of  the 
equation 

>-7.i-<  +  14,T--'-T  =  0, 
and  give  the  gcouictrical  .signification  of  the  other  roots. 


289.  If  in  a  triangle  the  .mgle  li  is  Ah\  prove  that 
(l+cot.l)(l+cotC)  =  2. 

290.  If  twice  the  square  on  the  diameter  f)f  a  circle  is  equal 
to  the  sum  of  the  squares  on  the  sides  of  the  inscribed  triangle 
ADC,  prove  that 

sin- .1  +  sin2  Z?+sin- 6'-=  2, 
and  that  the  triangle  is  right-angled. 

291.  If  cos  A  =  tan  li,  cos  li  =  tan  C\  cos  t'= tan  A, 
prove  that  sin  .1  =^'\nn  =  sin  C=  2  sin  1  ^- ' 

292.  In  any  triangle  .shew  that  a,  b,  c  are  the  roots  of  the 
g            equation 

ar>  -  2sx^-  +  {r-  +  .v-  +  4/ir)  x  -  Albs  =  0. 

293.  Shew  that  sin  ^  i.s  a  root  of  the  cciuation 

8A-''-4.t,-2-4.r-f-l=0. 

294.  The  .stones  from  a  circular  field  (radius  r)  are  collected 
into  n  heaps  at  regular  intervals  along  the  hedge.  Prove  that 
the  distance  a  lahourer  will  have  to  travel  with  a  wheolharrow, 
which  justs  holds  one  heap,  in  bringing  them  together  to  one  of 


I  4 


^"A 


the  heaps  (supposing  him  to  start  from  this  heap)  is  4;- cot 


27i' 


295.     Shew  that 

„.  »r    -  ^  27r         .3n-         An        ^i: 

con  -      COS       cn.s     .  cos     .  Cos   -.  COS  , "  cos        =  (  -  I 
15         10         lo         1.)         la         1,-)         i:,      \2) 


Cm 

■    I 


In       /\\J 


24 -q 
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296.  If  X,  y,  z  fire  the  jK^pendiculars  drawn  to  the  sides 
from  any  point  within  a  triangle,  shew  that  x^ -y y"- Jf  z"-  is  u 
minimum  when 

X  _  y     z  2A 

a~  h~  c~  a'^  +  6'^  +  c'^' 

297.  If  ra,  rj,,  r„  n  be  the  radii  of  the  circles  which  touch 
each  side  and  the  adjacent  two  sides  prcxluced  of  a  quadrilateral 
prove  that  ' 

a      c       b      d 
-  +  -  =  -  +  ~. 
ra     re     Tb     ru 

298.  If  the  diameters  AA',  BB',  CC  of  the  circum-circle 
cut  the  sides  DC,  CA,  AB  in  P,  Q,  R  respectively,  prove  that 

J_        1  12 

Ar'^BQ'^Cli~  IV 
1,1  1  1 

TT*     B'O  "^  C'R  ^  ^  ^"^  "^  ^^^  ''  ^^^  ^  ^^^  ^^' 

299.  If  a,  ^,  y  are  angles,  unequal  and  less  than  2w,  which 
satisfy  the  equation  -^  +  _,_- +c  =  o,  prove  tliat 

COS  (7        Sill  u 

8in(a  +  /3)  +  sii   (/3+y)+sin(y  +  a)  =  0. 

300.  Shew  that 

(seci^l+sec^^^+sec^-"^)  (cosec2^  +  cosec2?ir  +  cosec2'^)=  192. 
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V.  a, 
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3.  <-  =  8^/3,    ,^::=30,    H:^m". 

8.  i^20^/2,  .J  =  c'=45°. 
7.  «  =  2^/2,  ii=6'^45°. 

9.  7i  =  (;o  ,  6  =  27,  c  =  lH^/;{. 
11.  i?  =  30°,  a  =  4^/3,  ft=4. 
13.  A  =  30°,  a  =  50,  c  =  50  ^/.J. 
18.  .^=90",«-.  4^/2,  6=1. 
17.  700.  18.     31. 
21.  C7=5r,  «=:73,  6=121. 

23.  C'  =  50°3G',  a=39-3875,  c  =  30-435. 

24.  c  =  353,  A  =  3<r  30',  /i  =  50'  24'. 


I'agk  ."JT. 

2. 
4. 
6. 


8. 
10. 
12. 
14. 
16. 
19. 
22. 


"^(>v/3,  A^(\U\  C'  =  ;{0^. 
<=30^/.!,  n.   -MV,  ('=(J0'. 

(I  : 


=-'.»,  .i=r.o^  c'  =  ;{o^ 
(;  =  (Jo,  6  =  2,  r  =  2^':j. 

7>'  =  «J0^  <(=3^/.H,  r  =  3. 

f  =  <»0,  a  =  20,  <-  =  40. 

.1=90^  6  =  4,  c.- 4^/;!. 

80-47.  20.     97-s. 

7.'  =  GHM7',  C'  =  21'4.T,  6  =  93. 


V.   b.     Pa<ii:  30. 
1-     10^3.  2.     «  =  10^/2,  ,=20. 

3.     A Ii=  10  v'3  ft.,  .( <;=  10  ft.,  ^U  =  5 ^3  ft. 


24  ^/.S, 


12,  4. 


2;)  I 


7.     20(3  +  ^3). 


/a-1). 


8.     Z>C'  =  iiZ;=100. 


i<  I 


i!  : 

I; 


I     f 
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KLEMENTARY  TRIGONOMETRY. 


I 


m    M 


1. 

6. 

8. 
11. 
1«. 

17. 


1. 
3. 
6. 
7. 
9. 
11. 


11. 
16. 
19. 
23. 


6. 


1. 


173-2  (t.  2. 

22r>ft.;  .^s-yTft, 
-)!  yds.,  81  yds. 
27.{-2  ft. 

7;{-2  ft. 

ll'.tayds. 


VI.  a. 

277- 12  ft. 


Page  42. 


60^ 


12. 

16. 
IS. 


6. 
9. 

Each 
Olft. 
27712  yds 


3 

30  ft. 
8(rt)yds. 
70-98  ft. 


4. 

7. 
10. 
13. 
16. 


TjOft.;  100  ft. 
200  yds. 
40- 19  ft. 
5  miles. 
300  ft. 


VI.   b.     Pa(JE  47. 


yC.o-fiyds.;  ]jl3l-2yds.  2. 

29  niilos.  4. 

10  miles ;  24-14  miles.  6. 

'.»•().■)•>  miles.  8. 

-295-1  knots.  10. 

31  minutes  past  midnight.  12. 


3-4()4  miles  ;  G  miles. 
10  miles  per  hour. 
10  miles;  S.  2.V  W. 
;V77  miles;  11-54  miles. 
i5-l',ttJ  miles  jxT  hour;  18  miles. 
38-'.t7  miles  per  hour. 


VII.    a.     PA<iK  54. 


4 

237r 
72  ' 
1-43'jy. 
135°. 
22°  30'. 
•038. 


3 
4' 
3 
4' 


2. 


TT 

G' 

•2t 


■      2  J 

12.    l-r.i'.r.,. 
16.     28'. 
20.     30  \ 
24.     1  23-'. 


(TT 

12' 
77r 

To" 

13. 
17. 
21. 
26. 


TT 

8  ■ 


6. 


10  • 


9.      ^j^Oy.      10.     -0545. 


2-74S'.». 
33°  20'. 
37="  30'. 
2t)2G2. 


14. 
18. 
22. 
26. 


-91G3. 
37"  30'. 
105°. 
2-9979. 


V  i.    b.     Pagk  5G. 
'  "       -  4.     ±. 


3v'2 
1. 


3. 
13. 


H- 


IT         1-K 

4  '     15  ■ 


14. 


57r      bit 

G'  y 


VII.   C.     Page  60. 
2.     300  ft. 


3.     A  radian. 


4,      r)-8:">  yards, 

7.     58ij. 
10.    17-904. 


6.     330. 


8. 
11. 


40y.^.s. 
2-G'. 


6. 

9. 
12. 


—  of  a  second. 

4-i 

1-15192  miles. 
45  feet. 


ANSWERS. 


1. 

6. 
10. 
14. 
17. 
19. 

25. 
29. 

1. 

S. 

9. 

13. 

17. 

21. 
2S. 


4. 


7. 


MISCELLANEOUS  EXAMPLES.    B.    Vm-.k  ca. 

<.V.  2.     '.•5'J(',.  3. 

30^  8.     2'JJ",  "" ,  9. 

a  =  ('( ^l:\,  <•  =  I'i,  iMjrp.  =  il ,J'^. 
120\  m\  '2i°.  16. 

(1)  possible;     (2)  iniiwssiblo. 

21.     OO.  24. 


T 

5 

IT 

H' 

200  yards 


Secoriil. 
Second. 
Sine. 
Sine. 

Cosine. 
60\  2. 


26.      (l)    .'{0=';      (2)    :iO 

30.     33  fei't. 


r.i". 

4. 

3I3H  inch.x 

«7i '. 

3.') 

12. 
IS. 

17-.32  1I. 
K-r.fi  niileH 

4  inil( 

s  per 

hour, 

1-732  miles 

30  . 

27.      •"' 

14 


2. 

6. 
10. 
14. 

18. 

22. 
26. 


,J-A. 


VIII.   a. 

Third. 

Second. 
Cosine. 
Tangent. 

30^  2. 

VIII.  b. 

I 


3. 

7. 
11. 
16. 

19. 

23. 


'.V(.;k  est. 
First. 
Third. 
Tangent. 
Sine. 


4. 

8. 
12. 
16. 

20. 
24. 


Third. 
Third, 
Sine. 
All. 

4.^^.  1. 
45=^,  1. 


Tacik 


2. 


•i  ■ 


12 

12 

\r 

;") 

v/3 

1 

2  ' 

\/;$ 

6.      - 


I' 


.3 
4" 


6. 


8.      1, 


./2. 


1 

2' 
4         3 
3'   "5" 

5  6 

"i3'  =^12- 


IX.      Paoe  7!>. 
1.     cot  A  decreases  from  oo  to  0,  then  increases  numerically  from 
0  to  -  X ,  then  decreases  from  od  to  0,   then  increases  numerically 
from  0  to  -  X  .  2.     cosco  0  dccniaf-es  from  x  to  1,  then  increases 

from  1  to  X  .  3.     cos  0  decreases  numerically  from  -  1  to  0, 

then  increases  from  0  to  1.  4.     tan  .-1  decnases  from  «  to  0, 

then  incn>ases  numerically  from  0  to       -r  ,  6,     sec  fl  il>-crr;i«cH 

numerically  from  -x  to  -1,   then    increnses  numerically  from   -1 
to  -  w .  6.     3.  7.     1.  8.     -  2.  9.     2. 


■MB 
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Kl-KMKXTAKY   THUiOXOMKTUY. 


MISCELLANEOUS  EXAMPLES.    0.    PA(iK  8i. 


4 
1.     J  . 


3.     A=m°,Ii-r:30",  a 


'21  ^/A 


8.      t  >•      iiiles,  nearly. 
8.     120().3  inches. 


6.     301  feet. 
10.     200  feet. 


24* 


7.     H 


10" 


X.  a.    Page  87. 


it 


1. 


6.      - 


v/2- 
V3 


9. 


13.  -  2. 

17.  tan^. 

21.  -tanvl. 

26.  1. 


2. 

6. 
10. 


1 
2" 


1. 


1 

^2- 
cos  A . 


14.  - 

18.  - 

22.  -  cos  0. 

26.  2Bin.^. 


3. 

v/3. 

4. 

-^2. 

7. 
11. 

-1. 

v/3 
2   • 

8. 
12. 

1 
2" 

-2. 

15. 

V3- 

16. 

sin^. 

19. 

-  sec /I. 

20. 

-008^1. 

23. 

tan  d. 

24. 

-  cosec  0 

27. 

1. 

1. 

6. 
11. 

16. 

21. 
23. 
30. 


1 
2" 


1. 
0. 


2. 

T. 
12. 
17. 


1. 


X.   b 

3. 

8. 
13. 
18.     2 


Pauk  91. 


^/3 
2  ■ 

3. 

1 
2' 

4. 

1 
2' 

5. 

-1. 

2 

8. 

1 

9. 

-v"-i. 

10. 

1 

v/2- 

1 

v/2- 

13. 

-^'■2. 

14. 

1 
~2' 

18. 

-V2 

120',  30(r,  -00^  -240°, 
3.  31.     cot'-.:l. 


19. 


1 
J-.i 


20. 


22.  210",  330=,  -  30°, 
24.  135°,  315°,  -  45°, 
32.     -1.  34. 


150°. 


4.     1 


24 
25* 


XI.   a.     Pa<:f  91 

33      1() 
bo      Do 


85 
36* 


k 


A.NHWKRS. 


XL    b.       I'AliK    KH). 


:ri) 


1.    1. 


3.     0; 


278  _    1 


IX.     cos  A  cos  li  cos  C  -  cos  .4  f.in  /•'  win  < '     sin   1  cos  />'  sin  ( 


sin  .1  sin  />'  ens  (' 


Bin  ^  cos  Ji  cos  C  -  cos  .1  sin  Ji  cos  ( '  +  cos  .1  cos  li  sin  C 


f-  sin  .•(  sin  /.'  sin  (' 


la. 


13. 


tan  A  -  tan  11  -  tun  C  -  tau  A  tun  /;  tan  (' 
1  -  tan  n  tan  C  +  tan  C  tan  A  +  tan  -J  tan  II ' 

cot  .<  cot  li  cot  (.'  -  cot  .1  -  cot  /{  -  cot  C  • 
cot  li  cot  C  +  cot  V  cot  A  +  cot  .-1  cot  ii  -  1 ' 


XI.    d.     PAiiK   104. 


1.    -A. 


17 
25' 


24 


25'   25' 


XL  e.     Pa«!K  106. 


1.    - 


23 
27" 


117 

125' 


13" 


I     1 


XIL  a.     PA<iE  112. 
2.     sin  1)0  -  sin  3(>.  3.     cos  12.1  +  cos  2^4. 


1.  sin  40  +  sin  -2ff. 
4.  cos  -■!  -cos  5 A. 
7.     cos  60  -  cos  120.  8.     sin  1G0  -  sin  26.        9.     cos  1  .'{a  -  cos  Oo. 


6.     8in<t0-sin0. 


6.     sin  12^  -  sin  40. 


10.     cos  .la  -  cos  15o. 


12.        (cos  2a  -  cos  4a). 
14.     -  (sinO.-l -sin/1). 


11. 


13. 


1 


1 


(sin  11a  -  sin  Hal 


(sin  2A  f  sin  A). 


16. 


1 


cos  -  -  COS  0 


15.     COS       +  cos  0. 

17.     cos  (a  +  /3l  +  c;)8  (a  -  :'>}i). 


18.     cos(2o-i3i-cos(4a+/i).  19.     sin  (:W  -  <^) +  sin  (0  + ;i0). 

aO.     sin  (40-^) -sin  (20 +  3^).         21.     .^  f  ^^   -sin2aj. 
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KLKMKXTARY   TRIOONOMKTHV. 


1.     2sin(!tfc<>s2^. 
4.     2  sin  10<>  sin  t>. 

7.     "J  sin  Ho  cos  oo. 


XII.   b.     Paok   114. 
2.     2coa.'}<>8in2^. 
6.     2  cos  Via  sin  a. 


3.     2  cos  M  cos  2". 


6. 


11a 


loos  CDS    ^  . . 

2  sin  3a  sin  2a.     9.     2  cus  — -  cos  ' 

2  2 


10.     -2cos7.1sin4.(.     11.         sin  20°. 


12.     ^':{coslO 


XIII.  a.    l'.\(iE  128. 
1.     r.O'.         2.     120.  3.     .-J  =:{(>"./.'=- 121  ,  (':<() 

B.    90°.  6.    A-^i',\  n^\:p,{:=^m\ 

7.    .■^=;Jo^7J:-l;{->^  c-^ir, .  g.    2s  .-.r,-.  9.    ioi°33'. 


4.     4."> 


10. 


./f.. 


11.     7. 


12      H. 


13.     14. 


14.     '.I. 


16.  h  =  2  v'6,  A  -=  75',  C  =  30  .         16.     a  =  ^Ty  +  1,  /;  =  30 \  ( '     72\ 

17.  C'  =  7')^   a=c  =  2^/3  +  2. 
19.     C'  =  30^  «  =  2,  /j  =  ^3+l. 


18.     .1  ^lOo  ,  '/- ^'3 +1,^  =  ^/3-1. 
31.     2.  22.     G.  23.     C0\ 


24.     105V1."J.30\  25.     1(I;V,15;G0.  26.     ^f  ,  105M5 


XIII.   b.      PAciK   1.32. 

1.  /.'^(JO',  120  ;   t'^'.lO  ,  30^;  <=2,  1. 

2.  /< -  60^  120   ;  J  -=  7.-.  ,  ir,° ;  ,*  =  3  -v  ^/3,  3     ^Z.;. 

3.  .4  -  \'f,  B  =  7">  ,  /^  - ;^'3  -f  1 ;  no  anibi^juity. 

8.  C^  4r,°,  VSr,   ;  A  =  10.-,  .  l.-,   ;  ,( =  3  +  ^ '3,  3  -  ^/3. 

6.  C=  75",  lO.r  ;  A  =  45^  15 ' ;  a  =  2  ^/3,  3  -  ^3. 

7.  A  =  75°,  105" ;  Ji  =  yO^  60^' ;  h  =  2  ^/f.,  3  ^/2. 

8.  li  =  90°,  C  =  72  ,  (•     4  v'-^+2;.''5 ;  no  ambiguity. 


4.     Impo.ssible. 


9.    Impossible. 


XIII.  d.     Pack  l.-JO. 

1.  ir,  72  \  3r." ;  each  side  =  ^/5  +  1. 

2.  A  -  OO ',  a  = '.»  -  3  ^/3,  7,  =  .3  (^/f,  -  ^/2),  r  =  3  ^2. 

3.  A  =  lO.-,^',  fi ^  l-,o^  c -^  »">0°.  4.     />"  - .-.  r,  12(P ;  C^  108",  30". 
6.     r:-60°,  120°;  J  =90°,  30°;  «:^  100^3.    No,  for  (7=90°. 

«•     iaM2G°.  8.     ^  =  90°,  ii  =  30°,  C=GO°;  2c-aV3. 


I 
I 


ANSWKRS. 


:iM| 


MISCELLANEOUS  EXAMPLES.   D.     I' 


A..K    I.'IS. 


a. 

9. 


•i:». 


3.     X  ,  1. 


6.      <i 


l:=:Mi   ,    Crr  KC 


.r_;jo  .  /;  .7'.  .  ( 


XIV.  a.    1'a..i    1 1.-. 


't 


lt».    H. 


ilOl. 


'2'  a'  2 

10()(M) 


;»'  i 


<» 


1000.  10(1(111. 


4. 

6. 

8. 
11. 
U. 
17. 
20. 
23. 


1. 

4. 

8. 

12. 


\.  3.  4.  0. 


I,    •>,    u,    -», 


ft.  •-'.  •_'  o.  I.  :\.  1 


1-H0;UIHH,  C.HOOl  IMS.  r-80iHlSH. 


13.     .r 


14. 


15. 


7.  .'I'-T).  ^'2',,  •00032.''.. 

2HS.-,:mi3.  9.     3;}71l;!73.                 lO.  lon.ViHC. 

l'.ll(]3H22.  12.    'iHI'.  O.tO.                 13.  2-3.380134. 

1-G'.t8y700.  IB.    i-8r-'.v.tiy,            le.  •o.-)Oi7H'.. 

loR  2  =  -3010300.  18.     1  - 1()«  2  ^  •(■.',tH'.)700.  19.     l-3204(;9. 

•02f)0315.  21.     •2Hi)>U31.                   22.  7-2C2ir.3H. 

7;  4.  24.     20.'.M. 


XIV.    b.     Vm:).   14!). 

0-07r)22fi.                  2.     :<01H24.                     3.  •j4r.7-26(;. 

•-•■•-'3.                B.     :\r,i.                6.     1-7-.5.  7.       2.  70. 

22-2398.           9.     3-32.               10.     577.  11.     2-o:.. 
.:■  ^ 2  loR  2  =  -00206,  y^  -2  lo^  .">  =  -  l-3'.»7'.t4. 

h ig  3  -  lo-  2     -''•'/-  i;rfr  ;r-  lo, 
:i{h-n.^c  +  -2\,  .^  (2(7-3,-4-6). 


=  .r-l^l-71. 


/'T-;  -2,    ^,  (3<(  +  2/y  +  3<- -.".). 
I) 


MISCELLANEOUS  EXAMPLES.   E.    I'.v.iK  l.^o. 

/'  V'5  -  1,  .1  =  13.-.^  ('=30  .  8.     A  =  10.j\  ll  =  ir,° 

XV.  a.    V.K'.K  15-). 


1. 

0-t)t»47{.S6. 

2. 

•.'.404024. 

3. 

6-4r)47N6(). 

4. 

1-700(;731. 

5 

6-7S40083. 

6. 

55740-83. 

»* 

<)73-3IC,6. 

8. 

•01i;t)8i]7. 

9. 

•00n-2h7771. 

10. 

•2-.3iy25. 

11. 

2-()3l;.21. 

12. 

1-389495. 

13. 

2-424463. 

14. 

2-0601.38. 

J^ieas  ^-■^--■TS''"JW 


u 
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XV.   b.     1*a<:k  ir)9. 


r. 


1. 

4. 
8. 
9. 

1. 
3. 
6. 
7. 
8. 
9. 


•2':n 


1. 

•♦;i()4H-2r). 

2.     •7•.»2^ 

(H(»;i.            3.       i-Zlii 

4«on 

%.     ir^tz  iu  . 

5. 

;iO"i(>''2:v'. 

6. 

4H"  4-/44". 

7. 

9^8440554. 

8. 

10-i:U7778. 

9. 

9-7030545. 

10. 

44°  17' 8". 

11. 

5"/  .'30' :$;»". 

IJ. 

9(j(J00501. 

13. 

10- 1912872. 

XV.  c.     Pagk  IGl 

1. 

2-3G9ii'2. 

2. 

84:536. 

3. 

33^27475. 

4. 

•o:5.so:{14'J. 

5. 

112184. 

6. 

1225-508. 

7. 

27-'J020t). 

8. 

•580303. 

9. 

G-84829. 

10. 

:;-'2«B7o4, 

1-2:}0122. 

11. 

2273-54. 

12. 

•r)09.'.:J28. 

13. 

7-29H89. 

14. 

•045800373. 

16. 

•1972940. 

16. 

•00017063G3. 

17. 

•G440G5. 

18. 

9-.'52912. 

19. 

•3175271. 

20. 

•335859. 

21. 

•42218:ifi. 

22. 

124272-2. 

23. 

250^2357. 

24. 

(1)  30^45' 

22";    (2)  1!)'2S'10".       i6. 

4417 

85.      26.     G8^25'6" 

1 

2' 


XVI.  a.    Vm.e  166. 

7. 


3 
2' 


XVI.  b.     Pagk  169. 
113°  34' 41".  2.     4;»°28'2G".  3.     55°4G'16", 

78°  27' 47".  5.     G4°37'23".  6.     .35°  5' 49".  7.     93"  35'. 

A  =  07°  22'  49",  /; : ^  53°  7'  48",  C  =  59°  29'  23". 
A  =  4G '  34'  3",  /.'  -.  104°  28'  3'.t",  C  =  28°  57'  18". 


XVI.    C.     Pacjk  173. 
,■^=79'G'24",/.•  =  40^53'3(;'.      2.     A  =  t>   1'54",  C 
A  =  24"  10'  59",  li  =  95°  49'  1 ".     4. 
A  =27° 38' 4.V',  C=  117^  38' 45 ". 
A  ^74°  32'  44",  C  =  48 ^  59'  1 G". 
B  =  100°  47'  1",  C  -=  ir  12'  59". 
A  =  136°  35'  21-8",  II  =  13"  14'  33 •2'' 


108°  58'  G". 
/;  rr  78°  48'  52' ,  -.  =  5G°  41'  8". 
6.     82°  57' 15",  30°  32' 45". 


ANSWKHS. 


ns3 


1. 
5. 
7. 


1. 
3. 
6. 
7. 


XVI.    d.  I'A<.K   171. 

89-<)4()l(i'2.        2.     255-3.SG1.  3.     '.CJ-THH.       4.     /-     is.",.  <•     I'Ci. 

321071)».  6.    «=--7C.r)i;i-2i,  <•  zio.Tit;*. 
/,  =  707  792.  (■  =  V2G'^^M. 


:!2"  25'  35". 


XVI.  e.    l'.\(iK  17(;. 

2.     41    H'JS'or   i:is    1H'.T2". 


.^=  100  34',    ^:-:31  2G'. 


4.     r>r  is' 21"  or  12H!r :!!»". 


1. 

2. 

4 

6. 

8. 
10. 
12. 
14. 
15. 
17. 
19. 
21. 
23. 
24. 
25. 

27. 

28. 

29. 

30. 


.1=28^20' 40",    <;  =  39  3.-/11"       6.     .1  =  Hi '45' 2",  or  23   2' .'S". 

(1)  Not  nml.i^'nous.  for  C  =  90  ; 

(2)  anibiKUous,  b  -^  (;()-3S93  ft. ; 

(3)  not  ainbiKuoiis. 

XVI.  f.     PA!ii:  ISO. 
.<  =58-  24' 43",  7<:r:48°ll'23",  C'=73'"23'54". 
1 12"  12'  54",  45°  53'  33",  2V  r/.V  33".         3.      7.'.    iX'  54". 
4227-4815.  5.     7?  =  108'^^  12' 211",    (7:^^  49' 27' 34". 

.4  =  105° 38' 57",  B  =  15^ 38' 57".        7.     17-1  or  3G8. 
lOb^2iV(;",  53°7'48",  18°2G'G".        9.     12G^22';  9G''27',  or  19^3'. 
y>':=80°4G'2G-5",  C  =  G3  48'33-5".    11.     7O=0'5G",  or  109^-)9' 4". 
4  0249.  13.     41°4.V14". 

.4=42°0'14",  Ii  =  55°5G'4G",  C  =  H2  3'. 
41°  24' 3.5".  16.     .4  =60°  5' 34",  C  ==  29°  54' 26". 

889-2554  ft.  18.     72°  12' 59",  47   47' 1". 

11-4878  ft.  20.     ^  =  102'  5G' 38",   ;{  =  4-2   3'22". 

7)' =  99°  54' 23",   ('     :!-2"50'37",  «  =  18-7254.  22.     72  2G' 2G". 

A  =--  27°  29'  5G ',    B  ^  98°  55',   C  =  53°  35'  4". 
7/  =  32   15'  49",    ( •  .  44 '  31'  17",  </  --  1180-525. 
(I  r=  20-90:9,  r  =33-5917.  26.     </==  2934 -124.  /-r:  3232-84G. 

7>v.-ri'23",  C=  147°  28' 37",  (<=4389-8. 
.4=2(r24'23",  7i  =  118°18'2.5",  ?>  =  G42-75G. 
53°  17' 5.5",  or  126°  42' 5". 
.4  =31° 39' 33",   r  =  9G°l'27",  «=:878-753. 


M«l 


, 


i   I 


4 


^ 


384 


EI-KMENTARY   THIfiONOMKTIlY. 


31.  i  =  4028-38,  c  =  28:U-G7. 

32.  n  =  7o°o-A'2\i",  or  104°G'31";  A=i\0' r,i' Vj",  or  32  41'  17". 

33.  Base  =  2-44845  ft.,  altitude  =  -713.'J21  ft. 

34.  90°,  nearly.  38.     (1)  impossible ;  (2)  ambiguous ;  (3)  f.3-09(). 
36.  <;=72^31'o3".  c-  =  12-82u5.        37.     ^  =  G0'13'.W'.   .-=  19-.'}'23977. 


t 


XVII.  a.    Tauk  18.^. 

2.     880^/3=15-24  ft.  6.     ,ibl(,i  -  b){t. 

6.     ."^/G= -810  miles.  7.     10  (^ao  +  ^/'ij  =4'j-7()  ft. 

9.     lor-.  10.     9Sft.  12.     48  ^^/G^  117-«ft. 

14.     750^/0  =1837  ft.  16.     2G40  (3  +  ^/3)  =  12492  ft. 


1.     14(5 -4  ft. 
1 


jiVII.  b.     Pai;e  190. 
1.     30  ft.  2.     a^/-2U.  6.      100  ft. 

12.     >,/5U0- 200^^5  =  12-4  ft. 


1.     lOGO- -,  ft. 


XVII.  C.     Pagk  105. 


^-^^  408  ft. 


3.  120v'G  =  294ft.  5.     lOGft. 

10.  Height  =  40  ^^6  =  '.I8  ft. ;  distaiu'.'  -^  40  (^/14  +  ^/2)  =  20G  ft. 

11.  50  ^IJO  +  30  ^/G  =  G9C  yds. 

XVII.  d.      I'ACiK   197. 

1.  5  miles  iioaily. 

2.  Height  =  19-5375 yds.;  distance  =  1 02-9093  yds. 

3.  200017ft.         4.     Heights  418-4045  ft. ;  distance  =  430  ft. 
6.  Height  =  91G-S(;-24  ft.;  distance  =  -981(^08  miles. 

6.  Height  =  4G-14021  ft. ;    distaiice  =  99-9'2  ft. 

7.  11  -550310  or  25  -9733  miles  per  Ik  lur. 

8.  Height  =  159  1221  ft.;  distance  =  215 •l)7G2 ft. 


.:  i,   '  ^.i'  ^.><:.;aAL/-:d 


ANSWERS. 

XVIII.   a.       PA(iE    206. 

1. 

9000  Kq.  ft. 

2.     15390.                      3. 

84 

85' 

4. 

117      936 
-*'  T  '     25 

6.     225  sq.  ft.                 6. 

(172  sq.  ft. 

7. 

;>()  yds. 

8.     7  =  1,  R  =  ^l.          9. 

12,  6,  28. 

10. 

12,  10.  20. 

XVIII.  b.     Vac.e  21U. 

1. 

2r,-46sq.  ft. 

2.     9-585  yds.,  7-18875 

^<l.  yds. 

4. 

216-23  t.(i.  It. 

6.     l-J8-3r)2in. 

6.     101-7 

7. 

57-232  ft. 

8.     63-09  sq.  ft. 

XVIII.  c.     Page  218. 

I-t-'rJ.(c-^). 

:i'^.'-) 


1.    If,  2\. 


XVIII.  d.     Pagr  223. 

4.     Diagonals  65,  63 ;  area  1764. 


7071  sq.  yds. 


z       X 


13.     20,  21,  29. 


6.     2^/77  4-6^11. 

XVIII.  e.     Page  22.^.. 

MISCELLANEOUS  EXAMPLES.    F.    Page  228. 

3.  Expression  =  cot  A  4-cot/i-fcot  C. 

4.  2?  =  45%  135";  C  =  105°,  15°;  c:r^/6  +  ^/2,  ^W-^'L 
6.     126.  7.     68-3  yds.,  35 -.35  yds. 

11.  C  =  45°,  135°;  ^  =  10.-.°,  15°;  a  =  2^3,  4v'3-6. 

12.  10  miles;  10  ^2  -  ^^2  miles. 

24.    (1)  '.'0°-|,  90'-^^   90' -|; 

(2)  180°-2.-i,  180° -2Z?,  1-0° -2C. 
26.     Expressions  sin*  (a -^).  28.     21-3  miles  per  hour. 

29.     1  hr.  30' ;  2  hra.  16'. 


'■% 


\^ 


II 


H.  K.   E.  T. 


25 


;iKr; 


KLKMKXTA KY   TUIUONOMKTUY. 


XIX.  a.    Page  •23.- 


1. 

4. 

7. 
10. 
13. 


'7r+(-l)''", 


inr  + 


HIT- 


1 


'2/(7r-l-a. 


7nr. 


2.         WTT- 


(-1)' 


8.      /(ir±. 


11.      inrJi-i 


14. 


//TT 


ll'' 


3.     2n7r± 


6.     2 


HTT  -* 


9.     7(7r  b 


12.      //7r±( 


3t 


16.     2/' 


TT,  or 


iltTT 


16. 
18. 
19. 
20. 
22. 
21. 
26. 
28. 


-,  or  ;/7r±  V 
.-)  t) 

(•in  +  Dtp 


17. 


;/7r 


TT 


.^,or-^+(-lr- 


18 


(•_'«  + l)7r 


or  2/(7r.  or :— -  — 


(2//  +  l)7r  (2n  +  l)7r  (2«  +  l)7r 


II  r,  or 


{'2n  + 1)  77 
11 


21. 


//TT 


)(7r 


T^~ ,   or  — 


(2H+l)7r  IT 

~ ,.       — ,     or    HTTi        . 

('2it  +  1)  TT,  or  2/(7r  i  „  . 
o 

Uir  +  i-l)"^,  or  ;/7r  f  (-1)"!^'. 


(2H  +  l)ir  iiTT     ,     ,, 

23.      ^— y^      -,   or  --+{-1)" 

27r 
25.     2«7r,  or  2H7r±-=-. 


"•     -2+8- 


27r 


'lilTT  +    ,y 


29.     2?i7r  - 


XIX.  b.    Page  237. 


11 


(2/i-t-l)7r                 (1A-  +  I)7r    ^Aik-l)n  2,r 

1- :•      2.      .,  , -,or;  .      3.     2v7r,  or  2;(7r- -- 


'2{p  +  n)  ■  2(/t-m) 

4.     2//7r  +  ^,  or  (2//,+  ])  TT  +  'l'. 
J  o 

..         •"'""  .  "■ 

6.     2«7r  +  . .,  ,  or  2nir  -  —  . 

8.     2«7r  -i-  -    ,  or  27i7r  -    ~. 
t  1 

10.    ^Ui-IY^^. 


8.      2«7r+      ,  or  2;(7r+-  , 
2  (j 


7.      2«Tr+  -^ ,  or  2H7r- 


I  TT 

12 


9.     2)i7r  +  -- ,  or  (2«  +  l)ir. 
o 

(2n  +  l)n-  n- 

11.       ; ,  or   ?1T±,T. 

4  o 


ANSWERS. 


3S: 


12.        IITT,    or    JJTTi-  . 

b 


13. 


nir 


14.     IITT  r--,  or  '2/ur,  ov  'J;(7r  +  - 
4  '2 


[In  gomr  of  tho  ftilhiwin<i  c.r(tmpU's,  the  enuntiotis  hnv  tt)  he  .iqininil, 
so  that  e.rtraneong  solittnin.i  arc  introdiK  rtl.] 


liiTT      IT  ^  rr 

Q    +  J,  or  2;irr  f     , 

19.     /i7r+  .-  ,  or  /iir  +  -.  . 
4  b 

21.     ^=:;i7r.-t        0  =  ;jjri  T- 
4  b 


23.     d-nvi^    ,  <p=mr^~ 
4  .1 


16.        /(TT 


4' 


18.     ^       ,j         ,  or  iiK  i  . 


20. 


7)7r 


^+(-1)-' !,,.-';,■ 


22.     tf-«n-±T,  0-=  "7r±"". 
b  .S 


lit 


1.       ± 


72' 


XIX.  d.    Page  244. 

2.     ±1.  3.     ±2. 

1         _  1 


6.     1,  or  6.     0,  or  ±  ,.       7.      '  —  , 

^  2  ^/2 


1 
'■     2 


10. 


a-b 


11. 


/-  - ,( 


4        ' 


8.      * 


.^4" 


12. 


\  •' 


13.     x  =  ac-bd,  y  =  bcJrad.  14.     i  1,  or  ±  (1  i^/'J). 


16.        H7i     -f-  —  , 

4 


19.      X=:l,   (/  =  2;   x=r->,   ,y, 


MISCELLANEOUS  EXAMPLES.   O.     I'aoe  246 

2.     (1)^^^^.    2«..J;     (2)2„.4=J. 
^  o  ti 


6.     78°  27' 4". 


9.     6. 


10.     8. '0  yds,   14(1-4  yds,  n}i5-4y'ls. 


IS 


1 


XX.  a.    Page  255. 


.    ^       5  .^         12 


.     .4  15  A        9, 

3.  «'»^=-r7.«^-^-r7- 


2.5 o 


i 
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ELEMENTARY  TRUiONOMETHV. 


4.     2  sin 


J I  +  sin  A  +  v/l  -  sin  A 


2  cos  - 


Jl 


+  8in^  -  V  1  -  sin  A, 


A 


sin 


A  -  Jl  -  sin  A 


cos  '-=  -  J I  +  6:n  A  +  Jl  -  sin  A . 


6.     ti  sin  —  =  +  V  1  +  sin  A  +  Jl  -  sin  A 


2  CO 


-f-  v/l  +  Hin  A 


Jl- 


sin  /I. 


7.     sin 


A      l 


cos 


.^     ;{ 


8.     sin 


-1       8 


cos 


A  lo 


OTT 


9.     (1)  2?iw-    "   and   2)ijr+     ;    (2)  2)i.7r  +  '       and    2mr 


lir 


(3)  2mr  +  '-7-    and   2)/7r 


10.     N 


o ;   2  sin 


A 


^=\/l  +  8in.-[  r  >yi 


sin  .-1. 


14.     (1)    =^/2cos^^-jV    (2)    =2  8in((?-^y 
16.     (1)   :=z-sec2t?;    (2)   ^tan^f. 


XX.  b,     Page  260. 


4.     G'  34". 
7.     210  yards. 


11.     (1) 


XXI.  a.     Page  -267. 


1.     1440  yards.  2.     342f  yards 


6.     4'35" 
8.     !I33' 


lOHOO 


(2) 


648000 


13. 


16. 


14.     m  -  /(. 


1  HvS 

2  "^  7200  '' 


•503. 


3.     22  yards. 
6.     11  ft.  11  in. 
10.     50  ft. 


12.     Trr* 


16. 


1  _  ^/3 

2  200 


=  -4'tl. 


17. 


21  J3 


^0 


$-=39- 


AN«WKKa.  389 

XXI.   b.     Page  271. 
1.     12  miles.  a.     150  ft.  3.     15  miles.  4.     80  ft.  H  in. 

6.     204  ft.  2  in.  6.    54' 33".  7.    104  ft.  '2  in 


9.     610  ft.,  2^110  minutes  =  2tJ'l.r 


8.     lOofiO  ft. 

"•     8.  12.     -1.  13.     (1)  cosa;    (2)   -sina 

14.     45°  54' 33",   44°  5' 27". 


MISCELLANEOUS  EXAMPLES.    H.    Pa(*i;  283. 
3.     18°26'G".  6.     35  miles  or  13  miles  per  licur. 


n 


1. 

3. 
6. 

9. 

11. 
12. 
13. 

14. 

16. 
U 

18. 


sm-wa 
ain  a 


XXm.  a.     Pace  291. 

2.     .sin  -^  co.s  (  a  -  -  -    /?  W  sin  ^ . 


-  cos 

1 

2" 

sin  Ma 


6. 


1' 


7.     cot 


2n' 


8.     -  cos 


10.     sin     ^-y       sin  '  "  ■ 


sin 


sin 


/n+l«-l    \    /  .    6l  +  7r 

1(^2^»  cos  ja-f  (±lllf  -:  •-'^)|  /sin  '^  -;^^ . 

HcosC      >inntf  oos(h  +  2)  tf 
2  -i  HuT  (y  ■ 

sin  2»a  sin  2 (n  +  1 )  a      h  sin  2a 
2  sin 2a  2~~  ' 

cosec  a  { tan  {n  +  1)  a  -  tan  a  J . 

cosec  2^  { cot  (?- cot  (2h +  !)(?}.  17.     tana-tan.". 

2  (cosec  o  -  cosec  3'»  a).  19.     ^  (tan  3»a  -  tan  a). 


' 


390 


n     sin  411$ 


KLEMKNTAKY   TlUGONOilEXliy. 

XXIIL  b.     Page  294. 

2.      ~ .  3.      -  . 

'2  2 


.,    .    110    .    {n  +  l)e       .    3h''   .     '^  ill +  1)0 
A  8in  .,  sin  -  Hin    .-  sin       - . 


48in- 


■Isin 


6.     0.         6.     0.         7.     cottf-2»cot2»tf. 


8.      ,  coseca{tan  (M  +  l)a- tana}. 


8in2tf     8in2'»+»tf 


10.     siu-'^-2»8in 


•^± 


11.     tau~'.r-  t:in~' 


2  2»+i 


«  +  : 


i* 

.*»» 


12.     tau-'^M  +  l)-^. 
14.     taii-in(w  +  l). 


13.     tan-'{l  +  /i(H  +  l)}- -J. 


XXIV.  a.     Page  301. 

a  +  8    I        a-8  ,     .    a  +  /3    /         a-/3 

2.  T  =  a  cos     o     /  *^"'"    o    '     2/  =^  «i"  — :r^  /  cos  --^  . 

3.  r^a  (cos a +  siu  a),  2/  =  ?>  (sina  -  cos  o). . 

13.  4  sill "- — -  sin         '        Pin  - — ^ sin   -  ["  — '  . 

Z  ^  A  a 

,    .    a  +  B  +  y    .    a  +  ^-7        /3  +  7-0        7  +  a-/3 

14.  1  sill  --  "  --'  sin  — f^ — ^cos  '^ — ' COM      -  „— !-  . 

*A  *2  2  2 

15.  -  4  cos  [—^-  -  J )  n  cos  [^~   :^—  +  ^j  . 

22.    (1)  (<i-  +  h-).r--2bcx+c--a-  =  0; 

(2)  (((=  +  /)-)-'  .r"  -  2  (<i-  -  li^)  (2i-  -  n-  -  h")  .r  +  a*  +  b*  +  4c*  -  2(i-h- 

-4,iV--4iV-  =  0. 

[  Usf  OS  2a  cos  2/a  =  cos"-'  (a  -  fi)  -  sin^  (a  +  /S) .  ] 


V. 


ANSWERS. 

XXV.    a.     Page  318 

1.    2  Jpq.  a.    4. 

9.     ^'a'  -  2ab  sin  a  +  b". 


11.     Maximum  =  2  sin 
13.     Minimum  =  2  tun 


3.     -it.  4.     2.  7.     v''-^. 

10.      ^//i-  +  2/)(/8in  a  +  7^. 
a 


12.     Maximum  =^siir 


2 


14.     Minimum  =  2  coscc 


3!>l 


16.    Ml  •imum  =  ^. 


16.     Minimum  =  ^3. 


if 


17.     Minimum  =-. 
4 

19.     Minimum  =1. 

21.     .--  (a  +  <-H  -  ^b^+  \a  -  c)"-'. 

26.     AV(«''  +  '''  +  '^*);  A7(«  +  t  +  c-). 


18.     Minimum  =  6. 
20.     Minimum  =  1. 

28.  :':. 


1      ^'  +  ?^'  =  2 
*•       1  ^  hi  -  - 


XXV.   b.     Page  324. 


2.      .r»  +  ?/-  =  «'-  +  i^  3.     //-  =  a2(2-a'-). 


4    2  3    4 

4.     j/(.r2-l)=2.  8.     (<(2-fc=^)2  =  16^»''.  6.     .r-y  -  .r*;/:'  =  l. 


3  3  8 


1       1 
12.     x2+(/'  =  2. 


4    6  A    4 

13.     (.r  +  (/V''-t-(.r -//)-: 


2         2  r«      v^ 


16.  a»  +  ft''  =  2c-.          20.     (x  +  J/)3+(j;-J/P=2a<.          21.      ■^,.  +    .j=-l- 

22.  -  +  ^r  =  «  +  ?»,  or  \a{tj--  h^)  -  h  (.c*  -  a-)  •  -  =  -  4a^x-y-. 

24.  xy  =  {ij  -x)t&\\a..        £5.     (»-  +  //-'- 2  cos  o  =  2.        26.     «+/>  =  2(i/>. 

29.  {a  +  h){m  +  n)  =  2mn.                      30.     j-'  +  y^  -  Ifiu'-. 

31.  (a  -  h)  {t'2  -  (<*  +  b)-}  =iabcin. 


:i!)2  KI.EME.VTARY   TRICiONoMKTRY. 

XXV.    c.     Pa(JK  334. 

1.  2  cos  20-,   -2rost()',       2  cos  80". 

2.  2  sin  10",  2  sin  50,  -  2  sin  70°. 

3.  2  COS  10^      2  cos  50\  -  2  cos  70". 

4.  sin  15",  sin  45^,  -  sin  75  . 

8.        sin.l, -sin(()0°-.4).  -^  sin  (60"+^). 

6.  2«co8.4,  2a  cos  (120"  ±^). 

16.  (1)  8j^  -  Ix"-  -  Ij-  H  =  0 ;   (2)  64//»  -  80j/«  +  24(/  -1  =  0. 

17.  f.4i/5-112)/»  +  56y- 7:^:0. 

18.  (1)  16.r*  +  8x''-12.r2-  1j  +  1  =  0;  (2)  IGj^-Rr'  -  12.r-'  +  4a:  +  l=0. 

19.  25Gy*  -  448i/3  +  240.v2  -  40y  +  1  =  0. 

20.  t»  -  .3C./«+  12f)f«  -  84*2  +  9  =  0. 


MISCELLANEOUS  EXAMPLES.    K.    Page  337. 


1. 

7'^12':  8  grades.                     2.     Jj,   J, 

27r 
5 

-I- 

6. 

15^/3  =  25-98  ft.                     6.     790  ft. 

7.     5-236  ft 

8. 

i.    y           ..     30,    CO,           ...     f 

12. 

l-tan«^ 
tan*4     • 

17. 

(1)45°;   (2)60°.          18.     3C0  yards. 

21. 

200 

,  183  nearly 

22. 

•09375;   167552.            24.     ^^2  :  1. 

25. 

1;   tan.ll. 

^^^^^^^B 

1                         27. 

-  T,-i '                       28.     45°  or  60°. 

29. 

15°  12' 45". 

^                       30. 

260-26  yards.          32.     (1)  60° ;    (2)  60°. 

33. 

10i°. 

^^^^^^B^ 

34. 

24           •          7      ,           ,24 
8ine  =  -^,    cosine  =  _^;,   tan>,'ent=      . 

^^K 

.                         35. 

(1)  and  (3)  are  impossible,    (2)  and  (4)  possibl 

e. 

37. 

1                        40. 

1 

i?  =  45°,    i»  =  25^/2,  p  =  25.                       39 
45°,    135",    2-25°,   315°,    40.5°,    495°. 
30^,   150°,    270°.                    46.      ±-8. 

V3 
"'2  ' 
42. 

47. 

15°,   75°. 

■i 

16 
66* 

f^^ 


ANSWEUii. 


31):? 


48. 

61. 

B6. 

60. 

70. 

78. 
84. 

95. 

98. 
102. 
107. 
110. 
112. 

116. 

118. 

122. 

127. 

137. 
138. 
144. 
146. 
149. 
160. 

164. 

168. 

161. 

166. 


tan  2  A. 

(1)0;   (2) 

r.o^Gft. 
-1. 


49. 


63. 


60.     SSn(:J4- s'3)-41<ii-ir>yds. 


«■•'  -  /<» 


66.     50v'H  =  8t)t)y,ls. 


67 


73 


74. 


66.         x'H, 


69.     (1)  cotC;    (-2)  '2. 
67.     .i  HI. 


ir,y/3{t.,    15(3  +  V3)ftM   60+1.-,  ^3  ft.  77.     H-10. 

4-14.  89.     •:i>iii-Jl,     :i-7:i_.!'.»,     '.l-7iW  t;5 


27°  45' 44". 

2-^3. 

4.5,  53;   58'"^  6' 33-2". 


•    ^  .         336     ,      A         1 
97.     sin  2.4  =  -  — r-  '.   tin  -  =  -  „ . 
t)2ij  2  t 

99.     2()020C.,    1-3802113,    1-8239087. 


104.     120". 
4coscc2tf.  108.     49'' 28' 32". 

2-30103,    2-39794,    •->9Hr)-.>(;,    9-09897,    9-849485 
114  yds.,   57  yds.  114.     .')3°7'4a". 

-90309,    1-10739,    8-52575.  1" 

a 


108.      -r 


20 

21  • 


116.     -8,    1-25. 


~        ^  a         8 

-  tan  „  cot  '^ ,   tan  .^  tan  ^ 

l-<;0206,    r-562469. 

^2^5 


1 

120.     45  ft.;   58^12'. 
123.     S4"18'l",      1°41'59". 
131.     1-3011928. 


143.     -4855934. 


-69897,    -845098,   1-113943. 

49°  19' 30",    40°  40' 30". 

39°  35' 11",    28°  20' 49"^ 

2-0755469,   -3853509,    1-9256038. 

100  v/2,   50^2;   71"  33' 54",    108°  26' 6". 

cosec  X  -  cosec  S^x.        162.  45°,  60°,  1'20°,  135°. 


66  4  12 


33 


33'  5'  13'  -05=  120°30'37". 


-30103,   -477121,   1-041393. 
area  of  circle        1380 


area  of  octagon      1309 ' 


165. 


160.     68°  52' 42". 

csin^  c  sin  a  sin/S 

sin(a  +  ,d)'      8in(o  +  fl) 


4co8^co8^coB^.  173.      5  =  4"55'11",    C^  168" 27' 25". 

d  ^  A 


I 


4 


3J)4 


KI.KMK.NTAIIY    TUKIONOMETIIY. 


176. 
178. 

180. 
191. 

193. 

197. 
212. 

214. 
231. 

23S. 
242. 

266. 

264. 
276. 

279. 
281. 


ij^io.r,  c=i'>°,  ,i=^'-2. 

7}  =r  HI   -17' 12"  or  98  12' Js";   <•     l.-Jorll; 

C  =  ()H''12'  IK'-orfll'  17'12". 

loooo  ft.  186.    c.i  :n'."..s", 

2.nO  sq.  ft. ;    ;")  ft.,    (;t)  ft.,    7t»  ft. 

13419  ft.  204.     226-87.  206. 

(l)(2n  +  l)^,    „T  +  (-l)»j;    (2)«T.    nn  +  ^^. 


•A 

a' 


20  ft. 


219.     7  or 
4 


233. 


222.     37-27'.iiy. 
7 

2:r 


-       =3^  miles  nearly. 

(1)  -^-,     -3-^*^9"'    (-)"'^  +  3'    "'^  +  -4- 

10".  246.     205-4.  262.     1224:}.')  yards. 


262.     a+/i  t7^(2n  +  l)-, 


9-0.U46,   20-5309. 

1^/2  miles.  266-     6  —  nir. 

n  =  70^  0'  ">7"  or  109  ^  .">9'  3" ; 

C  =  59"  59'  3"  or  20"  0'  57  ".  277.     6. 

cos  (a  +/3  +  7  +  5)  +  'sos  (o  +  /i  -  7  -  5)  +  cos  (a  +  7  -  /3  -  3) 

+  cos(o  +  5  -/3-7). 
4.  283.    J  =  45°,   B  =  112i°,    e=  sf2^1j2. 
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